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Optical absorptions of the low-lying states with higher angular
momenta of a D™ system in a spherical quantum dot

Wenfang Xie

Abstract. Optical absorptions of the low-lying states with higher
angular momenta of the D~ system in a spherical quantum dot
(QD) with the Gaussian potential are studied by using the matrix
diagonalisation method and the compact density-matrix approach.
The linear, nonlinear third-order and total optical absorption coef-
ficients are calculated for the 'P~ - 'D* and 'D* - 'F~ transitions.
Numerical results for GaAs/Ga;_, Al As QDs are presented. The
calculated results show that with increasing quantum numbers
describing the angular momenta of transitions the optical absorp-
tion peaks shift towards lower energies and their intensities increase.

Keywords: quantum dot, negative-donor system, excited states.

1. Introduction

A negative-donor system (D") is similar to the H™ ion, which
is an interesting example of a few-particle system where the
electron—electron interaction plays a decisive role in confining
and trapping a second electron [1]. The D™ system is one of the
simplest many-electron systems which cannot be described
exactly. Because the three-dimensional D~ binding energy is
very weak, its observation is possible only at very low tem-
peratures. This situation limits to some extent the applica-
tion of such systems in semiconductor. Recently, semiconduc-
tor quantum dots (QDs) have aroused considerable interest,
and electron—electron interactions have been shown to be of
great importance in such systems. Since the QDs have atomic-
like discrete energy levels and their optical properties can be
controlled by modifying the dot size, the QD systems are
expected to be applied as novel optical devices. Such micro-
structures confine charged particles in all three space dimen-
sions. The reduced dimensionality enhances considerably the
binding energy of D, and thus facilitates the experimental
observations.

On the other hand, impurities in semiconductors influence
both transport and optical properties and therefore confined
D systems in low-dimensional semiconductors have attracted
considerable interest. The existence of D~ centres in centre-
doped GaAs/AlxGa;_,As multiple quantum wells was first
reported by Huant et al. [1] in 1990. Since then many experi-
mental [2—4] and theoretical [5S—16] investigations for D~
centres in quantum wells and QDs have been carried out.
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Most of these works are related to the electronic states and
the binding energies of the D~ systems in the low-dimensional
semiconductors. Recently, Sahin [17] investigated the non-
linear optical properties of the D~ center in a spherical QD.
He found that the size of the QD has drastic effects on non-
linear optical properties.

The nonlinear optical properties are of particular interest,
since they provide detailed information about the microscopic
interactions of the confined systems. In semiconductor QDs,
the nonlinear optical properties associated with optical absorp-
tions are known to be greatly enhanced as compared to non-
linearity in bulk semiconductors. Hence, the nonlinear optical
properties of QDs have been investigated both experimentally
and theoretically by many authors [18—22]. To the best of our
knowledge, most works on the optical absorptions of QDs
have concentrated on the calculation of the transitions between
the ground and the first excited states [17,23]. A study of the
optical absorptions of the low-lying states with higher angular
momenta in QDs is still lacking. Therefore, studies in this field
are still important for both theoretical research and practical
applications.

From the point of view of the nonlinear optical properties
of QDs, the analysis of D™ systems is inevitable because the
confinement of electrons in such structure leads to the enhance-
ment of the electron—electron and electron—impurity interac-
tions. Hence, in the present study, we will focus on studying
the optical absorptions of the low-lying states with higher
angular momenta of the D~ system for the spin-singlet states
in QDs. By using the matrix diagonalisation method and the
compact density-matrix approach, we will calculate the linear,
nonlinear third-order and total absorption coefficients (ACs)
and refractive index (RI) changes for the 'P~ > 'D* and
'D* - 'F- transitions in QDs. Furthermore, we will investigate
the effects of the well depth and the range of the confinement
potential for the optical absorptions of the low-lying states with
higher angular momenta of the D~ system in a spherical QD.

