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Reference-free method for forming a three-dimensional image
and determining the angular velocity of a remote object

V.I. Mandrosov

Abstract. We propose a reference-free method for forming a three-
dimensional image and for determining the angular velocity of a
remote nonplanar object. The method is based on probing an object
by laser radiation with a coherence length that is smaller or larger
than the size of the object and on the use of a screen with radial
holes in the centres of which photodetectors are located, the screen
being mounted in the region of the flat image of the object. A three-
dimensional image of the object is constructed using the visibility of
the interference fringes formed behind the screen due to radiation
beams scattered by the object which pass through various pairs of
holes (one of the holes is fixed). The three components of the angular
velocity vector of the object are determined by the power spectrum
of the electric signal produced during the movement of interference
fringes on a photodetector mounted behind the screen.

Keywords: visibility of interference fringes, reconstruction of three-
dimensional images of remote objects by their flat coherent images,
Doppler effect.

1. Introduction

Three-dimensional images of objects (or, alternatively, recon-
struction of the shape of their surface by laser radiation) were
first obtained in the early 1960s thanks to fundamental papers
[1,2]in the field of holography. Such images are reconstructed
by a hologram formed in a photosensitive medium by super-
posing a reference wave from a laser source and a wave scat-
tered by an object when it is probed by the same radiation
source. The possibility of determining the velocity parameters
of objects, including the angular velocity of their rotation, with
the help of a probe laser beam focused on individual sections
of the object, by the Doppler frequency shifts of scattered
radiation (the shifts are calculated by the temporal spectrum of
the sum of a reference and scattered waves) was considered in [3].
However, in the case of very remote objects, including the near-
Earth space objects, the implementation of these methods requires
the use of high-power laser beams with a coherence length of
no less than the total distance from the source to the object and
from the object to the recording medium, the beams being
focused on small sections of the object surface. The sources
of such radiation and systems focusing beams into separate
sections of objects are very difficult to implement.
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Later, there appeared papers devoted to reference-free
methods for reconstructing a three-dimensional image of the
object and determining its velocity parameters based on the
use of only one laser beam probing the object. In particular,
Bakut et al. [4] proposed a reference-free method for deter-
mining the angular velocity of an object’s rotation that is
implemented using a device containing a probe laser source, a
receiving optical system forming a laser image of the object,
and two holes in the plane of the image. Beams of radiation
scattered by an object, passing through the holes, formed
interference fringes behind the image. When rotating an
object, these fringes moved to the input hole of the photode-
tector. The angular velocity of rotation was determined by
the temporal spectrum of the electric signal produced at the
photodetector output when moving the fringes. In [5] we pro-
posed a scheme containing three such devices whose receiving
optical systems formed three images of an object from three
different angles. This scheme made it possible to determine
the vector of the angular rotation velocity of an object. In
[6,7] we analysed the possibility of three-dimensional image
reconstruction of a remote nonplanar object by the contrast
of speckles of a time-averaged intensity distribution in its
coherent image, based on the temporal approach, which con-
sists in using the time correlation function of probe radiation.
However, the methods proposed in [5—7] did not allow one to
simultaneously reconstruct the three-dimensional image of a
remote object and to determine three components of the angular
velocity vector of its rotation. In this paper we report a reference-
free method making it possible to reconstruct an image using a
temporary approach, which is especially important in problems
of determining the shape and motion parameters of near-Earth
space objects.

2. Reconstruction of a three-dimensional
image of an object and determination of three
components of its angular velocity of rotation

2.1. Registration of planar images of an object

The laser source (/) (Fig. 1) probes an object (2) by quasi-
monochromatic radiation with a time correlation envelope
function

1 (lo+T .
B,(7) = T u(t+7)u(r)de
st

and the correlation time

Te = f::uz(r) dr,
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Figure 1. Scheme for simultaneous reconstruction of a three-dimensional image of an object and determination of three vector components of its
angular rotation velocity:

(1) probe laser source; (2) object under study (solid body); (3) boundary of the region of backscattered probe radiation, which determines the
visible surface of the object; (4) receiving optical system forming the image of the object (2) [the centre of the receiving aperture O is the origin of
the coordinate system zyx with the axis z directed along the optical axis of the system (4)]; (5) opaque screen, which is placed in the image plane
of the object (2); (6) holes in the screen (5) [shown are the holes located along the coordinate axes x and y, including holes, whose centres A and B
have the coordinates 6,4 =0, 6,4 =0and 6,3 =0, d,5 =0, and points A* and B* on the surface of the object (2), which are optically conjugate with
points A and B]; (7) spotted structure in the image of the object (2); (8) unit forming a three-dimensional image and determining the vector of
the angular rotation velocity £ of the object (2); (9) plane of the receiving aperture of the unit (&), where photodetectors are mounted; (/0) two
mutually perpendicular linear array of photodetectors on which sinusoidal interference patterns ( //) are projected, which are formed by radiation
propagating from the object (2) and diffracted by the pairs of holes located on the axes x and y; (/2) round photodetector with a centre at the
origin of the coordinate system f, f}, used to determine the vector of the angular rotation velocity £ of the object (2); (/3) cross section of the surface
of the object (2) by the plane P, passing through points C, A*, B*, O, A, B and coordinate axes x, d,, f, parallel to each, whose form is determined

in the unit (8) by processing the interference patterns formed along the axis x; (/4) additional probe laser source.

where u(¢) is the modulation function of the field envelope of
the radiation source; #, and Ty are the initial time and process-
ing time of radiation scattered by the object. Monochromatic
radiation (radiation at a frequency w,, with the coherence
length substantially greater than the depth of the region of
radiation backscattered by the object 7, and the modulation
function of the radiation source u(f) ~ 1 [8]) is used to deter-
mine the vector of angular rotation velocity of the object.
Quasi-monochromatic radiation at a frequency w is used to
reconstruct a three-dimensional image of the object and has
a coherence length L, = ct, (¢ is the speed of light) that is
smaller than the depth /. In accordance with the temporal
approach this reconstruction will be based on the use of the
function B, (7).

