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Abstract.  We have studied experimentally and analytically the for-
mation of the supercontinuum (SC) spectrum during femtosecond 
laser pulse filamentation in fused silica under conditions of zero and 
anomalous group velocity dispersions. It is found that with increas-
ing centre wavelength from 1300 to 2300 nm, the SC spectrum of 
the anti-Stokes wing narrows, shifting to the blue. It is shown that 
the anti-Stokes (blue) shift of the SC spectrum increases with the 
multiphoton order of the medium ionisation by the light field in 
the filament. It is found that a broad minimum in the SC spectrum, 
separating the anti-Stokes wing from the centre wavelength, is a 
result of the interference of radiation from a moving broadband 
source, stemming from self-phase modulation of the high-intensity 
light field. The interference factors of the SC spectra obtained for 
this source, which moves along the emitting region of the filament 
in  a  dispersive medium, are in agreement with experimental and 
numerical results. 

Keywords: filamentation, supercontinuum generation, conical emis-
sion. 

1. Introduction 

Supercontinuum (SC) generation due to filamentation in 
condensed media has been most thoroughly experimentally 
studied for femtosecond pulses of a Ti : sapphire laser [1 – 8]. 
A femtosecond pulse of a parametric amplifier at the centre 
wavelength l0 = 1500 nm was used in investigations of SC 
generation when either one [9] or many [10] filaments were 
formed in fused silica. The authors of these papers, paying 
attention to the fact that a broad minimum in the SC spectrum 
is formed in the region of the zero group-velocity dispersion 
(GVD), do not explain the reasons for the emergence of this 
broad minimum. In studying filamentation of a femtosecond 
pulse from a parametric amplifier, tunable in the wavelength 
range 1100 – 1600 nm, it is found that in the YAG crystal the 
cutoff wavelength of the SC spectrum in the anti-Stokes (blue) 
region is equal to 530 nm, regardless of the pulse wavelength 
[11]. Formation of a blue peak in the SC spectrum under var-

ious focusing conditions in a 2-cm-thick silica sample during 
filamentation of a 1055-nm laser pulse, which lies in the region 
of the weak normal GVD, is investigated in [12]. To interpret 
the formation of a broad minimum between the pump pulse 
spectrum and the blue peak, Faccio et al. [12] use the phase 
relation for X-waves. 

There are various models that explain the formation of 
the maximum in the anti-Stokes region of the SC during fila-
mentation of a pulse with a near-IR wavelength. In Ref. [13] 
the formation of a maximum of the spectral intensity in the 
region of 670 nm during filamentation of a 1600-nm pulse in 
fused silica was explained by the formation of a shock wave of 
the envelope due to the self-steepening of the trailing edge of 
the pulse under conditions of the frequency asymmetry of the 
contributions of self-phase modulation and multiphoton ion-
isation. Earlier, by the example of femtosecond pulse filamen-
tation in water, Kolesik et al. [14] showed that the material 
dispersion of the medium significantly affects the SC spectrum. 
Theoretical studies [15, 16] developed the model of three-wave 
mixing, in which the SC radiation is the result of scattering of 
the light field incident on the material waves emerging in a 
medium in the case of nonlinear optical interaction of the 
intense radiation of the filament. The phase-matching condi-
tion obtained in the model determines the angle of divergence 
of the spectral SC components with the maximal intensity. 
When a soliton propagates in a waveguide under conditions 
of anomalous mode dispersion, the peak in the anti-Stokes 
region of the spectrum (according to the numerical [17] and 
analytical [18] studies) is formed due to the strong influence of 
the third-order dispersion, and the detuning is determined by 
the ratio of the dispersion coefficients of the second and third 
orders. 

However, there is currently no convincing physical inter-
pretation of the formation of a maximum in the visible SC 
spectrum during filamentation of near-IR femtosecond pulses. 
Theoretical studies [19, 20], based on the results of numerical 
studies of filamentation of pulses at different wavelengths, con-
cluded that the nature of the maximum in the visible SC spec-
trum is still open to question. 