2. Theory and formulation

In considering two electrons bound to an ionised donor localised
in a QD, the Hamiltonian of the system can be given by

2
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where m, is the effective mass of an electron; p; and r; denote
the momentum and the radius vector of the ith electron, respec-
tively; 11, = |r; — ry| is the electron—electron separation;
Veont(r;) 18 the confinement potential; and ¢ = 4meje, is the



72

Wenfang Xie

dielectric constant of the medium in which the electrons are
moving.

To calculate the confinement strength and its dependence
on the distance from QDs, we assume that the confining
potential has the Gaussian form [24], i.e.,

Vconf(r) == VO exp[f(r/R)z] > (2)

where ¥ is the depth of the confinement potential (¥, > 0)
and R is the radius of the QD. Due to the smoothly varying
form, finite depth and radius given by equation (2), the
Gaussian potential is a good approximation of the confinement
potential in electrostatic QDs [25], in which the confinement
results from an inhomogeneous electric field. In self-assem-
bled QDs with a composition modulation [26], the confine-
ment potential can be approximated by the Gaussian poten-
tial [27].

Let >S*1L™ denote the quantum state because the total
angular momentum L, the parity 7 (in the following e and o
represent the even parity and odd parity, respectively), and the
total spin S of two electrons are the good quantum numbers.
As is known, the two electrons obey Fermi—Dirac statistics
which means that the electronic part of the total wave func-
tion must be antisymmetric, i.e., when S = 0, the spatial part
of the electronic wave function must be symmetric, and when
S =1, the spatial part of the electronic wave function must be
antisymmetric.

To obtain the eigenfunctions and the eigenenergies asso-
ciated with the D~ centre in a spherical QD, we diagonalised
the Hamiltonian of the D™ centre in a model space spanned by
translational invariant harmonic product states

(p[LK]S'TE = Z/I{[ﬂor(:)]ll("l)‘/’z?z/z(rz)] LRXS}’ (3)
[K]
where
xs = [E()Z2)]s; 4

(i) is the spin state of the ith electron and the spins of two
electrons are coupled to S; ¢% is a three-dimensional har-
monic oscillator state with a frequency w and an energy
(2n+ [+ 3/2)hw; A is the antisymmetriser; and [K] denotes the
whole set of quantum numbers (1, [}, ny, L) with [y + , =L
being the total angular momentum. The angular momentum
L is odd if the spin S = 1 and is even if the spin S = 0 such that
the wave function is antisymmetric. The exact diagonalisation
method consists in spanning the Hamiltonian for a given basis
and extracting the lowest eigenvalues of the matrix generated.
The calculation of matrix elements is realised by using three-
dimensional coefficients [28].

Since the whole set of eigenstates of the harmonic product
basis forms a complete basis in the Hilbert space, the proce-
dure of increasing the number of linearly independent eigen-
states converges to the exact result. The limits are set only by
the capacity of the computer to diagonalise Nx N Hermitean
matrices. On the other hand, we are interested only in the low-
lying states and in the qualitative aspects, the model space
adopted being neither very large to facilitate numerical calcu-
lations nor very small to ensure qualitative accuracy. This is
achieved by extending the dimension of the model space step
by step; in each step the new results are compared with previous
results from a smaller space, until satisfactory convergence is

achieved. After the diagonalisation we obtain the eigenvalues
and eigenstates. Evidently, the eigenvalues and the eigenfunc-
tions depend on the adjustable parameter €. In practice, 2
serves as a variational parameter to minimise the eigenvalues.
The optical absorption calculation is based on Fermi’s
golden rule, for which the total optical AC is given by [17]

aw,I)=aD) +a®w,1), (5)
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are the linear and nonlinear third-order optical ACs, respec-
tively; AEg; = E;— E; is the energy difference between the lower
and upper levels; ¢ is the speed of light; 7 is the incident optical
intensity; oy is the electron density; u is the permeability of the
system; 7, is the refractive index of the semiconductor; &, =
nZeg is the real part of the permittivity; and My = (f|r; + r,|i)
is the electric dipole moment of the transition from the i state
to the f state in a QD. The nondiagonal matrix element I
(f # 1) of the phenomenological operator I, which is called
the relaxation rate of the f and 1 states, is the inverse of the
relaxation time 77 for these states, namely I =1/T.
From the expression of the spherical harmonic

