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Abstract.  We examine conditions for the formation and amplifica-
tion of frequency-modulated soliton-like pulses in longitudinally 
inhomogeneous, anomalous group velocity dispersion fibres. The 
group velocity dispersion profiles necessary for the existence and 
amplification of such pulses in active fibres are identified and the 
pulse duration and chirp are determined as functions of propagation 
distance.

Keywords: soliton-like pulses, fibre amplifier, anomalous group 
velocity dispersion.

1. Introduction

The dynamics of optical solitons has recently attracted 
increased attention because of their fundamental importance 
and considerable potential for a variety of technological 
applications [1, 2]. One of the most important issues is the 
optimal amplification of soliton pulses, with no changes in 
their shape or elastic interaction. It is well known that, in the 
case of incoherent amplification in a longitudinally homoge-
neous nonlinear active medium, a soliton is not amplified as a 
whole. Independent of the amplification mechanism, increas-
ing the soliton energy by approximately a factor of e leads to 
immediate significant distortions of the shape and spectrum 
of the soliton due to the increase in the nonsoliton component 
of the pulse. As a result, the nonlinear wave packet loses its 
structural stability and, as a consequence, its solitonic proper-
ties. This dynamic scenario of soliton amplification had long 
been thought to be the only possible one, until Serkin and 
Belyaeva [3, 4] and Melo Melchor et al. [5] demonstrated the 
possibility of amplifying an optical soliton as a whole pro-
vided the gain per unit length is a hyperbolic function of prop-
agation distance and the phase of the soliton-like pulse at the 
fibre input is a parabolic function of time. Interaction between 
such frequency-modulated pulses is fully elastic when their 

phases and the gain coefficient of the medium are properly 
matched.

One of the main obstacles to the experimental demonstra-
tion of the proposed scenario of the ‘ideal’ amplification of 
shape-retaining wave packets is the necessity of producing an 
appropriate gain profile in a fibre. The problem can be solved 
by using longitudinally inhomogeneous fibres having not 
only hyperbolic but essentially any gain profiles if the group 
velocity dispersion (GVD) profile along the fibre is properly 
adjusted. In this paper, we examine the possibility of produc-
ing and amplifying a subpicosecond soliton in a fibre with 
longitudinally varying material parameters and establish 
functional relations between such parameters. The most 
attractive fibres for producing and amplifying soliton-like 
pulses with strong frequency modulation are those with an 
anomalous dispersion gradually decreasing in magnitude 
along the fibre and a W-shaped transverse refractive index 
profile. A required dispersion profile in such fibres can be 
produced by adjusting its transverse dimensions [6 – 8].

2. Model of amplification

Erbium-doped optical fibres are among the most widespread 
active fibres because they are widely used in fibre amplifiers 
for optical communication systems. The operating principle 
of the fibre amplifier – just as that of any other quantum 
amplifier – is that, if pumping produces population inversion 
in an active medium, a weak resonance electromagnetic field 
induces transitions from the upper, metastable level to the 
ground state, which lead to field amplification. An electron 
transition in erbium ions from the 4I13/2 metastable level to the 
4I15/2 ground state corresponds to the spectral range 
1.53 – 1.6 mm. Population inversion in this three-level medium 
is due to the long lifetime of the metastable level, 10 – 12 ms, 
whereas the decay from the pump level to the metastable level 
takes microseconds. The erbium-doped fibre amplifier oper-
ates as a three-level system when pumped at 0.98 mm and as a 
quasi-three-level system when pumped at 1.48 mm directly to 
the band corresponding to the metastable level, which ensures 
the highest efficiency. The possibility of 1.48-mm pumping is 
due to the significant Stark splitting in silica glass.

Assuming for simplicity that the dopant and field are uni-
formly distributed across the fibre core, we can represent the 
gain in this system as [9]
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Here, N2 and N are the population of the metastable level and 
the total erbium concentration, respectively; t21 is the lifetime 
of the metastable level; b = sp/ss is the ratio of the pump 
absorption cross section sp to the emission cross section ss  at 
the wavelength of the signal being amplified; the parameter 
g(z) has the meaning of a local gain per unit length; hs is the 
fraction of the signal being amplified in the core; and Kp and 
Ks are the rates of transitions at the pump and signal wave-
lengths, respectively.