Radiation scattered by the object is focused by the optical
system (4) on a flat opaque screen (5) with radially arranged
holes (6) having diameter d,,, on which two flat spotted images
of the object (2) are formed at frequencies v, and oy with an
average size of spots (speckles) a = Ad,/z., where Aq = 2nclw,,
and z is the distance from point O to the screen (5), i.e., to
the image plane of the object. In the centre of each hole there

is an integrated photodetector with a diameter d,. At the
output of the photodetector there is a narrow-band filter with
peak transmission at a frequency w,, the hole diameter being
less than 2d,,. In Fig. 1 the photodetector in the centre of the
hole is shown as a gray circle.

Let the distribution &(r) of the heights of roughness on
the surface of the object under study be specified, where
r(x,y) = [x,y,z(x,p)] is the radius vector of its middle surface,
and z = z(x,y) is the equation of this surface. Then in the
coordinate system 6,0, the instantaneous field distribution
in a flat image of the object (2) at a frequency w,, will have
the form

Ein(1,6,) ~ Eo[k(r) exp[2mirpg /(rAy)]
X exp{2mi[V, + VL (n)]t/An}

x exp[2mign(r) E(r)Am] hen(r, 6, )dr. (1)

In formula (1) we introduced the following notations: E; is
the field at the aperture of the probe radiation source; py) is the
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radius vector of the radiation source; 6, = (6,,6,); A = 2Tc/wy,;
gy = [¢% — 2]V ¢, (r) = gN(r); N(r) is the normal to the
surface of the object; ¢ = (r. —pg))/|r. —psi| + r./r. is the scat-
tering vector; r, is the radius vector of the centre of gravity of
the object (2); hy(r,0,) = (1/SP)JA(p) exp[2mp(r/re + 6, /2, )/Amldp
is the pulse response of the optical system (4) at a frequency
o p(x,y) is the radius vector in the plane of the receiving
aperture of the optical system (4); S, = ndg/4 is the area of
the receiving aperture; A(p) is the function of a pupil of the
receiving optical system (4), forming an image of the object (2);
k(r) is the distribution of the Fresnel reflection coefficient on the
surface of the image; V,, = V.q and V (r) = [2X (r(x,y) — r)]q
are the tangential and radial velocity components of the object;
V. and € are the velocity of the centre of gravity and the
angular rotation velocity of the object. The field distribution
in the instantaneous flat image of the object at a frequency wg
is given by

Ei(1,8,) ~ Eofk(r) exp[2irp, /()]
Xu(t = 2rlc)exp{[2miV, + Vi(1)]t/Ay}

x exp[2rigy (1) E(r)/Ag] hy(r,6,) dr, 2)

where /14(r,0,) = (I/Sp)jA(p) exp[2np(r/r, + 6,/z)/A4]dp is the
pulse response of the system (4) at a frequency w.

2.2. Reconstruction of a three-dimensional image of an object

The flat image of the object at a frequency w, can be used
below to reconstruct its three-dimensional image using two
holes with centres at points A and B, which are optically con-
jugate to points A* and B”, located on the surface of the object
(Fig. 1). The coordinates of these points are related as x« =

—HO A, YAx = —UO A, Xps = —UO B, Ypr = —HO0,p, Where u = re/zy
is the scale factor. In view of relations (1) and (2), provided
that Aqd,/z, > 5d,, we have

Eim(laéJ_A) ~ exp(ZTci anm'm) eprniyA*psl/(’%m)]

X exp[2mi Vy (ra) tlAm] Fin(610),
3)
Eim(tsélB) ~ exp(2ni Vn tl/lm) eXp[zni"B*Psl /(rlm)]

X exp[2mi V. (1) 1/Am] Fin(0. ),

Ei((1,6,) ~ exp(2miV, t/Aq) exp[2mira«pg/(rhg)]
X u(t — 2rpxlc) exp[2miV, (ra=)t/Ag Fy(6, ),

“4)
Ei((1,6,8) ~ exp(2miV; t/Aq) exp[2mirg«pqi /(rdq)]

X u(t — 2rge/c) exp[2miV, (rps)t/Aq] Fy(O, p),
where

Fq(éJ_) = Fq(x = _:uéxa y= _ﬂéy) = ij(xay)hq(x +:u5xa Y + /"61)

x exp[2migy £(x, y)/Ag]dxdy;
(5)
Fin(01) = Fx =8,y = —40,) = [[k(x, ) n(cx + S, y + 16,

X exp[2migyE(x, y)/Ay]dxdy;

O1a = (0,4,0,4); 6,8 = (O,5.0,p). At the time of registration
T, >> 1, and provided that 4,d,/z. > 5d;, the photodetectors

in the holes with centres at points A and B register time-averaged
intensities T

o+
1

- T
G = [ g0 Pdr ~ [F G0,
“ (6)

_ to+ Ty
I,o.p) = % [ 1EgeowPdr ~ | F@u)l
0

As follows from [5, 6], at a sufficiently high resolution of
the system (4) we have |Fy(0,)|* ~ (|F40.)|%)¢ ~ kiq(6,) =
kig(x =—ud,, y = —ud,), where the angle brackets (...)s denote
averaging over the distribution of heights of the surface rough-
ness £(x, y) of the object (2):

kiq(x = _:u(sxa y= _/"6}7) ~ (gf/o_f)z |k(x = _/"6)(7 y= _ﬂé}’)lz
x exp[—tan®d(ls/og)?]; (7

¢ = arctan(q,/qy) is the angle between the normal NN to the
surface of the object and the scattering vector ¢; oz and ¢ are
the root-mean-square deviation (rms deviation) and the cor-
relation radius of the distribution &(r). According to [4, 5] the
function kiy(x = —ud,, y =—-ud,) is proportional to the inten-
sity distribution I4(d,) in the optical image of the object and
the brightness L(x =—ud,, y =—ud,) of small areas of the object
surface optically conjugate to small areas of its flat image on
the screen (5). Therefore, in view of (6) and (7) we have

