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Femtosecond laser pulse filamentation under anomalous dispersion
in fused silica. Part 1. Numerical investigation

E.O. Smetanina, V.O. Kompanets, S.V. Chekalin, V.P. Kandidov

Abstract. We report the results of investigation of femtosecond
laser pulse filamentation in fused silica by varying the wavelength
in the range from 800 to 2300 nm. It is shown that in the case of the
anomalous group-velocity dispersion, a sequence of ‘light bullets’
with a high spatial and temporal localisation of the light field is
formed along the filament. The relation of the formation and prop-
agation of light bullets with the formation of an isolated anti-Stokes
wing of the supercontinuum spectrum is established.

Keywords: filamentation, supercontinuum generation, light bullets.

1. Introduction

Transformation of the spatiotemporal intensity distribution
and frequency-angular spectrum of a femtosecond pulse dur-
ing filamentation in condensed media has been studied in
many papers [1 —4]. Based on these studies, methods for pulse
compression and broadband supercontinuum (SC) genera-
tion are being developed. Changing the shape and spectrum
of the pulse during filamentation is the result of the joint
influence of strong nonlinear-optical interaction of laser
pulses with the medium and of the effects of wave dispersion
and diffraction. In condensed media, material dispersion
affects dramatically the transformation of the pulse shape.
Under conditions of the normal group-velocity dispersion
(GVD), the pulse is split into subpulses having different group
velocities, the distance between the subpulses increasing dur-
ing their propagation in a dispersive medium [5, 6]. In the case
of the anomalous GVD under conditions of self-phase modu-
lation, the light field ‘contracts’ to the centre of the pulse
[7, 8]. However, according to the numerical simulation [9], the
super-Gaussian pulses, in contrast to Gaussian ones, split
into subpulses in the anomalous GVD regime.

The length of the filament in the case of the anomalous
GVD is much longer than that in the case of the normal GVD
[10]. In the anomalous GVD, the radiation beam, whose
power is a thousand times greater than the critical self-focus-
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ing power, splits into multiple filaments, in which the pulse
duration is compressed [11]. Liu et al. [12] showed numeri-
cally that the spatiotemporal dynamics of the pulse shape at
the centre wavelength of 1, = 800 nm in the region of the nor-
mal GVD in fused silica leads to the formation of an X-wave,
whereas at the wavelength of A, = 1600 nm the light pulse in
the region of the anomalous GVD is transformed into a few-
cycle spatiotemporal wave soliton. According to the numeri-
cal study of the filamentation process of 1550-nm pulsed
radiation in fused silica, in the fifth-order dispersion approxi-
mation [7] a quasi-periodic sequence of spatiotemporal locali-
sations of a few-cycle light field is formed in the case of the
anomalous GVD.

An important manifestation of spatiotemporal pulse
transformation is the generation of a coherent SC, i.e., the
broadening of the pulse spectrum, during which its spectral
width becomes comparable to the fundamental frequency of
radiation [1-3, 13]. The first experiments on generation of
broadband radiation were performed by focusing laser pulses
(530 nm, 4 ps and 5 GW) in condensed media (calcite, silica,
sodium chloride and glass) [14]. In all the materials the fre-
quency shift to the anti-Stokes region exceeded the Stokes
shift. Bondarenko et al. [14] explained that the generation of
broadband radiation was due to the laser pulse self-phase
modulation under conditions of electronic Kerr nonlinearity.
In experiments performed in various condensed media,
Brodeur and Chin [15] found that for femtosecond laser
pulses (o = 796 nm) and a medium band gap that is less than
a certain threshold value the SC generation is absent. This
threshold is determined by the condition U;/(hwg) > 2, where
U; is the band gap of the material, and w, is the radiation
frequency. In this case, the width of the anti-Stokes band of
the SC increases with increasing material band gap that
exceeds a threshold value. Based on the experiments with
femtosecond pulse (A, = 785, 393 and 262 nm) filamentation
in various optical materials, the general principle has been
formulated that the broadening of the SC spectrum to the
blue region does not depend on the parameters of the medium
and laser pulse, but only on the ratio U;/(hw,), thereby increas-
ing with its increase [16]. In this case, the anti-Stokes broad-
ening is independent of the laser pulse intensity [17].

