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Cascade amplification of self-similar frequency-modulated pulses
in normal group velocity dispersion active fibres

1.O. Zolotovskii, O.G. Okhotnikov, D.I. Sementsov, A.A. Sysolyatin, A.A. Fotiadi

Abstract. This paper examines the possibility of efficient amplifi-
cation of self-similar frequency-modulated wave packets in longitu-
dinally inhomogeneous active fibres. We analyse the dynamics of
parabolic pulses with a constant frequency modulation rate and
derive algorithms for optimising the group velocity dispersion pro-
file in order to ensure self-similar propagation of such pulses. We
demonstrate that the use of a cascade scheme can ensure efficient
amplification of individual subpicosecond pulses of this type.

Keywords: similariton, amplification, cubic nonlinearity, frequency
modulation, group velocity dispersion, active fibres.

1. Introduction

The generation of stable self-similar frequency-modulated
(FM) pulses, referred to as similaritons, in a normal group
velocity dispersion (GVD) active (gain) medium opens up a
wide variety of possibilities in comparison with classical
approaches to pulse amplification [1-10]. This is because, in
the case of pulse amplification in an anomalous-dispersion
medium, it is difficult to prevent the development of various
instabilities and the undesirable influence of stimulated
Raman scattering (SRS), which significantly distorts the
shape of the wave packet. However, some difficulties arise as
well in a normal GVD medium. In particular, known tech-
niques for pulse amplification in homogenous fibres are sensi-
tive to ‘unintentional’, random variations in fibre diameter
(which always occur in practice) [11, 12]. In view of this, the
use of long (>100 m) fibre amplifiers with a low gain per unit
length, y < 0.1m™!, appears inefficient.

An effective approach to this problem is to use compact,
inhomogeneous fibre amplifiers having a normal GVD that
increases along the length of the fibre and a gain per unit
lengthy > 0.1 m™! (with good control over other performance

1.O. Zolotovskii, D.I. Sementsov Ulyanovsk State University,

ul. L. Tolstogo 42, 432017 Ulyanovsk, Russia; e-mail: rafzol.14@mail.ru;
0.G. Okhotnikov Ulyanovsk State University, ul. L. Tolstogo 42,
432017 Ulyanovsk, Russia; present address: Optoelectronics Research
Centre, Tampere University of Technology, Sdhkétalo, K- and
L-wings, Korkeakoulunkatu 3 (Hervanta), 33720 Tampere, Finland;
AL.A. Sysolyatin Fiber Optics Research Center, Russian Academy of
Sciences, ul. Vavilova 38, 119333 Moscow, Russia;

A.A. Fotiadi Ulyanovsk State University, ul. L. Tolstogo 42, 432700
Ulyanovsk, Russia; present address: University of Mons, B7000 Mons,
Belgium

Received 4 July 2012
Kvantovaya Elektronika 42 (9) 822-827 (2012)
Translated by O.M. Tsarev

parameters — fibre diameter, dispersion, and nonlinearity —
due to the relatively small amplifier length).

In this paper, we analyse the dynamics of a parabolic FM
wave packet in a longitudinally inhomogeneous amplifier and
examine conditions for stable (self-similar) propagation of
the wave packet in the form of a similariton. We propose
using combinations of active and passive fibre segments,
which makes it possible not only to scale up the output power
by placing many stages in series but also to considerably
increase the amplified pulse compression efficiency in the out-
put compressor. Raman fibres are shown to have consider-
able potential for use in such systems.

2. Condition for the existence of similaritons

Consider the dynamics of an optical pulse in an inhomoge-
neous gain medium. The field of a wave packet propagating
along such a fibre can be represented in a standard way:

E(t,r,2) = %eU(r,z)A(t,z)exp[i(wot
- fo “B(E)dE)] + e, (1)

where e is a unit vector along the light polarisation direction;
U(r, z) is the radial field distribution in the fibre; w is the car-
rier frequency of the wave packet; and §'(z) is the real part of
the complex propagation constant. The temporal profile of
the pulse, A(z, z), meets a nonlinear Schrodinger equation
(NSE) with coefficients varying along the length of the fibre
[1-5]:
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where 7 =1 — f(;df/u(f) is the time in a moving frame of ref-
erence;u(z) = (0B(2)/0w)y " and D(z) = (8%B(2)/0w?), are the
group velocity and GVD of the fibre; and R(z) is the Kerr
(cubic) nonlinearity coefficient. The dependence of the fibre
parameters on the longitudinal coordinate z results largely
from their dependence on the mode area Sp,(z). In particular,
the modal gain is related to the material gain y(z) and mode
area by