In a steady state, the population of the metastable level 
does not vary over time, i.e. dN2(z)/dt = 0, and we have
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Substituting this expression into the first equation in (1), we 
find the gain per unit length:
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In the case of a copropagating pump and signal configura-
tion, the equations for the variation of the pump intensity Ip 
and amplified signal intensity Is along the fibre have the form
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In solving Eqns (4), one should take into account that Kp and 
Ks satisfy the relations [10]
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where If is the spontaneous luminescence intensity and hp is 
the fraction of the pump power in the core. If a source (e.g. an 
erbium-doped fibre laser) ensures the generation of picosec-
ond pulses with a repetition rate v, the average intensity of a 
sequence of signals can be estimated as Is (z) = vWs (z), where 
Ws (z) is the energy of a separate signal pulse at an amplifier 
fibre length z.

Under the assumption that the erbium concentration is 
constant along the fibre, it can be shown that the net rate of 
stimulated transitions does not vary along the fibre, which is 
analogous to the conservation of the number of photons in 
Raman scattering [11]:

Kp(z) + (1 + b)Ks(z) = K0.	 (6)

With (6), the equation for the pump intensity has the form
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Integrating the pump intensity equation and substituting ini-
tial conditions, we obtain
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Ip0 is the pump intensity at z = 0; and Kp0 = sp hpIp0/(hvp).
Using this solution, we obtain an equation for the signal 

intensity:
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Its solution is
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Here, Is0 is the initial signal intensity. Thus, the effective gain, 
equal to the relative increase in signal pulse energy over length z,

z
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can be represented in the form
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This relation was obtained with allowance for spontane-
ous luminescence, which results in an exponential signal 
decay. The effect of luminescence can be neglected for t21 ® ¥. 
In the case of high pump power (Ip0 >> Is0), we can also neglect 
pump depletion in the initial stage of amplification for z << 
J  –1ln(I0/Ip0 – 1), which leads to a known expression for the 
relative pulse energy gain:

 Geff (z) = exp(Nhsssz).

However, in the case of FM soliton-like pulses propagat-
ing through anomalous-dispersion fibre amplifiers, the use of 
high pump powers leads to an undesirable influence of modu-
lation instability and stimulated Raman scattering (SRS), 
which can break up a stable wave packet. For the same rea-
sons, the energy of the FM soliton-like signals under consid-
eration does not exceed several picojoules, which also indi-
cates that the spontaneous luminescence intensity cannot be 
neglected.   Therefore, Eqn (10) should be used in the case 
under consideration.
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Figure 1 shows Geff  (z) curves for an amplifier with the fol-
lowing parameters: N = 5 × 1024 m–3, t21 = 10–2 s, hs = 0.9, hp 
= 0.8, ss = 10–25  m2, sp = 1.5 × 10–25 m2, vp = 2.03 × 1014 Hz 
and vs = 1.96 × 1014 Hz. These parameters will be used below. 
The initial signal intensity is Is0 = 5 × 109 W m–2. For pulses 
several picoseconds in duration, this corresponds to energies 
of the order of a picojoule. The curves in Fig.1 are for pump 
intensities Ip0 = (2.5, 5 and 10) × 1010 W m–2.