In the normal GVD, according to the experiments [18] on
filamentation of a 810-nm laser pulse in fused silica, the inten-
sity of the spectral components in the anti-Stokes band
decreases monotonically with increasing detuning of their
wavelengths from the centre wavelength. A monotonic
decrease in the intensity of the spectral SC components with
detuning of their wavelength both in the Stokes and anti-
Stokes regions of the spectrum was recorded in the filamenta-
tion of pulses with the energies of 0.4—200 uJ in water, chlo-
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roform and glass at 4, =810 nm [17], as well as in various laser
materials (YAG, sapphire, KGW, YVO, and GdVO,) at 4, =
775 nm [19]. To this end, monotonous broadening of the spec-
trum to the blue region up to 530 nm was observed in the
YAG crystal at 1, = 1100— 1600 nm.

However, there are a number of works where the SC spec-
tra with a nonmonotonic blue region were observed during
filamentation in condensed media. A nonmonotonic depen-
dence of the intensity of the anti-Stokes components on the
wavelength was recorded in BaF, crystals at 4, = 800 nm
with increasing peak power up to 1000P, (P, is the critical
self-focusing power) [20] and in LiF crystals with increasing
peak intensity up to 30 TW cm=2[21]. During filamentation of
a femtosecond pulse in the region of the anomalous GVD in
fused silica (A, = 1500 nm), Saliminia et al. [22] have regis-
tered a broad maximum in the vicinity of 4 ~ 600 nm,
which extends from 400 to 1000 nm in the anti-Stokes region
of the SC. Saliminia et al. [22] point to the fact that a ‘dip” in
the spectral components the SC is formed in the region of the
zero GVD in fused silica. The peak in the visible SC spectrum
was recorded in multiple filamentation of 100-GW pulses at
Ao = 1540 nm in fused silica [23]. The maximum of the spectral
intensity at A = 670 nm in the anti-Stokes region of the SC
during filamentation of 1600-nm pulses in fused silica was
obtained numerically in [12].

In this paper we have studied the features of transforma-
tion of the shape and spectrum of femtosecond laser pulses
during filamentation in fused silica under conditions of the
anomalous GVD. We present the results of numerical simula-
tion of filamentation of a femtosecond pulse with a centre
wavelength tunable in the range of 800—-2300 nm, which cor-
responds to the normal, zero, and anomalous GVD.

2. Mathematical model of femtosecond
pulse filamentation in fused silica

To study numerically the spatiotemporal and spectral trans-
formation of a femtosecond pulse in fused silica, we used the
slowly-evolving-wave approximation [24], which the authors
called the method of a slowly varying wave. According to this
method, the equation in the moving coordinate system for the
complex field amplitude A(r,t,z) at a carrier frequency w, has
the form
.. 0A(r,t,z)
21k0 762
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where A(r,Q,z) is the time Fourier transform of the enve-
lope; 2 = w — w, is the shift of the frequency in the harmonic
pulse spectrum at a frequency o from the centre frequency w;
ko = won(wg)/cy is the wave number; ¢ is the speed of light;
and ny ~ 1.45 is the refractive index of fused silica. The depen-
dence k(w) = wn(w)/cy and the parameter k, = Gk/aa)]

with the function n(w), approximated by the Sellmeier for-
mula [25], describe the material dispersion in fused silica. The
operator T = 1 — (i/wy)d/dt makes it possible to reproduced

the wave nonstationary behaviour upon pulse self-modula-
tion, which results in increasing the steepness of the trailing
edge of the pulse (soOcalled self-steepening effect) and in
forming the shock wave of the envelope [26]. The refractive
index increment Ang(r,t,z), due to the Kerr nonlinearity of
the medium, is represented as a convolution [27]:

Ang (r,t,z) = m|(1 — g)I(r,t,2) +g£h(l —1)I(r,t,z)dr|, (2)

where I(r,t,z) is the intensity of the light field; n, ~ 3.54 x
107'® cm?> W' is the Kerr nonlinearity coefficient for the
quasi-stationary radiation [25, 28]; and g = 0.18 is the partial
contribution of the Raman response. The function of a
delayed nonlinear response [25] is

h(t) = ik +T2 exp( )sm(l) T, =321s,7,=12.51s.
@ Tn

The nonlinearity An, and bremsstrahlung cross section o of

the light field in the plasma are given by
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where v, &~ 10'* s7! is the rate of electron—ion collisions, and
m, and e are the electron mass and charge. The concentration
of free electrons in the laser plasma, N, obeys the kinetic
equation