8(2) = 1(2) - 55 D, )

Here, the mode area is determined by the radial mode field
distribution in the fibre:
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A distinctive feature of similariton propagation is that,
independent of its original profile, the pulse envelope asymp-
totically approaches a parabolic shape and the parabola
grows as the coordinate of the pulse increases [4—9]. The tem-
poral pulse profile, which is a solution to the relevant NSE,
can be represented in the following form:

A(7,2) = A(2) Your(z,7) expli(p(2) + al(2) )], ©)

where ¢(z) is the pulse phase and a(z) is the modulation fre-
quency change rate, constant for a given similariton. The
function Y ,(r,z) defines the shape of the pulse envelope. In
the case of a parabolic pulse, it has the form

Yo = {\/1 — (), T<7y(2), ©

b T> TS(Z)y

where 74(z) is the pulse duration.

It is known that the condition for the formation of a stable
similariton, under which the NSE has an exact solution in the
form of a parabolic FM pulse, can be represented as [6—9]

geir — 3a9Dy = 0. (7

Here, the effective gain per unit length of the inhomogeneous
fibre, g, 1s related not only to its material gain coefficient
y(z) but also to the mode area Sy (z), GVD D(z) =
(0°B/6w?) ¢ = d(z) D, and the nonlinearity coefficient by

_Od(f)/af OR/0O&
2d® T IRE" ®

gar(®) = 1) - Sl

where £ = Dg'! f‘D(z) dz, ag and D are the values of the cor-
responding parameters at the fibre input. In the case of a
homogenous active fibre, this condition can be written in an
extremely simple form: yo — 3cgDy= 0.

It should be noted here that available picosecond pulse
sources that can be used to generate FM similaritons typically
ensure frequency modulation rates no higher than 10> to
10%* s72 (after additional dispersive components are passed). In
the active fibres in common use (e.g., those doped with Er**),
which support single-mode propagation, the GVD does not
exceed 3x 1020 s> m! [6—8, 13—15]. As a consequence, the gain
per unit length of an inhomogeneous fibre, which ensures the
generation of an FM similariton, should be considerably lower
than 0.1 m™! (a more detailed analysis yields y < 0.01 m™).
Therefore, to increase the pulse energy by more than one order
of magnitude, the fibre length should considerably exceed 100
m. On the other hand, experimental data for erbium- and bis-
muth-doped fibres [7, 8] and numerical simulation results [11,
12] demonstrate that self-similar FM pulses are rather sensitive
to gain fluctuations and variations in fibre diameter. Because
of this, a significant increase in pulse energy (by more than one
order of magnitude) is difficult to achieve through the use of
long (>100 m) active fibres.

One possible solution to this problem is to use a short
piece of fibre (considerably shorter than 10 m) with a high
gain per unit length (y > 0.2 m™!) and a steep rise in GVD
along its length. In what follows, we examine the possibility

of an efficient, ‘rapid” amplification of parabolic FM pulses in
a longitudinally inhomogeneous fibre.

With relation (4) for the effective gain per unit length con-
dition (3) takes the form

9D _ {2)D(z) + 6y D*(2) = 0, ©)

where f(z) = 2y(z) — S (8Sw/0z) + R™'(0R/dz). This is a
Bernoulli equation [16], and its solution can be used to find
the GVD profile that ensures self-similar propagation of par-
abolic FM pulses. The general formula of the solution is

2]0 y(z)dz]
Ly(z )dz ]dz

Dy F(z)exp

D(z) = (10)

1+ 6a0D0f:F(z')exp
0

where F(z) = R(z)Smo/RoSm(z). Below, we consider so-called
W-profile fibres (with a W-shaped radial refractive index pro-
file) [13,14]. The nonlinearity and mode area of such fibres are
weak functions of the outer fibre diameter. We can therefore
take with high accuracy F(z) = 1. For a W-profile active fibre,
we then have

Dyexp (2J(‘: y(z") dz')

D(z) = - : (11
1 + 6ayDy fexp(ny(z”)dz")dz'
0 0
With the effective gain per unit length
Ger(2) = exp(2 [ 1(=)d='), (12)
0

equal to the relative increase in pulse energy over length
Gr(z) = W(z)/ W(0), Eqn (11) can be written in the form

Dy Geir (2)

D(z) = - .
1+ 60Dy f Gor(z')dz’
0

(13)