L(ras) ~ Ig(0.4) ~ |Fy(Ba)]* ~ kig(xax, yas)s

L(rgs) ~ I(0,) ~ |Fy(0,p)]* ~ kig(xps, ype),

®)

where L(rax) and L(rg«) are sites of the surface brightness in
a small neighbourhood of points A* and B*. Knowing the
function I, (8, ), provided that &, 5 = (0,0), we can determine
the depth /4, and width d, of the backscattering region (Fig. 1).
For example, if the object under study has a spherical form,
with a constant coefficient | k|2, we obtain I;(d,p) ~ I4(0,0)x
exp[—(0,p/po)* (Y 10¢)*] [5]. Defining below the boundary of the
backscattering region 6, g = 0, , so that the relation I (6, ) ~
I,(0,0)exp(-2) held true, we obtain 6,}, ~ po[og/(24s)], hy ~
poloz/(20:))? and dy, = 26, , ~ py(0z/4;), where p; is the radius
of curvature of the surface of the object.

Waves propagating from the two holes form sinusoidal
interference fringes on the receiving aperture (9) of the unit
(8). We choose a coordinate system f f, /- with the axis 1,
directed along the optical axis of the system (4), with the
coordinate plane f, f,, coincident with the plane of the receiv-
ing aperture (9), and the axis f, directed along these fringes.
In this system, taking into account relation (4), provided that
the Ty << A4/(L2dy), the intensity distribution in the interfer-
ence fringes has the form

Iq(taf) = |Eq(lvf)|2 ~ |Fq(6J.A)|2 + |Fq(6J_B)|2

+H@, f)+ H(t, f),

where
Eq(t.f) ~ Eiq(t,6,2) exp[2midp f1(z72,)]

+ Eiq(tﬂ 6J_B) exXp [27516Bf/(2f}.q)]

is the field distribution in these fringes;
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H(t, f) ~ exp{2mi[(rgs — rax)ps1/7c + (O — 0. A) f12/1/Aq}
X u(t = 2rpslc)u™(t — 2rpslc) Fy(6,a)F3 (0, p):

zris the distance from the screen (5) to the plane of the receiv-
ing aperture (9). The distribution /,(¢, f) is recorded along
the axis f, by a linear array of photodetectors (10), at the
outputs of which narrow-band filters with maximum trans-
mission at a frequency wg are mounted. Then, the unit (&)
calculates the time-averaged (7, >> t.) intensity distribution
in the interference fringes

L= " Lena

Taking into account relation (8)

I,(f) ~ 1q(8.4) + 1q(.p) + 2B,[2(rax — rp+)/ L]
X cos[2m(0, g — 0, A) f/(z/Aq) + Wangl
X | Liq(6,4) Tig(6,p) |2, )

where

| [0+ T .
B2~ rye)lLe] = - f U(t = 2rpsle) u(t — 2rgele)de;
s Yo

YaBq = 2M(rax — rpe) P51/(1q)
+ arctan{Re[Fy(6, o) F§(0. )]/ Im[F (6, ) F (6, B)]} -

For a remote object B,[2(rpx — rp«)/L.] ~ B,(2Za+p+/L.), Where
Zpsgr = Z(Xp%, Var, Xp=, Vp#) R Iax — I'gs 18 the difference in the
distance from the receiving aperture of the system (4) to
points A* and B*. The main characteristic of the interference
fringes is their visibility [9]

VoZnew) = g (fina) = Ig Uinin)1/ g (i) + Ig (finin)]
= | Bu2Zpsp+/Lo) | Vas,
where, taking into account relations (6)—(9)
Vag = 2| Fq@La) FyOLp) |11 FyBLn)|* + |Fy(Orp)]°]

= 2| Ly 6. Fg@p) " [T @a) + L@l (10)
With the growth of Zy«« the visibility V', decreases signifi-
cantly. When Z g« >> L, it is virtually zero. Let the receiving
optical system (4) ‘accompany’ the object (2) such that its
optical axis passed through the object’s centre of gravity and
centre of gravity of its image A and intersected the surface of
the object (2) at point A", nearest to the system (4). In this
case, 0, o = Oxa = Oya = 0. Then in the coordinate system xyz,
point A* has the coordinates 0,0, 25+, and point B* — the coor-
dinates xps = —40 (g, Yp+ = —H0 g, Z = Zpox + Zpsps, Where Zyups
is the height of the object surface at point B* above the plane
passing through point A*, parallel to the plane xy. These rela-
tions imply that

Zyowe = (L/2)|B(0)| 7, (11)
where y = V,/Vsp =|B,(2Za+p+/L.)|. Placing the hole with the
centre at point B in different parts of the screen (5) and

recording the intensities Iiq(,4) and Iiq(6,) by the photo-
detectors arranged in the holes with centres at points A and B,
we can use relations (8), (10) and (11) to determine the distri-
bution of heights Z(xg+, yg«) of the surface of the object under
study, i.e., its shape and brightness distribution on the surface
Z(xgw, yps) ~ I i%, (6,). In Appendix 1 we present another algo-
rithm that allows simultaneous determination of the height of
the surface, Z++ at point B* and brightness L(ryx) = L(Xx, Va*)
and L(rg«) = L(xp,yp+) in the small neighbourhood of points
A" and B". In Appendix 2 we estimated the accuracy of deter-
mining the surface height Zy+p+ in the presence of additive noise.