ON,
ot

= W(I)(No— Ne) + viNe, (6)
where N is the concentration of neutral atoms (for silica Ny =
2 x 10?2 cm™); W(I) is the rate of field ionisation, defined by
the Keldysh formula [29]; and
82 |A| 2
L . B—,
2Uime (w5 + )
is the frequency of avalanche ionisation. The band gap for
fused silica is U; ~ 9 eV. For 800-nm radiation with an inten-
sity of I ~ 10 W cm2, which is characteristic of the filamen-
tation regime, the frequency v; ~ 10'* s7!, and the avalanche
ionisation makes a significant contribution to the increase in
the electron density of a femtosecond pulse. Equation (6) does
not take into account the recombination of electrons, the typ-
ical time of which is a few hundred femtoseconds. The decay
of the light field is determined by the losses to generate the
laser plasma

(N

V=

= K90 1y (N~ N, (8)
where K = [U;/(hw)+1] is the multiphoton order of the ionisa-
tion process.

The input pulse had the form of a transform-limited pulse
with a Gaussian distribution of the field amplitude in space
and time:

P2 g2
A(r,t,z:O):AOeXp(—F—?), ©))
0 0

where a; is the beam radius and 7, is the parameter determin-
ing the pulse duration. We considered the system of equations
(1)—(8) with condition (9) in an axisymmetric formulation.
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The numerical simulation made it possible to find the dis-
tribution of the complex amplitude, 4(r,,z), and the electron
density in self-induced laser plasma, N(r,t,z), with respect to
time ¢ and spatial coordinates r,z. In addition, we calculated
the intensity of the spectral components in the cross section
plane

. . 2
S(r,w,z) = constU A(r,z, e~ dr
and the spectral density of the SC power

S(w,z) = constwa(r,w,z)dr‘ (10)
0

The computed pulse spectrum Scoyp(4,2), similar to that

obtained in a physical experiment, has the form

2meon(d)
IV

The scenario of femtosecond laser pulse filamentation is
determined by a number of factors, such as the Kerr self-
focusing and self-modulation, intensity clamping and defo-
cusing of the pulse tail in laser plasma, and finally the wave
processes of diffraction and dispersion of the pulse in the
medium. In terms of numerical simulation, the SC generation
is a multiparameter problem whose analysis on the entire set
of physical parameters is very complex and not very produc-
tive at the same time. In this regard, we performed a series of
numerical experiments for pulses with a centre wavelength
tunable in the range of 4, = 800—2300 nm, for equal values of
similarity parameters that define the initial stage of filamenta-
tion due to the Kerr self-focusing. These parameters are the
diffraction length Ly = kaé and the ratio of the peak power, P,
to the critical power, P,. The values of the beam radius are
taken equal to several tens of micrometres, which is similar to
those used in the laboratory experiment [8, 30]. In the entire
range of wavelengths, the diffraction length of the beam is Ly
~ 3 cm and the peak power is P = 5P, which corresponds to
the regime of one filament. The pulse duration 2z, at the 1/e
level was 80 fs, which corresponds to the FWHM pulse dura-
tion 7, =70 fs.

Thus, the conditions for the propagation of a pulse in a
medium to the nonlinear focus plane, where plasma is pro-
duced, differ only by the influence of the GVD, which is
dependent on the wavelength. In the nonlinear focus, genera-
tion of the laser plasma limits the growth of the intensity dur-
ing self-focusing, which is determined by the multiphoton
order K, which ranges from 6 for 4, = 800 nm to 17 for 45 =
2300 nm. In this formulation of the problem, it is possible to
isolate the effect of the wavelength on the spatiotemporal and
spectral transformation of radiation, which involves the influ-
ence of the GVD, formation of a shock wave, and the SC gen-
eration.