Figure 1 shows the GVD profiles obtained using Eqn (13)
that ensure self-similar propagation of a parabolic FM pulse
at fixed 7y =10""2s and Dy =2x102" s> m~! and varied param-
eters ¢y = 10**s2 and y = 0.05, 0.1, 0.2 and 0.4 m~! in Fig. 1a
andy=0.1 m!and ¢y = (0.1, 1, 2 and 4)x 10** s2 in Fig. 1b.
It is seen that, with increasing fibre length, the GVD
approaches the level D, = y/3aq, which rises with increasing
nonlinearity y at a constant initial frequency modulation rate
a and drops with increasing o at constant y. At small fibre
lengths (yz << 1), the sought GVD profile is almost exponen-
tial: D(z) & Dyexp(2yz).

The similariton pulse duration is in general given by [9]

7.(2) = roexp<2ao f ZD(z’)dz'). (14)
0
Substituting (13), we obtain
- 173
7(2) = r0<1 + 600Dy f Geff(z’)dz'> . (15)
0

If a fibre can, to a good approximation, be considered pas-

sive, i.e.y =0, we obtain a known relation for the pulse dura-

tion: 7,(z) = 7o(1 + 6ctgDyz)">.
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Figure 1. Normalised GVD profiles that ensure self-similar pulse prop-
agation at: (a) g = 10**s2and y = 0.05,0.1,0.2,04m™"; (b)y = 0.1 m™!
and ¢y = (0.1, 1, 2, 4)x 103 s2.

Figure 2 shows the normalised similariton pulse duration
as a function of distance travelled at the following parame-
ters: Dy =2x10%7s>m™, oy = 10** s2, y = 0.05, 0.1, 0.2 and
0.4 m™'. As seen in Fig. 2, the pulse duration at the fibre out-
put increases with distance travelled and the slope of the
curves increases with gain.

Note also that, in general, the formation energy of a para-
bolic similariton is given by [9]

Wy = 8DOG3T8/3R0, (16)
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Figure 2. Normalised pulse duration as a function of distance travelled
at Dy=2x102"s>m™!, ¢y =10*s2and y = 0.05,0.1,0.2,04 m™".

which demonstrates that it strongly depends on a,. When a
pulse propagates along an inhomogeneous active fibre, its
energy increases and can, in general, be represented as

Wi(2) = Waexp(2 [ y(=)d='). (17)

Note that the generation of a parabolic FM pulse is also pos-
sible when the input pulse energy differs slightly from W,
One condition for similariton generation is that the initial
energy W, fall in the range (0.75—-1.25) W, with high accu-
racy.

Of particular interest for raising the energy of FM
(chirped) pico- and subpicosecond pulses are Raman ampli-
fiers, capable of ensuring a uniform gain profile in a wide fre-
quency range (so-called broadband flat gain) [17—19]. In the
case of a high pump power P,, high conversion efficiency
from the pump of frequency w,, to a pulse train and, as a con-
sequence, a relatively small amplifier length (<100 m), the
intrinsic losses of the Stokes and pump waves can be neglected.
In the undepleted-pump approximation, a simple relation can
then be written for the Stokes pulse gain [17-20]:

Ger(2) = exp(Gi2), (18)
Here, Gr = gr(wp) Poo/Seir(wp); gr 15 the Raman gain coeffi-
cient and S is the effective mode area, which depends on the
longitudinal coordinate in the case of inhomogeneous fibre:

2n(f:| U(r,z) \2rdr )2
fom\ U(r,z) ‘4i‘d}’ .

Scff (Z) = (19)

In the case of germanium-doped fibres [20], the Raman
gain coefficient satisfies the inequality gr(wp)/Ser(wp) >
0.1 m~! W-1. The total pump power may then be within several
watts, ensuring a Raman gain per unit length Gg =0.2 m™,
which is sufficient for a tenfold amplification of subpicosec-
ond pulses over lengths no greater than 10 m. The appreciable
difference between the pump power and average pulse power
(which is typically within 10 mW) in the Raman amplifier
under consideration allows pump depletion to be completely
neglected. Because of the small amplifier length, the influence
of the intrinsic loss of the pump wave can also be neglected.

Thus, in the case of undepleted pump, which is of most
practical interest, relations (13) and (15) take the simple form

D() exp( GR Z)

D(z) = 1 +d(exp(Grz) — 1)

(20)
7y = o[l + d(exp(Grz) — D],

where 6 = 6D /GR.