This paper is a logical continuation of the numerical 
studies [21], and its goal is to obtain a convincing physical 
explanation of the process of formation of the SC spectrum 
and, in particular, of an isolated anti-Stokes wing during fem-
tosecond laser pulse filamentation in fused silica. We present 
the results of experimental studies of the SC spectrum during 
filamentation of the pulse, tunable in the wavelength range of 
1200 – 2300 nm, and theoretical studies of the influence of 
various factors on the structure of the spectrum. To analyse 
the spectra obtained experimentally, we use the results of 
numerical simulations presented in [21].
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2. Experiment 

In a laboratory experiment, the source of femtosecond pulses 
was a TOPAS tunable parametric amplifier combined with a 
Spitfire Pro regenerative amplifier. The duration of femtosec-
ond radiation was measured with an ASF-20 autocorrelator 
(Avesta Project). Femtosecond laser pulses were focused by a 
thin quartz lens with a focal length of 50 cm at the front face 
of the fused silica sample (Fig. 1). The sample was in the form 
of an acute-angled wedge, which allows us to vary the length 
of the filament at specified pulse parameters [22]. The beam 
diameter at the waist was about 100 mm. The SC radiation 
was collected by an achromatic lens on the monochromator. 
A scattering plate mounted on its input window produced 
scattered radiation, which made it possible to eliminate the 
influence of the angular dependence of the spectral SC com-
ponents, which is characteristic of the conical emission. The 
SC spectrum in the band 400 – 1000 nm was measured with a 
Solar-Tii MS2004 monochromator, whereas the SC spectrum 
in the band 1100 – 2700 nm was measured with an ASP-IRHS 
spectrometer, developed by ‘Avesta Project’ in 2010. The 
dynamic range of the spectrometers was 103.

In the experiments, we used near-IR radiation with a centre 
wavelength tunable from l0 = 1300 nm, corresponding to 
a  zero GVD, to l0 = 2300 nm, corresponding to a strong 
anomalous GVD in fused silica. The FWHM pulse duration 
was 70 fs. With tuning the wavelength, the radiation energy 
increased from 2.6 mJ at l0 = 1300 nm to 4.5 mJ for l0 = 1900 nm, 
so that the ratio of the peak power P to the critical self-
focusing power Pcr in fused silica was the same, close to 5. 
It was assumed that the power Pcr was equal to 4.95 MW at a 
wavelength l0 = 1300 nm and increased in accordance with 
the dependence Pcr ~l0

2. At a wavelength exceeding 2000 nm, 
the pulse energy had to be increased to 8 – 12 mJ by increasing 
absorption in fused silica. In the measurements, the wedge-
shaped sample of fused silica was moved in the direction per-
pendicular to the beam so that to obtain plasma channels of 
equal length for pulses with different wavelengths. The plasma 
channels were recorded through the side face of the sample. 
Since the plasma channel coincides with the region of existence 
of a high-intensity light bullet, its position and length com-
pletely determine the filament region characterised by self-phase 
modulation of the light field, which causes the broadening of 
the frequency spectrum of the pulse [21]. By displacing the 
sample we established an equal length of the emitting regions 
of the filament for pulses with different wavelengths. In our 
experiments, the emitting regions of the filament had a length 
of about 1 mm and were located, for example, at a distance of 

~ 8 mm for the pulses with l0 = 1300 nm and at a distance of 
6.5 mm for the pulses with l0 = 1900 nm. Thus, we carried out 
the registration of the SC spectrum Sexp( l), which is formed 
by the emitting region of equal length in the absence of re-
focusing during filamentation of pulses with the centre wave-
length tunable over a wide range. 

Figure 2 presents the experimentally obtained spectra 
Sexp( l) for the three wavelengths l0 and the computed spectra 
Scomp( l), discussed in detail in [21]. For each wavelength l0 the 
experimental spectra in the IR region SeIRxp( l) (1100 nm < l < 
2700 nm) are normalised to the maximum values of SeIRxp( l0). 
In the visible region (400 nm < l < 1100 nm) the normalisa-
tion of the spectra Sevisxp( l)/S0 is such that their maximum values 
are equal to the maximum values of the spectra Scomp( l) in 
this spectral band. The CCD array sensitivity spectral bands of 
the Solar-Tii MS2004 monochromator for short-wavelength 
range 400 – 1200 nm and of the ASP-IRHS spectrometer for 
IR range 1100 – 2700 nm are shown in Fig. 2 in bold lines on 
the wavelength axis.