Seomp(4,2) = S(w(4),2) (In

3. ‘Light bullets’ and the SC spectrum
in the filament

Consider spatiotemporal and spectral transformation of
pulsed radiation with the centre wavelength 1, = 1900 nm,
energy W =3.77 uJ and peak intensity I, = 2.7 x 10" W cm=2.
For this wavelength the GVD in fused silica is anomalous,
and the parameter k, determining the change in the pulse
duration due to the GVD is equal to —23 fs> cm™!. During
femtosecond laser pulse filamentation, the light field is quasi-
periodically localised in space and time, resulting in a sequence

of light bullets along the direction of its propagation (Fig. 1).
The peak intensity in the light bullet increases hundreds of
times and reaches 5.2 x 1013 W cm2, the radius (in intensity)
of its cross section is ~6 um, and the duration is a few field
oscillation cycles. The light bullet is formed in the central time
layers of the pulse, where the intensity is maximal. Further
propagation in silica causes the light bullet to move to the
pulse tail, and its peak intensity decreases. The movement of
the bullet to the tail of the pulse is accompanied by re-locali-
sation of the light field due to self-focusing in the central time
layers, and a new bullet is formed. This cycle of generation of
light bullets in the centre of the pulse is repeated many times,
because in the case of the anomalous GVD the power ‘flows’
to the centre from the tail and the leading edge of the pulse.
The number of bullets, the generation of which is maintained
by the anomalous GVD, increases with increasing pulse
intensity.

ln[SCOH]p(A’Q Z)/Smax(z)]
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Figure 1. Tone images of transformations of the normalised (a) pulse
spectrum Scomp(%, 2)/Smax(2) and (b) pulse shape on the axis /(r = 0,7,2)/
I, with distance z. At the bottom of panel (b) the distribution of the
electron concentration of the laser plasma, N.(z), on the axis is shown.
The centre wavelength is A, = 1900 nm, the peak power is P = 53 MW
(P = 5P,,), the pulse duration (at ™! level) is 2, = 80 fs and the beam
radius is ap = 80 um.

Before the formation of the light bullets, the pulse spec-
trum Scomp(4) monotonically and symmetrically broadens
relative to the centre wavelength ). The emergence of each
light bullet with a high energy density is closely related to the
generation of laser plasma and a strong self-phase modula-
tion of the light field, which causes the broadening of the
spectrum (Fig. 1). Therefore, the position and extent of
plasma channels coincide with the regions of formation of
light bullets, which can be defined as emitting SC regions in
the filament. At a distance z, where a new light bullet emerges,
there occurs generation of the SC whose spectrum extends
into the anti-Stokes (blue) region up to A = 300 nm. In this
case, the SC spectrum Scomp(4), which is generated by each
bullet at the place of its formation, is monotonically and sym-
metrically broadened relative to the centre wavelength.

In Fig. 1, the spectrum broadening, calculated at the point
of formation of light bullets, is seen by thin lines between the
centre wavelength of 1900 nm and anti-Stokes region. A
sharp increase in the width of the spectrum, corresponding to
the formation of a next light bullet, is clearly seen in the range
from 0.95 to 1.75 cm. When the light bullet propagates and
then disappears, a minimum of width ~1000 nm is formed in
the spectrum Scomp(4), Which separates the central part of the
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spectrum and the anti-Stokes (blue) wing, which lies in the
vicinity of A = 600 nm. The intensity of spectral components
of the anti-Stokes wing increases with increasing number of
the bullets produced, and the interference maxima appear in
the spectrum.

To analyse the effect of the wavelength of the input pulse,
Ao, on the formation of the SC spectrum Sg,mp(49,4), we per-
formed a series of numerical experiments on filamentation of
laser pulses with A, varied in the range from 800 to 2300 nm.
The results obtained numerically are summarised in Figs 2
and 3 in the form of a spectral SC map, in which the intensity
of its spectral components is presented by the surface on the
plane with the coordinates A, 4,. In these figures, the global
maximum of the surface, Scomp(o,4), Which corresponds to a
component at the centre wavelength A, in the spectrum, lies
on the bisector shown by a thin dashed line. The intensities of
the spectral components of the SC are normalised to the max-
imum value Sp,y 4, for each centre wavelength. In the loga-
rithmic scale, the global maximum on the spectral map
Scompa()r i)/Smax Ao is zero.