In a low-optical-loss (y = 0) passive fibre, the GVD that
satisfies the condition for the existence of similaritons should
have a hyperbolic profile, i.e. D(z) = Do(1 + 6ctgDoz)". As
shown below, such ‘passive’ fibres can be used for further
modulation of similaritons (to increase their duration) and,
more importantly, as adapters between amplifying (active)
fibre segments of a cascade amplifier.

It follows from (9) that, when the condition y/3¢y> Dy is
satisfied, efficient amplification of FM pulses can be ensured
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by fibres that have an increasing dispersion. For y/3aq < D,
fibres with a decreasing dispersion should be used for efficient
amplification. At y/3aqy ~ Dy, longitudinally homogeneous
fibres should be used. The design features of modern laser
pulse sources and amplifiers provide conclusive evidence in
favour of the first scenario of FM pulse amplification, i.c. the
use of active fibres with an increasing dispersion, less than
10 m in length and with a relatively high gain (y > 0.2 m™).
This conclusion differs fundamentally from what was inferred
in previous studies [1-6], where fibres with a gradually
decreasing GVD were proposed for similariton amplification.
Of special note is that, in the case of the proposed rapid (over
a length less than 10 m) amplification of chirped pulses, the
influence of higher order dispersion effects, beginning with
the third order, can be neglected.

Note also that, to ensure stable amplification, it is desir-
able that, in some frequency range, the gain should be con-
stant (a weak function of frequency), i.e. 0"Gr/0w™ = 0. A flat
gain profile can be effectively produced using multiwave-
length pump sources — an approach that is employed rather
widely in optical fibre communication systems [17—19].

3. Compression of frequency-modulated pulses

It follows from the above analysis that the amplification of a
parabolic pulse in a normal-dispersion medium is accompa-
nied by an increase in pulse duration, whereas the frequency
modulation rate remains unchanged. It is desirable that fur-
ther increase in pulse peak power through temporal compres-
sion should occur in a passive dispersive medium, which min-
imises the influence of nonlinear effects (in order to minimise
the development of various instabilities [9, 10]). This can be
done beyond the amplifying fibre: either in an anomalous-
dispersion passive fibre with low cubic nonlinearity (e.g. in a
hollow-core microstructured fibre) or using a diffraction grat-
ing pair, acting as an efficient dispersive component. At pres-
ent, it is the latter approach which is better developed for
high-energy laser pulse generation [21, 22].

If a transform-limited pulse has parameters (L) and & at
the compressor input (after passing a fibre amplifier of length
L), its duration at the compressor output is [9, 23]

— Ts(L) 2
T U g ()™ b

If agr2 (L) > 1, we obtain 7y, ~ l/ayt4(L). The peak
power of the compressed pulse is then

Poax = PoctoTots (L) exp(2 fo Ly(z)dz). (22)

It follows from the above relations that the more we
‘stretch’ a pulse with a constant, nonzero frequency modula-
tion rate, the more the pulse can be compressed and the higher
pulse peak power can be reached at the compressor output.

4. Cascade amplification

As shown above, a significant increase in pulse energy is
rather difficult to achieve through the use of long lengths of
low-gain active fibres. It is therefore more advantageous to
use high-gain fibres with a steep rise in GVD along their
length. This, however, presents problems related to the
marked increase in GVD due to the reduction in fibre diame-

ter because a decrease in diameter must lead to an increase in
optical loss. At the same time, in W-profile fibres the required
longitudinal GVD profile can be produced at relatively small
variations in outer fibre diameter. The fibre drawing technol-
ogy in current use enables considerable changes in dispersion
even at very small variations in outer fibre diameter, typically,
no more than 3 um over a 100-m length. At an average fibre
diameter of 100—125 wm, this is a very low value. The effec-
tive mode area and nonlinearity coefficient in such fibres are
almost constant throughout their length [13, 14].

It is also worth noting that, in the case of single-mode
propagation of a wave packet along a fibre, the GVD D(z)
most likely cannot exceed 5x 102° s> m~!. Since the energy of
a soliton-like pulse and GVD in a single-mode amplifying
fibre satisfy the relation

D) _ W2

Dy = W (23)

= exp<2f y(z')dz’ )

with high accuracy, the pulse energy at the amplifier output
cannot be increased by more than one order of magnitude.
The problem can be resolved by using a cascade configuration
where high-gain elements with a sharp increase in GVD alter-
nate with passive elements having a gradually decreasing dis-
persion. In this configuration, an amplifier segment with a
decreasing cladding diameter grades into a modulator seg-
ment, where pulses are stretched in time without amplifica-
tion and the fibre diameter increases to its original level. Such
a two-element cascade has identical input and output sizes
and supports single-mode pulse propagation.