For pulses at all the wavelengths l0 considered, the exper-
imentally obtained spectra Sevisxp( l) and SeIRxp( l)   within the 
dynamic range of the spectrometer are close to the computed 
spectra Scomp( l). This confirms the conclusion of the exis-
tence of the anti-Stokes wing of the SC during filamentation 
of the femtosecond laser pulse at a wavelength lying in the 
region of the anomalous GVD. As the centre wavelength l0 
increases from 1300 to 2100 nm, the SC spectrum becomes 
essentially nonmonotonic and an anti-Stokes wing is formed 
as an isolated maximum in the visible wavelength region (Fig. 
2). In this case, the spectral width of the Stokes wing narrows 
down, and the intensity of the spectral components increases, 
reaching e–5S( l0). The wavelength of the short-wavelength 
cutoff of the blue components of the spectrum lmin decreases 
and the blue shift increases with increasing multiphoton order 
K of the laser plasma generation process. Narrowing of the 
width of the anti-Stokes wing and its shift to the blue region of 
the spectrum with increasing centre wavelength l0 were also 
observed in the experimental photographs of the conical emis-
sion of the SC. 
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Figure 1.  Schematic of the experimental setup. 
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Figure 2.  Spectra Sexvisp( l) ( 1 ), SexIRp( l) ( 2 ) и Scomp( l) ( 3 ) during femtosec-
ond laser pulse filamentation in fused silica under conditions of the zero 
( l0 = 1300 nm, pulse energy 2.6 mJ) and anomalous ( l0 = 1900 and 2100 
nm, pulse energy 4.5 and 8.7 mJ, respectively) GVD. The FWHM pulse 
duration is 70 fs and the peak power-to-critical self-focusing power is P/
Pcr » 5. 
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3. Influence of multiphoton ionisation and GVD 
on the SC spectrum 

Changing the wavelength l0 has a multifactorial influence 
on the SC spectrum in the case of filamentation. Thus, with 
increasing l0, the multiphoton order K = [Ui /('w0) + 1] 
(Ui is the band gap, and w0 is the centre frequency of radia-
tion) increases, simultaneously changing the character of the 
GVD. 

In a laboratory experiment with specific media, it is 
impossible to study separately the effect of each of these fac-
tors on the formation of the anti-Stokes wing in the SC spec-
trum, while a numerical simulation allows for such a study, 
by considering model media with hypothetical parameters. 
Let the data on the medium differ from fused silica only by 
the band gap Ui, and therefore, by the multiphoton order K 
of the laser plasma generation process. We assume that in 
medium 1 for radiation at l0 = 1900 nm, the GVD is anoma-
lous as in fused silica, and the multiphoton order is two 
times smaller. The study of filamentation in this medium 
will enable us to specify the influence of only the multipho-
ton order on the SC spectrum at an invariable GVD. For 
radiation with l0 = 1900 nm Fig. 3 shows the profiles of the 
pulse on the axis I (r = 0, t) and its spectra Scomp( l) obtained 
in the numerical experiment for fused silica with K = 14 and 
for a hypothetical medium 1 with K1 = 7. The results are 
obtained for the case of one emitting region in the filament. 
In this case, the duration, energy and peak intensity of the 
incident light and the propagation distance (z = 7 mm) for 

both media are the same. It is seen that with decreasing mul-
tiphoton order K in the medium with the anomalous GVD, 
the pulse shape I (r = 0, t) and pulse spectrum Scomp( l) change 
significantly. With a decrease in K, the rate of the electron 
density rise in the laser plasma, which causes the defocusing 
of the pulse tail, is also reduced, and, as a result, the self-
steepening of the trailing edge of the pulse is markedly 
decreased. As a result, self-phase modulation in a medium 
with a smaller band gap decreases the blue frequency shift in 
the SC spectrum. In the hypothetical medium 1 with Ui1 = 
4.5 eV the anti-Stokes shift Dwas1 is less than the shift in 
fused silica Dwas, and the ratio D was /D was1 µ K/K1. 