3. Dynamics of a soliton-like pulse 
in an inhomogeneous amplifier

Consider the dynamics of an optical wave packet propagating 
through an inhomogeneous amplifying fibre. The temporal 
envelope of the wave packet, A(t, z), meets a nonlinear 
Schrödinger equation [1, 2] with coefficients dependent on z:
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is the time in a moving frame of reference; u(z) is the group 
velocity; D(z) is the group velocity dispersion; and R(z) is the 
Kerr nonlinearity coefficient. The effective gain per unit 
length is given by 
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where g(z) is the gain per unit length of the fibre material. The 
second term on the right-hand side of (12) represents the con-
tribution of possible changes in an effective mode area:

3
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where U(r, z) is the mode profile of the fibre. For convenience 
of further analysis, the dispersion and nonlinearity parame-
ters can be represented in the form D(z) = D0d(z) and R(z) = 
R0r(z), where D0 and R0 are the corresponding parameters at 
the fibre input. With the new variable
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and the pulse envelope
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Eqn (11) transforms into an equation with constant GVD and 
nonlinearity parameters but a nonuniform effective gain:
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is a nonuniform (with respect to the new longitudinal coordi-
nate h) effective gain per unit length and  S̃m = Sm(h)/S(0) is a 
normalised effective mode area. As a result of the above 
transformations, the problem of nonlinear pulse propagation 
through a fibre nonuniform in material parameters along its 
length reduces to the problem of pulse propagation through a 
fibre uniform in dispersion D0 and nonlinearity R0 but non-
uniform in effective gain geff (h).

Equation (14) has a growing FM soliton solution if 
D(h)R(h) < 0 and the effective gain (15) can be represented in 
the form geff (h) = Q/(1 – 2Qh), where Q = geff (0).  The solu-
tion to Eqn (14) can then be represented in the form

( , ) sec exph iC
Q

C
Q1 2 1 2s

0 0
2

0t h
h t

t
h

a t hG
=

- -

-e o,	 (16)

where the soliton duration is ts = t0(1 – 2Qh). The parameters 
of this equation must satisfy the relations 2G0 = |D0|/t0

2 = 
R0|A0|2 and a0 = Q/(2G0t0

2). The formation energy of a soliton-
like wave packet is Ws = t0|A0|2 = |D0|/(R0 t0). The nonlinear 
wave packets represented by Eqn (16) are referred to in the 
literature as bright FM solitons and exhibit elastic interac-
tion, a property important for practical application [1, 2].

Given that Q = a0|D0|, the condition for the existence of 
an FM soliton in the case of the inhomogeneity and anoma-
lous GVD under consideration can be represented in the form
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Substitution of (15) into (17) yields
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The GVD profile needed for the formation of an FM soliton-
like pulse is given by
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Figure 1.  Relative signal intensity Geff as a function of amplifier length 
at initial pump intensities Ip0 = ( 1 ) 2.5 × 1010, ( 2 ) 5 × 1010 and 
( 3 )  1011  W m–2. The amplifier parameters are specified in text.
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z
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where f (z) = F(z)Geff (z) and F(z) = R(z)Sm(0)/(R0Sm(z)). If the 
conditions for the existence of FM pulses in an anomalous-
dispersion medium are satisfied, the exact solution for the 
duration of a sech-shaped soliton-like pulse has the form
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Moreover, a sech-shaped FM soliton can be taken to meet the 
relation ts(z)a(z) = const = ts0a0. It is easy to derive an expres-
sion for the pulse chirp from this relation:

z
( ) ( )exp dz D f20 0 0

0
a a a x x= -c my .	 (21)

Note that, in studies of the dynamics of a subpicosecond 
pulse in an inhomogeneous fibre, one should in general take 
into account third-order dispersion (TOD), which has a sig-
nificant effect on the pulse shape and, at the pulse durations 
in question, may cause the pulse to decay. In the fibres under 
consideration, with an anomalous GVD that gradually 
decreases in magnitude, the effective TOD coefficient increa
ses with distance (because of the decrease in d ). Even if the 
TOD is low at the fibre input, its influence becomes signifi-
cant starting at a certain fibre length. Therefore, to amplify an 
FM soliton, it is desirable that, throughout the fibre length, 
the condition | b3(z)| < |D(z)|/Dw(z) should be satisfied, where 
Dw(z) is the spectral width of the wave packet.