To illustrate the proposed amplification scheme, consider
a two-element cascade. The GVD and pulse energy are taken
to reach the highest levels, D, and W,,.,, at the output of the
amplifier element. Because of the small length of this element,
the duration of a pulse propagating through it changes insig-
nificantly. In the passive element behind the amplifier, the
decrease in GVD and increase in pulse duration are
D= Dmax(l + 6a0Dmaxz)7la TS(Z) =T (1 + 6a0DmaxZ)1/3a (24)
and the pulse energy varies little (the loss is typically well
below 1 dB km™). The total length of the two-element cas-
cadeis L = L; + L,, where the length of the amplifier element,
L, can be found using (23):

ln( md*) 2 f y(z)dz. (25)

If the gain does not vary along the fibre, we have

L= hn(2ge)

The length of the modulator element in the cascade is then

(W -
L2 - <VVE) 1)6a0Dmax '

(26)

Figure 3 illustrates the variation of normalised dispersion
D(z) and pulse energy W(z) along a cascade for W-profile
active fibres. The curves were obtained for Dy = 2x
107 s>m™; ¢y =10*s72;9=0.1,0.2and 0.3 m™'; and L, = 10,
5.5 and 3 m, respectively. It follows from these data that the
pulse energy increases in the amplifier by approximately a
factor of Dy,,,/Dy. Next, the pulse must pass through a pas-
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sive modulator element of length L, = L — L;. At its output,
the GVD decreases to D. After chirp suppression (e.g. using
diffraction gratings), the net increase in the peak power of a
pulse that has passed through such a cascade, with allowance
for possible pulse compression to 7o = To(Dmad Do) >, is

Pcom(L) = PO(Dmax/D0)4/3- (27)
° 3 Dy=2x10"%"s>m™!
Q | 0
3 10 5 ag=10*s72
a
5 a
B s
2
g
]
Z 1
1 1 1 1
0 20 40 60 80
Cascade length/m
3
&
8 10t 5
5
3s
23 b
g 5 H Dy=2x10"%" s> m™!
2 ay= 1057

1 1 1 1
0 20 40 60 80
Cascade length/m

Figure 3. Normalised (a) GVD and (b) pulse energy as functions of dis-
tance travelled in a two-element cascade: (/)y = 0.1 m™', L; = 10 m;
(2)y=02mL L=55m;(3)y=03m, L, =3m.

The above estimates suggest that, after chirp suppression,
the peak power of the wave packet may increase by 15-25
times, depending on fibre parameters.

In one two-element cascade (fabricated from standard
optical fibres), the pulse energy will most likely increase by no
more than one order of magnitude. Therefore, to ensure a
higher gain several double (amplifier + modulator) elements
should be connected in series. In the case of a complex cas-
cade composed of N identical double elements, the pulse peak
power at the output of the cascade, of length L = N(L; + L,),
after chirp suppression (i.e. after pulse compression) is

Rsom(L) = })()(DmaX/D())4N/3- (28)

Note that a key role in determining the amplification
result is played by the GVD profile, which should correspond
to the gain profile. As compact amplifiers capable of ensuring
ultrarapid amplification of FM pulses, one can use either
active fibres with variable-period Bragg gratings (chirped
gratings) or active photonic crystal structures. Such struc-
tures can ensure an increase in GVD by two to three orders of
magnitude over a very small length, within several centime-
tres, and the corresponding increase in the energy of the wave
packet.

5. Conclusions

We have identified conditions for the formation of stable par-
abolic pulses in optical fibres with a W-shaped radial refrac-
tive index profile in the normal GVD region. An expression
has been derived for the GVD profile that ensures an optimal,
‘rapid’ amplification of parabolic FM pulses. It has been
shown that preferable amplifiers of FM similariton-like
pulses are fibres with an increasing dispersion and a relatively
high gain per unit length (over 0.2 m™"). The proposed scheme
of the amplification and subsequent compression of FM
pulses is at present actively used in solid-state laser systems to
produce high-power pulses. Such a scheme, with the similari-
ton amplification regime and a grating compressor, may
enable the generation of pulses of duration down to 100 fs
with an energy of ~100 nJ and, as a consequence, with a
record-breaking power (among all-fibre laser systems) of over
100 kW.
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