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Abstract.   We have studied temporal and amplitude characteristics 
of the electrical signal arising under irradiation of the free water 
surface by a 2.94-mm high-power laser. The investigations have 
been conducted using a specially designed electrode system, which 
makes it possible to record the motion of the electric charge after 
the end of the laser pulse. We have measured the dependences of the 
signal parameters on the radiation energy density at the water sur-
face. 

Keywords: interaction of laser radiation with water, electric charge, 
diffusion separation. 

1. Introduction 

We found [1] that when the water surface is exposed to 
2.92-mm high-power laser radiation, a time-dependent electri-
cal signal arises on the electrodes located near the interaction 
region. Having investigated this phenomenon both theoreti-
cally and experimentally the authors of [2 – 5] came to the con-
clusion about the importance of the contribution of the 
motion of charges in the evaporated water to the formation of 
an electrical signal. The pulse shape, as noted already in [1], 
depends on the conditions of registration, such as the values 
of the input resistance and capacitance of the oscilloscope, 
shape and arrangement of the electrodes with respect to the 
interaction region of radiation with the water surface, as well 
as on external static fields. The aim of this work is to study 
temporal and amplitude characteristics of the electrical signal 
arising under irradiation of the free water surface by 2.94-mm 
high-power laser pulses in the case of a special shape of the 
electrodes. The selected registration scheme has made it pos-
sible to record the charge motion after such an exposure, as 
well as to measure its sign and magnitude. 

2. Electrical signal recording scheme 

Figure 1 shows an electrode system (hereafter, a cell), used to 
record the electrical signal. This system consisted of two metal 
coaxial (signal) cylinders separated by a gap 0.1 to 0.4 mm. 
One of the cylinders was filled with water, onto which surface 
IR radiation was incident. The water level relative to the edge 

of the cylinder could be varied. Both signal cylinders were 
placed in a grounded coaxial cylinder of a larger diameter.

In previous papers [1 – 4] the electrical signal was recorded 
by using two coaxial rings, whose height was significantly less 
than their diameter, which led to an uncontrolled influence of 
metal parts of the setup, as well as of alternating and static 
electric fields on the magnitude and shape of the signal. A 
specific feature of the new electrode system consisted in the 
fact that the electrical signal appeared only when a moving 
charge crossed the gap between the internal cylinders. By 
varying the distance between the laser-irradiated surface of 
the water inside the bottom cylinder and the gap between the 
cylinders, it is possible to measure the spatial distribution of 
the charge, its velocity, and the sign. The geometry of the elec-
trodes allows one to calculate with good accuracy the poten-
tials at the electrodes as a function of the charge distribution 
inside the cylinders. 

3. Calculation of the potential distribution 
in the cell 

Consider the problem for the scheme shown in Fig. 2. In the 
region –¥ < z G z0 a conducting infinitely long cylinder with 
an inner radius a is filled with a medium with permittivity e2, 
and in the region z0 < z < ¥ – with a medium with permittivity 
e1. Let an infinitely thin (in the z-direction) and radially uni-
form flat layer with a total charge q be located at point z = z1 
and other free of charges be absent. We believe that the charge 
distribution is fixed. We find the potential inside the cylinder, 
which is produced by this charge. The equation for this prob-
lem in cylindrical coordinates and boundary conditions have 
the form: 
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Here U(r, z) is the potential inside the cylinder; s(r) is the sur-
face density of the charge in the plane z = z1; a is the radius of 
the cylinder; e is permittivity; e0 is the permittivity of vacuum; 
d(z) is the delta function; and Sa = pa2 is the cross-sectional 
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area of the cylinder. Due to the azimuthal symmetry of the 
problem we assume that the solution is independent of the 
azimuthal angle. Let us represent the potential above the sur-
face of the interface between the dielectrics as the sum of the 
two potentials, the second potential resulting from reflection 
of the charge by the interface surface. We seek the solution in 
the form 
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where J0(x) is the zero-order Bessel function, and  gn is the nth 
root of the equation J0(x) = 0. The coefficients are found from 
the charge distribution given in (1) in the plane z = z1: 
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In this case, the density of the charge distribution has a dis-
continuity at point r = a. The case, when the charge distribu-
tion is continuous along the radius, is discussed in the 
Appendix. From the condition of continuity of the potential 
we obtain at z = z0