2.3. Determination of the angular velocity vector €2
of the object

Two holes with centres at points A and B can be used to deter-
mine the angular velocity vector £ of the object under study.
To do this, we mounted a narrow-band filter with maximum
transmission at a frequency w,, at the input of the photodetec-
tor (12), which is located in the centre of the receiving aperture
(9) of the unit (&). In this case, the photodetector ( /2) detects
the time signal I,,(f) = |E(7)|%, where Ey(f) = Ein(1.0,4) +
E, (1,6, ). In view of relations (1) and (3),

In(t) ~ | Foa(@un)|? + | Fu(Oip)|* + Hu(0) + Hy(0),  (12)

where
H\(1) = exp{2mi[2 X (rax — rg=)| qt/An + 1Ym}

X Fm((sJ_A)le(éJ_B); Ym= 2n("A* - "B*)psl/(rclm)-
Then, the unit (&) determines the spectrum of the signal 7,,(7)

1 to+ Ty .
Sv) ~ o exp(2mive) de,
d Yt

where v is the frequency; T is the time of the spectrum forma-
tion, chosen from the condition A,,/(Qd,) << Ty << ddp/(Q2r).
When 1,,/(Q2d,) < T, movement of the interference fringes
formed in the plane (9) becomes noticeable due to the inter-
ference of waves propagating from two holes with centres
at points A and B with respect to the photodetector (12).
This movement is due to the difference Av = v« — v« in the
Doppler frequency shifts of radiation vg« = V| p+(r)/1, and
Var = Vi ax(r)/A,, scattered from small areas of the surface
of a rotating object in the vicinity of points A* u B* (Fig. 1),
where V a«(r) = Vaxq and V p«(r) = Vg«q are the projections
of the velocity vectors V= = QX[rp«(x,y) — r.] and Vg« =
Qx[rg«(x,y) — r.] of revolution of these points around the
axis of rotation of the object on the scattering vector q.

The function S(v) has a central peak (zero order) at a fre-
quency vy = 0 and two side maxima (% 1st orders) at frequen-
cies vy = £(Qxdq)/i,,, where, taking into account the fact
that 6,4 = 6,4 = 0, d = ra=(x,y) — rg«(x, ) is a vector with the
components

dx = —,uéxB, dy = —//téyB, dz = IRk — Zpx & ZA*B*- (13)
In what follows we shall deal only with that part of the spec-
trum S(v), which is in the range v < 3/T4 < co. This part con-
tains the +1st order at the frequency v,. Taking into account
relations (12) and 6,4 = 6,4 = 0 this part of the spectrum can
be represented as
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1 to+ Ty .
SVv) ~ — exp (2wive)dt
0~ g [ e rivy

= sinc[Ty(-=v+ + v)]exp(iym) Fin(6 1A= 0)F(6 1p). (14)

We also assume that the source of the probe radiation is
mounted so that the condition pg/r, << 1 is fulfilled. Then, for
the scattering vector ¢ we have the relation ¢ ~ 2k — 2pg/r.,
where k is the unit vector directed along the axis z. If the com-
ponents of the radius vector pg;, and py;. are equal to zero
(Fig. 1), taking into account relations (13) and

Qxd= i(dez - Q:dy) +j(Q:dx - Qxd:) + k('Qxdy - dex)>

where i and j are the unit vectors directed along the axes d,
and 6,, we obtain

Vi = 2{;“(‘(2_\75xB - QxéyB)

+psly[,u'Q:6xB + ‘QXZA*B*]/rc}/lm~ (15)
Then, changing the position of the centre of the hole at point B
and the source of probe radiation, and using relation (15), we
can derive three equations which determine three components
of the angular velocity vector € of the object (2) (Fig. 1).

Let us now analyse the effect of additive temporal noise
on the accuracy of determining the velocity €2, which is used
by the photodetector (12) to detect the signal I,,5(¢) ~ | Eq(7) +
E.(1)|?, where E,(¢) is the noise field. The correlation function
of the field (E,(t;)E:(t)), = oaw(t; — t;), where the angle
brackets (...), denote averaging over different realisations of
the noise field, and o, = (| E,(ty)|*)* and w(t, — t,) are its
rms deviation and correlation coefficient. Without loss of
generality, we restrict ourselves to the case of rotation of an
object about an axis parallel to the y axis (2. =0, Q, = 0).
In the absence of noise, when E,(7) = 0, from (15) we obtain the
angular velocity of the object £, =v,/(2ud ). In the presence
of noise and the condition I,,(f) >> | E,(¢)|? the spectrum of
the signal received by the photodetector (/2) is given by

~ 1 to+ Ty .
S(v) ~ T I,s(t)exp(2rive)dt = S(v) + AS(v),
dJn
where
1 o+ Ty * * .
AS(v) = T [En(DEN(2) + EL(H)EL(D)] exp(2mive) dr.
d

The angular velocity €, in the presence of noise will be
estimated using the expression £, = v, /(2ud,p), where

. Vip o~ 2Vip ~
b, = L VS dy / f3 Sy

is the evaluation of the frequency parameter v.; vy, = €,,/(246 p)
is the upper limit of integration; £, is the largest predicted
angular velocity of the object. Under the assumption that
(E,(1)), = 0, estimation of Qy is not biased. This means that
(V;)p=vsand (Qy)n = Q,. The relative accuracy of estimating
the angular velocity €2, is given by the expression 5o =
|<(AQ,)2)111/2|/Q, = ((Av )+ (AQ, = Q, - Q, Av, =V, —v,)
using the relation (V. ), = v {(Av,)?), ~ ((JvAS(v)dv)Z)n/ [ J' S(v)dv].

Taking into account this relation, as well as formulas (3)
and (14) under the conditions v, Ty >> 1 and Ty >> r, we have

Na X VO {TaVip/ [In(0 1 A=0)Inn (CIT) Rt A
where

T, = f_:ow(t)dr

is the correlation time of the noise field;

_ 0+ T
n0.0)= [ 1B (10,00 ~ 15,6, 4=0F
0

- to+ T "
In@.m) = 7 [ | B8P0 ~ |Fi6um) |
0

are the time-averaged intensities of the image of the object at
points A and B at a frequency w,,. If the holes with centres
at points A and B are close, then I,(8 , ) ~ I,(0,0) and

Mo R Vipn(TaVp) /v, (16)
where 77, = 0,/1}2(0,0) is the signal-to-noise ratio.