For the case of the normal GVD, consider medium 2, in 
which for the pulse with l0 = 800 nm, the dispersion is the 
same as in the silica, and the band gap Ui2 is twice larger. For 
radiation with l0 = 800 nm Fig. 4 shows the profiles of the 
pulse on the axis I(r = 0, t) and its spectra Scomp( l) obtained 
at the same distance from the entrance to the medium (z = 9.1 
mm) for fused silica with Ui = 9 eV and K = 6, and for a hypo-
thetical medium 2 with Ui2 = 20 eV and K2 = 13. The dura-
tion, energy and the peak intensity of the incident light for 
both media are the same. One can see that in a medium with 
the normal GVD, the pulse splits, as usual, into subpulses 
with increasing multiphoton order K (Fig. 4). However, when 
K is larger, trailing edge of the second subpulse becomes 
steeper, which entails an increase in the anti-Stokes shift Dwas, so 
that the ratio Dwas /Dwas2 µ K/K2. With increasing SC band, its 
spectrum exhibits a minimum separating the anti-Stokes wing 
from the centre wavelength of the pulse. 
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Figure 3.  Influence of the band gap under conditions of the anomalous 
GVD of the medium on the shape I (r = 0, t) (a) and spectrum Scomp( l) (b) 
of the pulse at l0 = 1900 nm. Dashed curves are fused silica (band gap 
Ui = 9 eV, multiphoton order K = 14), solid curves are a hypothetical 
medium 1 (Ui1 = 4.5 eV, K1 = 7). The radiation parameters are as follows: 
peak intensity, I0 = 0.268 ́  1012 W cm–2; pulse duration, 80 fs at the 
intensity level e–1; energy, 4 mJ; peak power-to-critical power, P/Pcr = 5; 
and propagation distance, l = 0.7 cm. 
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Figure 4.  Influence of the band gap under conditions of the normal 
GVD of the medium on the shape I(r = 0, t) (a) and spectrum Scomp( l) (b) 
of the pulse at l0 = 800 nm. Dashed curves are fused silica (band gap 
Ui = 9 eV, multiphoton order K = 6), solid curves are a hypothetical 
medium 2 (Ui2 = 20 eV, K2 = 13). The radiation parameters are as follows: 
peak intensity, I0 = 0.113 ́  1012 W cm–2; pulse duration, 80 fs at the 
intensity level e–1; energy, 0.65 mJ; peak power-to-critical power, P/Pcr = 5; 
and propagation distance, l = 0.91 cm. 
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Thus, regardless of the GVD behaviour the anti-Stokes 
shift in the SC spectrum, Dwas, during filamentation is deter-
mined by the multiphoton order K of the laser plasma genera-
tion process and increases with increasing K. In multiphoton 
ionisation, which is predominant in the initial stage of plasma 
generation, the time gradient of the electron concentration, 
which is associated with the speed of light defocusing at the 
pulse tail and, therefore, the slope of its trailing edge, increases 
with increasing K. Self-phase modulation at a larger steepness 
of the trailing edge causes a strong enrichment of the spectrum 
with high-frequency harmonics, which results in an increased 
anti-Stokes shift Dwas. However, neither self-phase modula-
tion, nor plasma generation at different K, nor GVD behaviour 
does not explain the formation of a broad minimum in the SC 
spectrum, formed between the anti-Stokes wing and the region 
in the vicinity of the centre wavelength l0.

4. Interference factor 

As follows from the analysis of the formation of the SC spec-
trum, an isolated anti-Stokes wing is formed in the case of the 
finite length of the emitting region of the filament. Because 
the SC radiation is coherent [23], the interference of the light 
field of an extended emitting region affects dramatically the 
frequency-angular SC spectrum. According to the interference 
model [24], the expression for the emission spectrum Sinterf ( l) 
has the form 

( ) ( , )
( , )

dS l
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2 2

interf
T

pl z q l
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q= ; Ey ,	 (1)

where z(q, l) is the frequency-angular SC spectrum of a broad-
band light point source, which moves with a group velocity 
of  the pulse ug( l0), forming an emitting region of length l. 
A phase shift Dj(q, l) of the SC emission at a wavelength l, 
which is emitted by the source at an angle q, is described by 
the expression 
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where n0 = n( l0) is the refractive index at the centre wave-
length and c0 is the speed of light in vacuum. In (2) the material 
dispersion of the medium is described by the dependences 
ug( l) and n( l), which are calculated according to the Sellmeier 
formula. The spectrum z0(q, l) is due to self-phase modulation 
of the light field with increasing slope of the trailing edge of the 
pulse under conditions of the Kerr and plasma nonlinearities 
and GVD. The condition for the appearance of the interference 
maximum in the spectrum (1) is similar to the phase-matching 
condition for three-wave mixing [14]. Under the assumption 
that the spectrum of a broadband point SC source is uniform 
[ z0(q, l) = const] and is independent of l0, one can analytically 
calculate the interference factor Finterf ( l) = Sinterf ( l)|z0(q, l) = 1, 
which qualitatively reflects the role of interference in the for-
mation of the SC spectrum. Analysis of the transformation of 
the amplitudes of the SC component in the interference factor 
Finterf ( l) with increasing length of the emitting region can give 
a physical interpretation of the formation of an isolated anti-
Stokes wing of the SC spectrum. 