Y[,,,(Q,‘D)COS@ = Bl—lmyl—lm(ea ‘P) + Blel+ln1(0’§0)a (8)

where
12
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we can obtain
n'l'm’|rcosO|nim)
= Br_1mOri—1 + BimOri+ D UninOmoms (10)
where
l]n[n'l’ = J;] Rn[(r)R,7'['(l’)l'3dr. (1 1)

The dipole transition must occur between the states of dif-
ferent parity. On the other hand, the dipole operator is inde-
pendent of the electron spin. The dipole-allowed optical
transitions always result from the same spin states. Hence, we
restrict our study to the !S* - 'P~, 'P~ > ID* and 'D* - 'F-
transitions of the spin-singlet states.

3. Numerical results

All the calculations were performed using the following
parameters: m, = 0.067m, (m is the free electron mass), € =
13.18, o, = 5.0x10* m=3, I; = (1/0.14) ps!, and n, = 3.2.
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These parameters correspond to GaAs/Ga;_, Al As QDs. To
derive the well depths, we assume that the band gap discon-
tinuity in a GaAs/Ga;_,Al,As QD is distributed about 60%
on the conduction band and 40% on the valence band, with
the total band-gap difference AE, (in €V) given as a function
of Al concentration x as AE, = 1.247x [29].

Figure 1 shows the linear ACs of the D™ system confined
in a spherical QD with the well depth V, = 112.23 meV as
a function of the incident photon energy for the 'S* > 'P-,
P~ > ID* and 'D* - 'F- transitions, respectively, for the dot
radius R = 10 nm. We note that, as the angular momentum
quantum number L of the transition states increases, the linear
AC peak positions shift to lower energies (red shift). This red
shift occurs because the energy difference AEy; between the
lower and upper states will decrease with increasing L. One
can see from Fig. 1 that the peak values of the linear ACs of
the 'P~ - 'D* and 'D* - !F~ transitions are one—two orders
of magnitude higher than that in the case of the !S* - P~
transition. One physical origin of this result is that the over-
lapping of the wave functions between the lower and upper
states increases with increasing L. The dipolar transition
matrix element will increase with increasing L, thereby lead-
ing to an increase in the linear optical ACs. Another reason is
that the transition probability will increase because the energy
difference between the lower and upper states decreases with
increasing L, thereby leading to a considerable increase in the
optical. If it is desired to obtain a larger optical absorption,
then an excited state transition should be employed.
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Figure 1. Linear ACs of the D™ spin-singlet states confined in a spherical
GaAs/Ga,_, Al As QD as a function of the incident photon energy for
the (1)'S* > P, (2) 'P~ > 'D*, and (3) 'D* - 'F transitions at V, =
112.23 meV and R = 10 nm.

In order to investigate the confinement effect of the well
depth on the optical absorptions of the excited states, we
plotted (Fig. 2) the linear, nonlinear third-order and total
optical ACs of the 'P~ - D" transition as a function of the
incident photon energy for a spherical QD with different well
depths, corresponding to different Al concentrations [29] at
R=10nm and 7 = 1.5x10° W m™2. It is found that the con-
finement effect of the well depth (i.e., Al concentration) for
the ACs is significant. It can be seen that the linear, nonlinear
third-order and total AC peak positions shift to higher energies
(blue shift) with increasing V;. This blue shift occurs because
the energy difference between the lower and upper states will
increase with increasing V. Figure 2 also shows that the

absorption peak intensity increases with increasing 7, i.e., the
larger the well depth of the confinement potential, the sharper
the absorption peak and the bigger the absorption peak inten-
sity. The physical origin is that the transition matrix element
increases with increasing V. Although for the 'D* - 'F-
transition the large change in the total AC is due to the linear
term, the nonlinear third-order term, which is out-of-phase
with the linear term, has also a large contribution in the total
AC with increasing V.
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Figure 2. Linear [V, solid curves], nonlinear third-order [, dashed
curves] and total («, dotted curve) optical ACs for the 'P~ > 'D* transi-
tion as a function of the incident photon energy for different V, (GaAs/
Ga,_,Al,As QDs, R =10 nm, and = 1.5x10° W m™).