1 +Bx = Cx,	 (4)

From the condition of continuity of the normal component of 
the induction, we find at z = z0
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Solving the system of equations (4) and (5), we find the coef-
ficients
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And, finally, the desired solution takes the form 
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Figure 1.  Scheme of the cell for measuring the electrical signal produced in the interaction of laser radiation with the water surface.
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Figure 2.  Infinite conducting cylinder of radius a. The charge q is dis-
tributed in the form of an infinitely thin, radially uniform layer at z = z1; 
the surface of the dielectric interface is at z = z0.
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From (7) we can find the surface density of the induced charge 
on the inside of the cylinder at r = a: 
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The solution to expression (8) is also valid if the charge lies on 
the surface of the interface between the dielectrics. 

Consider now the problem when a thin distributed charge 
–q is located at point z = z1, and an infinitely thin distributed 
charge +q is located on the water surface (z = z0) (Fig. 3). In 
this case, the potential is the sum of the potentials of each of 
the charges, and the charge distribution on the cylinder sur-
face is found by means of expression (8):

( , , , ) ( , , , ) ( , , , )z z z q z z z q z z z qs s0 1 0 1 0 0s s s= - +S .	 (9)

For the cases when the charge +q is on the water surface 
and the charge –q is at point z = z1, we find from (9) the values 
of the charges Q1 and Q2, induced at the upper (z > 0) and 
lower (z < 0) parts of the inner surface of the cylinder:
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We assume that the cylinder is cut into two half-cylinders 
z G 0 and z H 0, which are now isolated from each other. Let 
us also assume that the charges on these half-cylinders are 
given by formula (10). We take into account that the charges 
on the inner and outer sides of each half-cylinder are equal in 

magnitude and opposite in sign. Then, we can find the poten-
tials of these half-cylinders relative to the ‘ground’ point: 
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where C1 and C2 are the capacitances between the central 
half-cylinder and the grounded outer electrode (Fig. 1). The 
charge distribution on the outside of the half-cylinders is 
determined by a specific arrangement of the grounded con-
ductors surrounding the cylinder. Solution (11) for the poten-
tials is approximate. It does not take into account the fact 
that at z = 0 there must be a potential jump to which some 
charge corresponds at the interface of the section. But if the 
mutual capacitance of the two cylinders is much less than the 
capacity C1 or C2, this charge can be neglected. 

In our case, the length L of each half-cylinder was 
~30 mm, and not infinite, as is customary in the calculation; 
however, because the inner radius of the cylinder is a = 
2.5  mm and L >> a, this approximation is good enough, 
which is confirmed by the calculation in accordance with (8) 
– (11). Expression (7) also shows that if the charge moves 
along the z axis, the potential starts to change when the charge 
is near z = 0, at a distance Dz ~ a/g1 (g1 = 2.405). In this case, 
the distance is about 1 mm. Let us estimate the impact of the 
mutual capacitance of the cylinders on the error of the charge 
measurement. 

4. Equivalent circuit of the cell 

For the equivalent electrical circuit of a real cell (Fig. 4) we 
can write the system of equations: 
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By solving this system for the voltage between the elec-
trodes ( 1 ) and ( 2 ) we obtain
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Figure 3.  Infinite conducting cylinder of radius a. The charge q in the 
cylinder is distributed in the form of an infinitely thin, radially uniform 
layer on the surface of the dielectric at z = z0, where z0 < 0, and the 
charge –q is distributed in the form of a thin layer above the water sur-
face at z = z1.
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Figure 4.  Equivalent electric circuit of the cell. 
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Thus, knowing the voltage U12, and the capacities C10, 
C20, and C12, we can find the charge q. 

In our case, the capacitance between the central electrode 
and the outer cylinder is Cx = 7 ± 0.5 pF (measured by an 
R577 ac bridge). The input capacitance of the P2200 probe is 
Cin = 16 pF, and C10 = C20 = Cx + Cin. The measured capaci-
tance between the inner cylinders ( 1 ) and ( 2 ) was found to be 
1.5 pF. Thus, C20 = C10 = 23 pF, and C12 = 1.5 pF. And as in 
our case C12<< C10, C20, the capacitance C12 is neglected below 
in the calculations.