However, with decreasing wave packet duration (i.e. with 
increasing spectral width) and decreasing GVD modulus 
along the fibre, this condition becomes rather difficult to sat-
isfy. As mentioned above, this condition can be satisfied in 
recently proposed fibres with a W-shaped transverse refrac-
tive index profile [6 – 8]. In such fibres, one can produce the 
required longitudinal GVD profile at very small third-order 
dispersion parameters. The technology currently used to draw 
such fibres ensures significant changes in dispersion even at a 
small diameter difference over the entire fibre length: typi-
cally no greater than 3 mm. At an average fibre diameter of 
about 100 mm, this is a very low value. The effective mode 
area and nonlinearity coefficient in such fibres are almost 
constant throughout their length, which allows the function 
F(z) introduced in (19) to be set to equal unity with high accu-
racy. Given this, the dispersion profile necessary for the for-
mation of an FM soliton in this type of active fibre can be 
represented in the form

z
( ) | | ( ) | | ( )exp dD z D G z D G2eff eff0 0 0

0
a x x=- -c my .	 (22)

Accordingly, the duration and chirp of a soliton-like pulse in 
a W-profile active fibre are given by

z
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The function Geff (z) was found above [Eqn (10)] in the pro-
posed model of amplification. The integral of this function 
can be expressed through a hypergeometric function [12]:
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Taking t21 ® ¥, i.e. neglecting the spontaneous luminescence 
noise, we have for passive fibres Geff (z) = 1. Therefore,

z
( )dG zeff

0
x x =y .

The expressions for the dispersion profile in the fibre and the 
duration and chirp of a soliton-like pulse then transform to 
those derived earlier by Zolotovskii et al. [13]. Note also that, 
in the above model, absorption is left out of consideration 
because the absorption coefficient in real passive fibres with a 
W-shaped radial refractive index profile is under 0.5 dB km–1.

Figure 2 shows D(z)/D0  profiles (22) that ensure FM soli-
ton propagation through a fibre amplifier at different pump 
levels, D0 = –2 × 10–26 s2 m–1 and a0 = 2 × 10–23 s–2 (the other 
parameters were specified above). The dashed line represents 
data for a passive fibre.

Figures 3 and 4 show relative pulse duration t(z)/t0 (23) 
and relative frequency modulation rate a(z)/a0 (24) curves at 
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Figure 2.  Relative GVD (D/D0) profiles that ensure FM soliton propa-
gation through an amplifier at the same pump levels [curves ( 1 ) – ( 3 )] 
and amplifier parameters as in Fig. 1. The dashed line represents data 
for a passive fibre.
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different pump levels and the parameters specified above. The 
dashed lines represent data for a passive fibre.

It can be seen from Figs 3 and 4 that the active fibres con-
sidered above can be used not only (not so much) to amplify 
FM solitons but also (as) to generate pulses with strong fre-
quency modulation and an almost linear variation in instan-
taneous frequency. An FM pulse at the output of an inhomo-
geneous fibre can then be compressed in a normal-effective-
dispersion medium. This can be done using a diffraction 
grating pair or a photonic crystal fibre with low Kerr nonlin-
earity [2, 14 – 16]. In the latter case, an all-fibre system can be 
made.

4. Conclusions

It follows from the above analysis that the conditions for the 
existence of FM solitons of the form (16) in active fibres can 
be satisfied when there is an appropriate fibre diameter pro-
file, defined by (19), which is of most interest for the experi-
mental demonstration of such nonlinear wave packets. 

Varying the fibre diameter is the most convenient approach 
for achieving ‘soliton control’ in the W-profile fibres under 
consideration, i.e. for tailoring the parameters of soliton-like 
pulses by producing appropriate gain, nonlinearity and dis-
persion profiles.

There may be great practical interest in the ability to pro-
duce FM pulses with a relatively low energy (about 10 pJ) but 
large chirp (over 1024 s–2), short duration and, hence, high 
peak power, which can be amplified in normal-dispersion 
amplifier fibres. Thus, inhomogeneous anomalous dispersion 
fibres can be used as ‘seed’ elements generating FM soliton-
like pulses with a relatively low energy, which are then ampli-
fied in multistage subpicosecond and femtosecond laser sys-
tems to peak powers above 100 kW [17, 18].
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