The scheme (presented in Sections 2.2 and 2.3) allowing
formation of a three-dimensional image of an object and
determination of its angular velocity vector £ by the interfer-
ence pattern formed by radiation transmitted through two
holes in the screen () requires multiple repositioning of one
of them for the time during which the speckle structure would
not change in the image of the object. However, even with
poor quality of the images of the object, consisting of thou-
sands of speckles, about 103 different positions of the hole are
required, because each speckle field region must match at
least one position of the hole. But this structure is virtually
unchanged only when you turn an object by the angle (in
radians) 0.2d,/r [4], and for each change of position of the
holes it takes (in seconds) 0.2d,/( 103Qr,). However, even at
slow rotation of the object with angular velocity 2= 10 rad s™!
for sufficiently remote objects for which d,/r, < 1073 it will
take about 10 us. Therefore, the proposed scheme is difficult to
implement. Below, we present a scheme that makes it possible,
based on the results of Sections 2.2 and 2.3, to reconstruct a
three-dimensional image of the object and to determine three
vector components of its angular rotation velocity.

2.4. Scheme of simultaneous reconstruction of a three-
dimensional image of the object and determination of
three vector components of its angular rotation velocity

Consider the scheme allowing simultaneous reconstruction of
a three-dimensional image of the object and determination
three vector components (£2,, £, and £2.) of its angular rota-
tion velocity €2 (see Fig. 1).

The object (2) in question is probed by quasi-monochro-
matic radiation at 2K + 1 frequencies wgq, @_jq and w;q (j =0,
..., K=1) and by monochromatic radiation at a frequency wsy,,
generated by the laser source (/). In addition, the object is
probed by monochromatic radiation at frequencies wgy,, @1y
and w,,,, generated by the additional laser source ( /4), whose
radius vector of location py, has components pg, . = ps>. = 0,
Ps2y ~ d,/2. Radiation scattered by the object is directed by
the optical system (4) to the holes placed along different
diameters of the screen (J5). In the plane of the speckle image
of the object (7), the screen is mounted centrally symmetric
with respect to the centre of the hole at point A, whose coor-
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dinates are 0,4 = 0 and d,4 = 0. The distance between the
centres of adjacent holes is @ = Ay d,/zy., where oq = 21c/wy.
Radiation passed through the holes enters the unit (8), which
forms a three-dimensional image and determines the vector of
the angular rotation velocity £ of the object (2). In the centre
of each hole a photodetector with diameter d, is placed. The
holes have the same diameter equal to v2d,, except for four
holes with centres at points (0,0), (a,0) (0,a) and (-a,0), the
diameter of which is v3d,. In the screen (5) these four holes
are shown by a triangle. Two pairs of holes with centres at
points (0,0), (a,0) and (0,0), (0,a) and the source (/4) are
used to determine the components £, and £2,, and a pair of
holes with centres at points (0,0) and (-a,0) and the source (/)
are used to determine the component .. Assuming that at
the boundary of the screen () the distances between adjacent
holes are also equal to @, we obtain that the number of different
diameters is K ~ nd,./(2a), where d is the screen size, and the
angle (in radians) between the adjacent diameters is /K = 2a/d,.
The coordinate system 6,6, divides the screen (5) into four
major sectors, each of which is divided into K/2 smaller sectors.

We label by the letter j (j = 0,1,2,..., K—1) all diameters
ranging from the diameter coincident with the axis ., whose
number is j = 0. Then, for example, the diameter, which
coincides with the axis 6, has the number j = K/2. In the
polar coordinate system the centres of the holes on the right
of the axis §, are located at points (p,,¢; = mj/K), and on the
left of the axis d, — at points (p,,; = mj/K + m), where
n=1,2,3,...,N is the hole number; N is the total number of
holes on the left and right of the axis d,; p,, = na. In the holes
located along the jth diameter on the right of the axis 6., we
place a narrow-band filter with maximum transmission at a
frequency w;q, and on the left of this axis we place a narrow-
band filter with maximum transmission at a frequency _j,.
In the shaded parts of the holes with centres at points (0,0)
and (0,a) we place narrow-band filters with maxima at fre-
quencies wg, and w;,, and in the unshaded parts — narrow-
band filters with maxima at frequencies woq and o g/2)q. In the
shaded parts of the holes with centres at points (0,a) and
(=a,0), we place narrow-band filters with maxima at frequencies
oy, and w3y, and in the unshaded parts — narrow-band filters
with maxima at frequencies w4 and w_jq.

The algorithm for reconstruction of a three-dimensional
image of the object consists in constructing K different cross
sections of the surface of the object, passing through the cen-
tre of gravity of the object C and point A*, optically conjugate
with point A, and in finding the distribution of brightness
along each of these cross sections. To construct the jth cross
section of the object surface, we will form [by rotating the
coordinate planes xy, 8,6, and f, f, around the optical axis of
the system (4) by the angle p; = ®j/K] three new coordinate
systems with the axes x;, ;. and f;, directed along the jth
diameter of the screen (5). Then, the holes located along the
axis 6,,, the photodetectors, mounted in the holes with centres
at points (0,0) and (F9;,,, 0) and recording the time-averaged
(T) intensities fiq(0,0) and fiq(F6;,,0), and the photodetec-
tors, located along the axis f;, on the receiving aperture (9)
will participate in the reconstruction of the jth cross section
passing through the segment CA* (see Fig. 1). In the interfer-
ence pattern formed by these holes the photodetectors register
the intensity distribution

I(/j-’xa t) = |E+q(.f}x’ t) exp(iqut) + EqA(t) exp(inql)

+ E—q(fj"m t) eXp(iw—th) |27

where wgq, w_jq and w;, are three frequencies of probe radia-
tion involved in the construction of the jth cross section;

N
E:tq(f/"xo t) ~ ZFq(¢6jxm 0) u(t - 2r:tj.>m/c)

n=1
X eXPI2Tir, P (o] XDI2TE V(1) 1]

X exp|£2mid;y, fic/(zpAo)];

Fiy, are the radius vectors of points on the surface of the
object, optically coupled with the points (3, 0) in its image;

Eqa(t) = Fy(0,0) u(t — 2rax/c) exp[2mirgs psi/(re Aog)]

X exp[2miV, (rax) t/Agq]; (17)

Fy(0,,0) = [[k(x,p) hg(x, 7,0, 0) expl2mtignE(x, y)/Agq] dx dy.