5. Influence of the load resistance on the signal 
shape 

Since C12<< C10, C20, the signals from the electrodes ( 1 ) and 
( 2 ) (Fig. 4) can be considered separately, and the equivalent 
electrical circuit with the load R for a single electrode taken 
into account can be schematically shown in the following way 
(Fig. 5). The moving charges in our case are the source of the 
current. For this circuit, we can write the equations: 

, , ,dI I I U
C

I t U RI U U U1
C R R C1 2 1 2= + = = = =y .	 (14)

From (14) we obtain an equation relating the current and 
voltage with the load resistance: 
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From equation (15) we can find the charge 
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Here R is the input resistance of the probe (in our case, 
10 MW); U(t) is the voltage measured in the experiment; and 
C = C20 = C10. The time constant t = RC was determined by 
the discharge time of the capacitance C through the input 
resistance R and was found to be 230 ms. The voltage U1, 
which would have been recorded at an input resistance R ® ¥, 
is given by the expression 

t

( ) ( ) ( )dU t U t U t t1
1

0t= + l ly .	 (17)

Thus, knowing the time dependence of the voltage at a 
known input resistance R, we can determine the time depen-
dence of the signal for a large input resistance, if we know the 
time constant t. This approach allows one to avoid the use of 

an electronic repeater with a high input resistance. The accu-
racy of reconstruction depends on the time interval over 
which the measurements are conducted; the distance is 
defined as (3 – 5)t. Expression (17) was used for signal pro-
cessing. 

6. Experimental results 

Figure 6 shows typical oscillograms of electrical signals mea-
sured using the cell shown in Fig. 1 and DPO 7254 oscillo-
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Figure 5.  Circuit for measuring the electrical signal. 
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Figure 6.  Typical oscillograms of the electrical signals recorded by the 
cell shown in Fig. 1, when the water level is (a) close to the upper edge 
of the lower cylinder and (b) 5 mm below the edge; curves ( 1') and ( 2') 
show the signals from the electrodes ( 1 ) and ( 2 ) (their tracks before the 
arrival of the electric pulse coincide), curve ( 3 ) demonstrates the math-
ematical processing of the difference between the signals ( 1') and ( 2') by 
formula (17), curve ( 4 ) is the signal from the photodetector which is 
proportional to the pulse energy; panel (c) is the initial part of the oscil-
logram (Fig 6a) ‘stretched’ along the horizontal axis.
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scope. Oscillogram ( 1¢ ) is a signal from the upper electrode 
( 1 ) (Fig. 1), which has a negative polarity; oscillogram ( 2¢ ) 
shows a signal from the lower water-filled electrode ( 2 ), 
which has a positive polarity. Oscillogram ( 3 ) is a difference 
between signals ( 1¢ ) and ( 2¢ ), processed according to formula 
(17) at t = 230 ms; oscillogram ( 4 ) is a signal from the photo-
detector, the maximum value of which is proportional to the 
laser energy. Oscillogram ( 3 ) in Fig. 6a corresponds to the 
case when the water level coincides with the upper edge of the 
lower cylinder (z0 = 0). One can see the first peak of duration 
2 – 3 ms and a dip (at t » 5 ms), followed by the signal reaching 
a constant level (plateau). The shape of the signal depends on 
the position of the level of water with respect to the upper 
edge of the bottom electrode. Signals in Fig. 6b, obtained at a 
water level offset by 5 mm from the top edge of the cylinder, 
demonstrate this fact. One can see that the amplitude of the 
first peak decreases, the time needed for the signal to reach 
the plateau increases, and the voltage on the plateau depends 
weakly on the water level. It should be noted that with 
decreasing water level only the amplitude of the first peak 
changes, and its temporal characteristics remain the same.