The influence of the dot size on the optical absorptions
of the excited states is presented in Fig. 3. The figure shows
the linear, nonlinear third-order and total optical ACs of the
'P- > D" transition as a function of the incident photon
energy for a spherical QD with different dot radii R at the well
depth 7= 112.23 meV and the incident optical intensity 7 =
1.5x10° W m2. The figure explains the quantum size effect
for the optical absorption of the excited state. One can see
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Figure 3. Linear [a", solid curves], nonlinear third-order [#(3), dashed
curves] and total («, dotted curve) optical ACs for the 'P~ - 'D* transi-
tion as a function of the incident photon energy for different R (GaAs/
Ga,_,Al,As QDs, ¥, =112.23 meV, and 7= 1.5x10° W m™).
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that the increase in the radius of QDs leads to the increase in
the maximum values of corresponding ACs. As the radius of
QDs increases, the all ACs peak positions will move to the
right side, which indicates a dot-radius-induced blue shift of
the resonance in QDs. Therefore, the radius of QDs has an
important influence on the optical absorptions of the excited
states.

In order to see the optical absorptions of the higher
excited-state transitions, Fig. 4 demonstrates the linear, non-
linear third-order and total optical ACs of the 'D* - !F-
transition as a function of the incident photon energy for
different values of ¥ and I = 3.0x10° W m2. The variations
of all the ACs are qualitatively similar to those observed
in Fig. 2. However, one can see from Fig. 4 that the optical
absorptions are stronger in the !D* - 'F~ transition than in
the 'P~ > 'D™ transition and consequently, for the same value
of V,, the AC is larger in the 'D* - 'F- transition than in its
P~ > ID* counterpart. Comparison of the curves in Figs 2
and 4 shows that the linear AC and the absolute value of the
nonlinear third-order AC as well as the total AC increase
with increasing angular momentum quantum number L of
the transition.
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Figure 4. Linear [V, solid curves], nonlinear third-order [a®), dashed
curves] and total («, dotted curve) optical ACs for the 'D* - 'F-
transition as a function of the incident photon energy for different ¥
(GaAs/Ga;_,Al,As QDs, R =10 nm, and 7= 3.0x10° W m™).

Figure 5 shows the linear, nonlinear third-order and total
optical ACs of the 'D* - 'F~ transition as a function of the
incident photon energy for different dot radii R and I =
3.0x10° W m2. The variations of the ACs are qualitatively
similar to those observed in Fig. 3.

Thus, we have calculated the linear, nonlinear third-order
and total optical ACs for 'P~ - D" and 'D* > 'F-~ transitions
as a function of the incident photon energy. The results show
that with increasing angular momentum quantum numbers of
transitions, the optical AC peaks shift towards lower energies
and the absorption intensities increase. Hence, in order to
obtain the larger optical absorptions, we can employ the
higher excited state transitions. To our knowledge, there are
only few studies on the absorption spectra including the tran-
sitions between higher electronic states of a D~ system in
QDs. Because such studies are missing, we believe that our
study makes an important contribution to the solution of this
problem.
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Figure 5. Linear [V, solid curves], nonlinear third-order [a®), dashed
curves] and total («, dotted curve) optical ACs for the 'D* > 'F- transi-
tion as a function of the incident photon energy for different R (GaAs/
Ga,_, Al As QDs, V= 112.23 meV, and 7 =3.0x10° W m2).
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