Then, the unit (8) under the conditions 7, << T << A4/(Qd),
|a),jq —a)qu Ts >> l,A|qu —a,)qu Ts > ] and qu > |a)0q —Cl)qu
form the functions E, and E_:

N 1 (+ T .
Es(fi)= [ 1w Dyexplit@sq - wo)r)dr

1 [+ T "
Mo [ EsUe D B (18)
s<lo

where

N
Evq(fyo8) ~ D Fy(F6jun, 00u(t = 214, /)

n=1

X eXP[27irs P51/ (rehog)] eXPlE2Mi0 ), /(27 A04)]: (19)

Eqa(1) = Fy(0,0)u(t — 2rpslc) exp[2Tirys pyi/(reAog)]

Then, using the square of the modulus of Jy(s,) of the
Fourier transform of the function E+(f;,) and formulas similar
to (A1.6) from Appendix 1, we determine, with the help of
relations (17)—(19), the heights of the object’s surface
Z(ﬂpna‘pj) = Z+jn = (LC/Z) |Bu(X+jn)|_la Z—jn = (Lc/z) |BL¢(X—jn)|_la
where p, = na; y+j, = Vi(Z+)Vijn; Vo(Z<;,) are the visibilities
of the interference fringes (extracted radiation passing through
all the holes) formed by the beams propagating from the fixed
hole with the centre at point A and from the holes with centres
at points with coordinates 4;,,;

V+jn = [iiq(oa O) I_iq(pm (pj+ n)]l/z/[l_iq(oa O) + I_iq(pm (pj+ TC)]’

V—jn = [I_iq(os0)iiq(pm(pj)]”2/[1_iq(0> 0) + iiq(pm(pj)];

iiq(pm </7;) = iiq(djxnv 0); iiq(pm (pj+ 7'C) = I_iq(_ajxna 0).

Taking into account relations (6)—(8) the formulas
L(upn,p;+ 1) ~ Lig(p, ) and L(up,,, ) ~ Lig(pn.p;+ m) that
are similar to (A1.7) are used to determine the brightness
L(up,, ;) and L(up,,p;+ ) of small sites of the object in the
vicinity of its jth cross section, optically conjugate with the
image points of the object: (=6,,,,0) > (p,, ;) and (6,,,,0) >
(o *+ 1), p; = mj/K. These sites form part of a three-dimen-
sional image of the object, which is concentrated in a small
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neighbourhood of the jth cross section of its surface. Similarly,
other three-dimensional images of the object are formed,
which are concentrated in a small neighbourhood of various
cross sections of its surface, starting with the cross section
with the number j = 0 (cross section P in Fig. 1) and ending
with the K—1 cross section, i.e., the three-dimensional image
of the object is completely reconstructed.

Along with the reconstruction of the three-dimensional
image of the object, the unit (8) implements the algorithm
allowing one to determine three vector components of the
angular rotation velocity. To this end, use is made of four
holes shown by a triangle on the screen (5) and of the probe
radiation sources (/) and ( /4). When orienting the optical axis
of the system (4) in the direction of the object and taking into
account (3) and () the field recorded by the photodetector
(12) has the form

Em(t) = EOm(t) + Elm(t) + E2m(t) + E3m(t)a

where

Ekm(t) ~ exp(iwkmt) exp[znirkpsl/(’%km)]
X exp[27i VL (1) /A jm ] Fim(B14);
6J_k = (5)(/(5 6yk); k= Oa 1323

E3(1) ~ exp(iwsyt) exp[21ir; po/(rdsm)]
X eXp[zniI/J_(VS)l/i3m] F3m(6J.3);

va(éJ_) = Hk(X,Y)hv(X,yﬁl) exp[2nin§(x,y)//1vm] dXdy;
v=0,1,2,3;

hy(x,y,0,) is the pulse response of the system (4) at a fre-
quency Wym; lvm = C/wvm; 6i0 = (0: 0)» 6J_1 = (aa 0)5 6i2 = (O,Cl) and
0,3 = (—a,0) are the coordinates of the centres of the four
holes; r, are the radius vectors of points on the object’s
surface, which are optically conjugate with these centres.
Then, at the output of the photodetector ( /2) measuring the
intensity I,(f) = |En(f)]% the unit (8), when the conditions
(Wm—wom) Ty >> 1 (I=1,2,3) are met, forms three functions
that satisfy the relations:

o+

T

S;(v) ~ TLd t dIm(t) expli(w;y, — wom) ] exp(2mive) dt
0

1

to+ Ty .
~ oo f Eou(t) Ejn(t) exp(2mive) dt.
d

4]

These functions correspond to the three +1st orders filtered
from the spectra of time signals from three interference
fringes, each of which is formed due to the interference of the
wave propagating from the hole with the centre at point (0, 0)
with the waves propagating from the holes with centres at
points (a,0), (0,a) and (—a,0). When rotating an object, these
fringes move along the axes f, and f, (Fig. 1). In view of (15)
and under conditions

;LOm ~ ;L/ma
dpl-u€2a + QZ(x=-pa, y=0)Ty/(rcdom) < 0.1, (20)

d,2.7(x=0,y=—pa)T4/(rcAom) < 0.1

the maxima of the filtered +1st orders are calculated on the
basis of the relations

Vi =2ua€, Aoy, va = -21a Ao,
V3= 2{_Qyﬂa +psly[_gz;ua + sz(ﬂaao)]/rc}/AOm:

which are used in the unit (&) to determine three vector com-
ponents of the angular rotation velocity € of the object:

Qx = _AOmVZ/(zlua)a Qy = _AOmVI/(zxuaL
Q. = —rcAom(Vs + V) [(rg1, @) + vy dowm Z(1a, 0) [2(ua)?.