We have measured the dependences of the amplitude of the 
first peak and the plateau voltage on the position of the water 
level (Fig. 7). Below by the amplitude of the first peak and the 
plateau voltage is meant the difference between the signals ( 1¢ ) 
and ( 2¢ ), processed with the help of (17) at t = 230 ms. The 
points in Fig. 7a show the experimental dependence of these 
signals on the position of the water level with respect to the 

top of the cylinder ( 1 ). With lowering the water level, the 
amplitude of the first peak tends to zero. The points in Fig. 7b 
show the experimental dependence of the plateau voltage on 
the water level. One can see that the magnitude of the signal is 
almost independent of the water level. 

The dependences of the amplitude of the first peak and the 
plateau of electrical signals on the laser pulse energy are 
shown in Fig. 8. One can see that as the energy increases the 
signal amplitudes grow almost linearly. The signal appear-
ance thresholds were 6.0 mJ and 5.4 mJ for the first peak and 
the plateau, respectively. These values corresponded to the 
energy densities of 0.22 and 0.19 J cm–2. Because these values 
are close, one would assume that the difference between them 
is within the accuracy of the measurements; however, when 
the laser pulse energy decreases near the signal appearance 
threshold, the oscillograms clearly show that the signal is at 
maximum without a dip, i.e., the first peak disappears. 

It is also necessary to pay attention to the different slopes 
of the straight lines of the linear approximation of the ampli-
tude of the first peak and the plateau voltage. 

7. Discussion of the results of the experiment 

Measurement of the electrical signal at the initial stage of 
development (we do not present here the corresponding oscil-
lograms in order not to overload the text) shows that it 
emerges during the laser pulse action. The time of the electri-
cal signal appearance depends on the energy density of radia-
tion at the water surface, and when the energy density 
increases, it is shifted to the beginning of the pulse. By the end 
of the pulse the value of the signal is a fraction of its maxi-
mum value, which is reached much later (after 20 – 40 ms), and 
within the laser pulse only a monotonic increase in the signal 
takes place. This suggests that the charge separation occurs 
during the laser pulse and the subsequent behaviour of the 
electrical signal is associated with the motion of separated 
charges in the gas phase. This and the analysis of the oscillo-
grams shown in Fig. 6 indicate that during the laser pulse 
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action a positive charge remains on the surface of the water, 
and a negative charge equal to the positive one in modulus is 
carried out to a gaseous medium (water vapour) above the 
water surface. This medium has a high temperature and pres-
sure exceeding the pressure of the surrounding atmosphere, 
which leads to the formation of a shock wave in the atmo-
sphere, and after the collapse of the shock wave – to the flow 
of water vapour away from the water surface, which carries 
away a negative charge located in the vapour. The time 
dependence of the measured signal reflects the characteristics 
of motion of charged water vapour. 

We can single out two stages: the formation of the first 
peak and the formation of a plateau when the signal reaches a 
constant level. Let us analyse the signal, which is formed due 
to the charge motion from the water surface. The time for the 
signal output to a constant level depends on the initial water 
level (see Fig. 6). We can assume that the amplitude of the 
signal at the plateau is independent of the water level (see 
Fig. 7b), i.e., the signal is generated by a charge (under con-
stant exposure conditions) whose value does not depend on 
the water level. When a charge moves from the surface to the 
top of the lower electrode, the charge is never lost. When a 
charge moves inside the upper electrode, the signal should not 
change. The solid line in Fig. 7b is the result of the calculation 
with the help of expression (11), which allows one to find the 
magnitude of the charge. It is assumed in the calculation that 
the positive charge is on the surface of water, and the negative 
charge is inside the upper cylinder, at a large distance from 
the interface between the two cylinders. The sum of these 
charges is zero. The calculation helps to find the dependence 
of the difference of the potentials between the upper and 
lower electrodes on the water level. The problem is regarded 
as static, since the characteristic times of the processes (~0.5 
ms) are much longer than the time (~0.5 ns) for the light to 
pass a distance comparable to the size of the electrode system. 
The solid line presented in Fig. 7b is obtained when the value 
of the charge carried away from the water surface is equal to 
–3.2 ́  10–12 C (2 ́  107 charges of an electron). We assumed in 
the calculations that the permittivity of vapour is e1 = 1 and 
the permittivity of water is e2 = 70 (see, for example, [6]). 