In constructing the SC map, we used the spectra Sqomp(Ao,A),
which are formed in the filament at a distance z(4,), typical of
the pulse with the centre wavelength A,. Figure 2a shows the
spectral map Seomp(o,4) for those distances at which a nonlin-
ear focus emerges and the first light bullet begins to form dur-
ing filamentation of the laser pulse with the wavelength 4. At

these distances, the SC source can be considered as a point
source. Figure 2b—d present the spatiotemporal distributions
of the intensity /(r,7) and the pulse profiles on the axis I(r =
0,7) at a zero GVD and A, = 1300 nm, and at an anomalous
GVD and 4y= 1900 and 2100 nm. The SC spectra Somp(4) for
the incident pulse at these wavelengths are shown by dashed
white lines on the spectral map. It is seen that in the nonlinear
focus the pulse spectrum broadens monotonically from the
centre wavelength A, both in the Stokes (red) and anti-Stokes
(blue) regions. The spectrum broadening is the result of self-
phase modulation of the light field in the filament. In this
case, the anti-Stokes broadening is due to the self-phase mod-
ulation at the pulse tail, where the self-steepening of the enve-
lope plays an important role. In Fig. 2, an increase in the
slope of the trailing edge of the pulse is illustrated by the pro-
files I(r = 0,1). The self-steepeing of the trailing edge of the
pulse strongly increases with increasing centre wavelength 4.
The time intensity gradient in the pulse tail increases and anti-
Stokes spectral broadening turns to be much larger than that
for the zero GVD. It should be noted that the highest peak
intensity both in units of I, and in absolute units (W cm™) is
achieved in filamentation of a 1300-nm pulse, the conditions
corresponding to the zero GVD. However, the slope of the
trailing edge of the pulse and, therefore, the anti-Stokes
broadening of the SC is much less at the zero GVD than at the
anomalous GVD.

In[SGo. )/ Siax ,] N g .

) ln[S(A-(),l)/Smax 10]

A/nm

e - ) 3600
, ; 2000 2500
800500 1000 100
Ao = 1300 nm Ao = 1900 nm Ao = 2100 nm
z=7.71 mm z=6.35mm z=6.32mm 1/101 W em2
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Figure 2. (a) Spectral map of the SC, Scomp(4o, 4), for the wavelengths 2y = 800-2300 nm and (b—d) spatiotemporal intensity distributions, /(r, 1),

for 4o = 1300, 1900 and 2100 nm at the nonlinear focus points.
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Figure 3. Same as in Fig. 2, with the length of the emitting region of ~1 mm.

With increasing length of the emitting region, produced
by the first light bullet in the filament, the SC spectrum
changes qualitatively. The spectral map of the SC for the
same length (~1 mm) of the emitting regions is shown in
Fig. 3. The SC spectra exhibit an additional modulation,
which allows a clear separation of filamentation regimes in
the case of the normal and zero GVD from the filamentation
regime in the case of the anomalous GVD. At wavelengths
Ao = 1400-2300 nm, lying in the region of the anomalous
GVD, a clear broad minimum is formed in the anti-Stokes
region of the SC, separating a monotonically broadened cen-
tral part of the spectrum from the anti-Stokes wing of the
spectral components in the range A = 600 nm. At the normal
GVD, the depth of the spectrum modulation, Scomp(d), is
small. The spatiotemporal distributions of the intensity 7(r,¢)
show that under conditions of the zero GVD, the pulse splits
into subpulses, the intensity of which (for the propagation
distance in question) is three times lower than the peak value
in the nonlinear focus (Fig. 2). At the same time, the light bul-
let, which is formed under conditions of the anomalous GVD,
is relatively stable and moves to the tail of the pulse, slowly
decreasing in intensity. The shift of the light bullet is caused
by the fact that it is a wave packet, whose spectrum is shifted
to longer wavelengths from the centre wavelength 4, and its
group velocity is less than that of the incident light. When the
shift is significant, the light bullet disappears, and in the cen-
tral time layers of the pulse, to which power ‘contracts’ due to
the anomalous GVD, a new bullet is formed.