It should be noted that in determining these components, we
simultaneously use the found heights Z(-ua, 0), Z(0,—ua)
and Z(ua,0) of the object’s surface at points optically con-
jugate with points (a,0), (0,a) and (—a,0) in the plane of its
image. In this case, the heights Z(—ua,0) and Z(0,—ua) are
required to check conditions (20) in the unit (8), whereas the
height Z(ua,0) is needed to determine the component €. of
the object.

3. Conclusions

Thus, the paper presents a method which makes it possible to
simultaneously form a three-dimensional image and to deter-
mine three vector components of the angular rotation velocity
of the most remote objects, including near-Earth space
objects. First, the method is based on probing the object
under study from two directions by multi-frequency laser
radiation beams with coherence lengths that are smaller or
larger than the object’s size and on the formation of a flat
image of the object. Secondly, it is based on the use of radially
arranged holes in the screen mounted in the region of a flat
image of the object, and on the use of the interference fringes
formed by radiation beams scattered by an object which pass
through these holes.

Appendix 1. Simultaneous
determination of height and brightness
of the sites of the object’s surface located
in the vicinity of points A* and B*

The brightness L(rax) and L(rg+) of small sites of the object,
which are located in the vicinity of points A* and B* (Fig. 1), is
determined by the photodetectors measuring the time-averaged
[Ty << Aog/(L2dy)] intensities [iq(5,4,0,4) and fiq(0,p,0,p) in
the image of the object, the photodetectors being placed in the
holes with centres at points A and B. In accordance with for-
mulas (6) and (8), L(ras) ~ Iiq(Oa.0,4), L(rps) ~ Iiq(615.0,p).
Simultaneously, the height Z«p« of point B* is found. To do
this, we place in these holes narrow-band filters with maxi-
mum transmission at frequencies wya and oy respectively,
and probe the object (2) by quasi-monochromatic radiation
at these frequencies. Let us orient the coordinate system 6,6,
and f, f, (Fig. 1) so that the axis x passed through point B, and
the axis f, was parallel to the axis d . Then, an array of photo-
detectors located along the axis f, registers the intensity

I(f 1) = |Eqa(O1* + | Eqn(D)|* + Hap(f1.1)

x expli(wga — wgp)t] + Hap( fy, 1) expli(@gp — wqa)tl,
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where
EqA(t) ~ Fq(O, 0) M(l - ZI’A*/C) exp[ZnirA*psl/(rc/lqA)],

E (1) ~ Fy(0p,0) u(t — 2rps/c) exp[ 2mirg«psi/(rcAgp)]

are the amplitudes of the fields that are generated by the
receiving system (4) on the holes with centres at points A
and B;

Hpp( fn1) = Eqp(t) Ega(1) exp(2mid g f1/2)).

Then, the function

) = 4 [ e Dexpl- i@ - ogild (AL

is determined in the unit (&). Under the conditions
T >> 1, (0ga —0gp) Ts >> 11 (Aga —Agp)Aga << 1

we obtain

A to+ 15
E(R)= 5[ Han(fu0)di = |F(0.0) Fy(6.,5.0)]

X |Bu [2(rA* - rB*)/LC] | exp[zniaxfo/(Zscqu) + i’l./)AB]s (Al 2)
where
Yap = 2n(ras — )P /(rAog) + arctan{Re[F(0,0)

X Fy(0,p,0)]/Im[Fy(0,0) F5(6xp, 0)]} .

Then, the unit (&8) determines the square of the modulus
of Jy(sy) of the Fourier transform of the function E£( f;)

Gy(sy) = (Udp) [E(f,) expl2mis, fu/(zAog)1 df
= @+(sx) exp (“/JAB) | Bu [ZZ(_/’t(SxB’ 0)/Lc] |
X | Fq(O, 0) Fq(éxB, 0) | ,

where d; is the size of the linear array of the photodetec-
tors (10);

©.(s,) = (1/dp) [exp[2mi (.5 + 5. /(2 Aog)1 s
s, 1s the spatial coordinate. Using (A1.2) we have
Jo(52) = [Gy(s1* = Jap|Os(s)]%,
where
Ja = | Gy(sx ==0,)|* ~ 4|Fy(0,0) Fy(0,,0)|?

X | B (2Zpsg+/Lo)|*.

Whence, taking into account relations (6) and (8) we obtain
the equation
| B.(2Zpwp#)|* = J aB/[41i4(0, 0) [i4 (05, 0)] (AL.3)

from which it follows that

| B(2Zpsp+/Lo)| = Vi(Zpsp<) [ Vag,

where

Vo(Znsg) = VIap!/Tiq(0,0) + Iiq(65,0) (Al.4)
is the visibility of the interference fringes formed by beams
propagating from the holes with centres at points A and B;

VAB =2 Viiq(oao)iiq(éxB:O)/[I_iq(oao) + iiq((stao)]- (AIS)

The solution of equation (A1.3) in full accordance with (11)
has the form:

Z(~p8.5,0) = (LD B, (I, (AL6)
where y = Vy(Za+p+)/Vap. In this case, the brightness of the
sites the object’s surface, which are located in the vicinity of
points A* and B* has the form

L(rpx) ~ Iig(0,0), L(rgs) ~ Iiq(6,p,0). (I11.7)

Appendix 2. Influence of additive noise
on the accuracy of determining the heights
of the surface of the object under study

We estimate the effect of additive noise on the accuracy of
determining the height Z(-ud,g,0), which can be interpreted
as a contribution of a flat stationary background object that
contains point A* and is parallel to the receiving aperture (4)
to the image of the object [4]. In line with this interpretation,
in the presence of additive background noise, the field distri-
bution along the axis f, is

Ex(fy.1) = Exs(n)exp(iwga?)