Figure 5 shows the change in the interference factor 
Finterf ( l, l ) for radiation at 1300 and 1900 nm with increasing 
length l of the emitting region, which is similar to the depen-
dence of the spectrum Scomp( l, z) on z, shown in Fig. 2 in [21]. 

The interference factor for radiation with l0 = 1300 nm acquires 
modulation, manifested more strongly with increasing length l. 
For radiation with l0 = 1900 nm at l ~ 1 mm an interference 
minimum is formed, separating the broad global maximum at 
the centre wavelength l0 and narrow anti-Stokes wing – the 
maximum in the visible region of the SC spectrum. With a 
further increase in the length of the emitting region, the inter-
ference minimum becomes wider, while the narrow maximum 
in the anti-Stokes region of the spectrum does not change 
either its width or spectral position, and becomes even more 
contrast. 

The interference factor Finterf ( l0, l), calculated when the 
centre wavelength l0 of the incident radiation changes under 
the condition of the constant length of the emitting region, l, 
gives an idea of the impact of interference on the formation 
of  the SC at various GVDs. Figure 6 presents the factor 
Finterf ( l0, l) for the visible region of the spectrum, calculated 
at l = 1 mm, and the spectral map of the SC, Sevisxp( l0, l), 
obtained experimentally. One can see that for input pulses 
with l0 = 1200 – 1500 nm the interference maximum is broad, 
extending from the centre wavelengths to the visible region of 
the spectrum (Fig. 6a). With increasing l0 the maximum shifts 
to the blue region of the spectrum with the cutoff wavelength 
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of the interference maximum of the anti-Stokes components, 
and its width decreases. A similar behaviour of the anti-
Stokes wing of the SC was observed experimentally in the 
registration of the spectrum SeIRxp( l0, l) for wavelengths l0 = 
1200 – 2300 nm at the ~1-mm length of the emitting region of 
the filament (Fig. 6b). As well as the maximum in the anti-
Stokes region of the spectrum obtained using the interference 
factor, the experimentally registered anti-Stokes wing of the 
SC shifts to the blue with increasing centre wavelength of 
the input pulse. 

Thus, the behaviour of the factor Finterf ( l0) calculated from 
the interference model is qualitatively similar to the behaviour 
of the spectra Scomp( l) and SeIRxp( l0) obtained numerically and 
experimentally, in spite of the fact that in this model the GVD 
effect manifests itself only in the phase shift of the spectral SC 
components with different wavelengths l. Influence of the 
multiphoton order of the laser plasma generation process can 
be taken into account in the interference model by specifying 
the form and width of the spectrum z0(q, l) of the point source. 

5. Conclusions 

Regardless of the GVD character, the anti-Stokes shift Dwas  
of the SC emission spectrum during filamentation increases 
with increasing multiphoton order K of the laser plasma gen-
eration process. Self-steepening of the trailing edge of the 
pulse at high K enriches the high-frequency part of the spec-
trum in the case of self-phase modulation of the light field. In 
fused silica the high multiphoton order of plasma generation 
and the associated large anti-Stokes shift of the SC spectrum 
occur during filamentation of pulses at wavelengths that lie in 
the region of the anomalous and zero GVD. Therefore, in the 
case of the anomalous GVD, we observe a significant anti-
Stokes shift of the SC spectrum. Formation of a broad mini-
mum in the SC spectrum, separating its anti-Stokes wing 
from the centre wavelength, during filamentation of femtosec-
ond pulses at wavelengths 1300 – 2100 nm in fused silica is the 
result of destructive interference of broadband SC radiation, 
which is generated in the emitting region of finite length. With 
an increase in the centre wavelength of radiation under condi-
tions of the anomalous GVD, the width of the anti-Stokes 
wing of the SC decreases and its shift to the blue region of the 
spectrum increases. 
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