4. Radiation sources of the anti-Stokes
wing of the SC

To determine the position of the anti-Stokes SC emission
sources in the femtosecond pulse, the data of the numerical
experiment were processed for for the pulse with the centre
wavelengths A, = 300 and 1900 nm. The results are shown in
Fig. 4. Processing was performed for 1900-nm pulses at a dis-
tance z = 6.35 mm, corresponding to the formation of a light
bullets, and at A, = 1300 nm at a distance z = 7.71 mm, where
the nonlinear focus emerged and a ‘fish-like’ spectrum, signa-
ture of filamentation at the zero GVD, was formed [8]. In the
frequency-angular SC spectra S(0,4), the tone images of
which are presented in Figs 4c, g, the SC spectra S,(6,4) in
the anti-Stokes band 4 = 400—1100 nm are shown (Figs 4d,
h). The spatiotemporal intensity distributions of the anti-
Stokes radiation, I,y(r, ), obtained from its spectrum S,,(0,4)
by the inverse Fourier transform, are presented by tone
images on half-plane with the coordinates r, ¢ (Figs 4b, f). The
pulse intensity distributions, (r,7), in the filament at the cho-
sen distances are shown in Figs 4a, e. Comparison of the
intensity distributions, I,4(r,?) and I(r,t), shows that the anti-
Stokes SC emission sources are concentrated at the pulse tail
in the region with the greatest slope of the trailing edge. To
this end, these sources are located both on the axis of the
beam, where their intensity is maximal, and on the trailing
edge of the ring structures of the filament, where the temporal
intensity gradients are significant.
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Figure 4. Spatiotemporal distributions of the radiation intensity /(r, 7) in the filament (a, e), the intensity 7,,(r, z) of the radiation sources in the anti-
Stokes spectral band (b, f), as well as the frequency-angular SC spectra S(0,4) (c, g) at fixed distances z = 7.71 and 6.35 mm upon filamentation of
radiation with 4o = 1300 (a—d) and 1900 nm (e—h), respectively, in fused silica. Figures 4d and h demonstrate the anti-Stokes region of the frequen-
cy-angular spectrum S,((6,4) at A = 400— 1100 nm. The dashed line shows the time when the intensity of the anti-Stokes radiation sources is maximal.

5. Conclusions

Thus, in the case of femtosecond laser pulse filamentation
under conditions of the anomalous GVD, a quasi-periodic
sequence of light bullets with a strong spatiotemporal locali-
sation of the light field is formed along the filament. The light
bullet is produced in the central time layers of the pulse and
moves towards the tail of the propagating pulse. The emer-
gence of light bullets in the filament is directly related to the
generation of plasma. When forming a light bullet, its spec-
trum monotonically broadens, and when the light bullet shifts
to the pulse tails, an isolated anti-Stokes wing of the SC is
produced.

In fused silica, with increasing centre wavelength and thus
moving from the zero GVD (4, = 1300 nm) to the anomalous
GVD, the frequency-angular SC spectrum changes its shape

from the ‘fish-like’ spectrum, characteristic of the zero GVD,
to the ‘O-shaped’, which is typical of the anomalous GVD.
However, under the conditions of the anomalous GVD, the
spectrum contains divergent conical-emission components of
the anti-Stokes wing of the SC. At a sufficiently long emitting
region, the anti-Stokes wing is separated from the central
‘O-shaped’ part of the spectrum by a broad minimum. The
shift of the isolated anti-Stokes wing to the blue region grows
and its width becomes narrower with increasing pulse wave-
length. At Ay, = 1300 nm, which corresponds to the zero GVD,
the ligth field is localised in space and time near the central
time layers of the pulse, while at the pulse tail the ligth field is
refocused. Aty = 1900 and 2100 nm due to the power trans-
fer from the tail and the front edge of the pulse to the centre,
caused by the anomalous GVD, the conditions are created for
the repeated formation of the light bullet, which eventually
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leads to the formation of a sequence of bullets. At the distance
of the formation of each bullet the SC spectrum monotoni-
cally broadens to the Stokes and anti-Stokes regions. Its shift
to the pulse tail is accompanied by the formation of an iso-
lated anti-Stokes wing of the SC. Radiation sources of the
anti-Stokes SC components are located on the trailing edge of
the pulse, the slope of which increases with increasing centre
wavelength of the input pulse.
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