+ EBZ(Z) eXp [2ni6xfo/(Zsc qu)] eXp(iqut), (A2 1)

where

Ens(t) = Ex() + Exy(0); Eps(t) = En(t) + Epy(0);
Enp(t) ~ Fyp(0,0)u(t — 2zpx/c) exp2miraspsi [(reAga)l:
Epp(t) ~ Fop(0p, 0) u(t — 2z55/c) exp[2mirgspg1 /(rAg)];
Fp(6:0) = [[kepfx.3) (6.9 6.5, 0) exp[2mi& (x. y)/Agpldxdy:

kp(x,y) and £(x, ) are the distributions of the Fresnel reflec-
tion coefficients and the heights of surface roughness of the
background object. At the same time, for the background
object | ky(x,y)|? = | ky(0,0)|* and o, = £, where 0, and £, are
the rms deviation and correlation radius of the distribution
£,(x,). In the presence of additive noise the array of photo-
detectors, which is located along the axis f, (Fig. 1), registers

the intensity
Is(fo 1) = |Eg(fo D|* ~ | Eqas(D > + | Eqps( frn )|
+ Hags(fs 1) expli(wga — wgp)t]

+ Hips( /1. Dexpli(ogp — 0qa)1], (A2.2)
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where Hags( fy, 1) = Eps( f+, 1) EAs(?). Then, in the presence of
noise the unit (8) determines the function

Esfy= [

qZ( fv’ t) eXp[_l(qu qu)t]

Given that (wga —@4p) Ts >> 1 and the additive noise is statis-
tically independent of the useful signal, we obtain

Es(f) % [ Hans(£o0dt ~ | F0.0)Fi(0,0.0)]

X | B[2(rpx — rg+)/ L] | exp[2mid g f1/(2/Aoq) + iY0aB]

+ | Fgp(0,0) Fyp(0p, 0)| exp[2mid o /(25 Aog) + 1% aBp),
where

Yapp = 2M(rax — =) P51 /(rdoq) + arctan{Re[Fg,(0,0)
Fyp(6x, 0)]/ Im[F,(0,0) Fgp (6., 0)]} -

Under the same conditions, taking into account relation
(A2.2) the square of the modulus of the Fourier transform of
the function E( f,) is J, Jgs(sy) = (Jap + Japp)| Ou(sy) |2, where
Japp ~ 4| Fyp(0,0) F, p(6¥B, 0)|2. In accordance with (A1.3) the
estimate Z of the height Z(—ud,g,0) of the object’s surface at
point B* is determined from the equation

| Bu[2Z (~1465, OV L] > = (Jap + Janp)/ [4 Tx(0,0) I5(0, 0)],
where 75(0,0) = Ii4(0,0) + Iigp(0,0) and I5(J,p,0) = fiq(J,.0) +
Iigp(0,3,0) are the signals recorded by the photodetectors
placed in the holes with centres at points A and B; taking into
account relations (A2.1) and (8),

- to+ Ts
qup((sta 0)= %SJ;O |Eiqp(la 6>:B7 0)|2dt

~ | Fop(0.8, 00 ~ [kp(0,8,0)] (A2.3)

is the time-averaged (7) intensity of the image of the back-
ground object. Under the conditions ig,(0,0) << Iiq(0,0) and
Iigp(0,8,0) << Iiq(d,,0) we have

(| B2Z(~ud g, 0)/Lc]|*), ~

+ <I_iqp(6xB> 0) iiqp (0, 0)>p / [I_iq (6xB> 0) iiq (0, O)L

| BJ2Z(~16 5, 0)/Lc]|?
(A2.4)

where the angle brackets (...),, denote averaging over different
realisations of the background noise.

On the other hand, approximating the function | B,(z)|* by
the Gaussian function, at small deviations AZ of the estimate
Z from Z(-udg.0), we obtain

| BJ2Z (-85, 0)/LC]|* % | B[2Z (-6 3, 0)/Lc]|?

+[(AZ)2](d*| B,[2Z(-ud 5, 0)/L]|PdZ%),  (A2.5)
where AZ = Z — Z(~u6,5,0); 4| B,2Z(~u0 5,0/ L] |¥dZ? ~ 1/I2.
Under the assumption that (AZ), = 0 and taking into account
relations (A2.4), (A2.5) for the rms deviation evaluation of
the height Z(-ud g, 0), we have the expression

<11qp(5\¢B, O)Ilqp(o 0)>1/2
© [Iig(6.8,0) I (0,001

Finally, taking into account relations (8), (A2.1) and (A2.2)
we obtain

0, =((AZ)2)2 ~

~ LAL( kp(0,0)[*)/ [Kig(0 18, 0) kig (0, 0)]2.

The relative accuracy of determining the height is 7, =
oplZ(- ,uéxB,O) For point B*, located near the centre of the back-
scatterlng region of the object (point A” in Fig. 1), kig(6,p,0) ~

lq(0 0) and 0, ~ g, = 1.4L <|kp(0 0)]* )I’Z/qu(O 0), while
~ 1L4[Le/ Z(~ b5, 0)1{| kp(0,0)]* )“zlqu(O 0). Change in
the parameters g, and 7, when moving point B* away from
point A* is most clearly demonstrated by an object with a
spherical shape of the surface. Then, kiq(6,5,0) ~ kig(0,0)x
exp{—[0,84:/(po0s)]*} and the accuracy of determining the
height Z(—ud,p,0) when approaching the edge of the back-
scattering region 0,5 ~ po[oz/(24)] is reduced due to the
increase in the parameter oy, which reaches 0, = 100,,;. In this
case, the relative accuracy of determining the helght varies
from npl ~ opl/Zl to npz ~ 2/22, where Zl = az/(2,00) is the
height nearest to point A*; a = A4d,/z is the size of a speckle
in the image of the object; 22 = hb ~ p0[0§/(2€5 )]
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