The time needed for the signal to reach the plateau 
depends on the water level, which allows one to estimate the 
characteristic velocity of motion of charged vapour at this 
stage (it can be estimated from Fig. 6b). In this case, the water 
was 5 mm below the edge of the electrode, and the time needed 
for the signal to reach the plateau was ~150 ms, and hence the 
average velocity u of the charge was ~33 m s–1, i.e., at this 
stage of the process the gas velocity was significantly lower 
that the velocity of sound. 

The amplitude of the first peak depends on the position of 
the water level from the top edge of the lower electrode (Fig. 
7a). These data can be interpreted as follows. The charge rises 
to a certain distance above the water surface, and then moves 
in the opposite direction, thereby forming a maximum signal. 
This can be explained by the dependence of the signal ampli-
tude on the water level: with increasing distance from the sur-
face to the edge of the electrode the signal amplitude decreases. 
Calculations were performed using (11). It was assumed in the 
calculations that there are two charges: one (positive) is on 
the surface of water, and the second (negative) is at some dis-
tance above it. The sum of the charges is equal to zero. Thus, 
we seek the dependence of the difference of the potentials 
between the upper and lower cylinders on the water level at a 
fixed distance between the charges. The charge was taken 

from the previous calculations of the signal on the plateau 
(–3.2 ́  10–12 C is the charge above the water surface). The 
solid curve in Fig. 7a shows the result of the calculation when 
distance between the charges is 0.325 mm. One can see that it 
satisfactorily describes the experimental data. 

Knowing the distance (0.325 mm), which the charge 
passes during the formation of the first peak, and the time 
needed to reach the maximum (1 ms), we can estimate the 
velocity of the charge motion: u ~ 330 m s–1, which corre-
sponds to the speed of sound in air at room temperature. 
The energy density of the laser radiation on the surface of 
the water in this case is ~0.4 J cm–2. It should be noted that 
the time needed to reach the maximum of the first peak 
depends on the radiation energy density at the water sur-
face.

The physical mechanism of the formation of the first peak 
is unclear at present. The signal maximum is reached 1 – 2 ms 
after the laser pulse action. As a possible mechanism of its 
appearance, we could suggest the following. The transverse 
dimensions of the spot on the water are limited and because 
the gas of the surrounding atmosphere is at rest, it slows down 
the vapour jet. This can result in the formation of vapour 
motion, similar to the ‘toroidal vortex’ (see, for example, [7]). 
At the stage of the formation of a charged ‘vortex’, there 
appears the first peak. Then the ‘vortex’ moves in the ambient 
atmosphere, gradually stopping.

Consider now the dependence of the signal amplitude on 
the pulse energy. One can see from Fig. 8 that the signal 
appears when the energy (or energy density) exceeds the 
threshold value. This fact was first observed in [2], where the 
threshold was found to be 0.23 J cm–2. The charge separation 
due to exposure of the water surface to the laser radiation is 
naturally associated with the process of intensive evapora-
tion. A rough estimate of the energy density, when intensive 
evaporation begins by heating water to 100°С at a pressure of 
the surrounding gas equal to 1 atm, yields a value of 
~0.04  J cm–2 (the heat capacity, 4.2 J g–1  deg–1; the density, 
1  g cm–3; the coefficient of water absorption at a wavelength 
of 2.94 mm, 104 cm–1), which is almost five times less than that 
observed in the experiment. This discrepancy indicates that 
this simple estimate is too rough and the threshold of the 
intensive evaporation should be assessed more accurately. In 
papers [4,  5] the electrical signal appearance threshold was 
associated with the explosive (bulk) boiling of water. It is also 
possible that, under the action of high-power radiation, the 
water is bleached [8 – 10], which leads to a decrease in the 
absorption coefficient, and consequently, to an increase in the 
amount of heated water and an increase in the energy density 
required for heating. The energy density, at which absorption 
saturates, is estimated at 0.1 J cm–2 [8].

Now we estimate the possibility of the diffusion mecha-
nism of charge separation in water. Radiation is absorbed in 
the medium at a distance equal to the inverse absorption coef-
ficient. If we assume that at each point the ion product of 
water is equal to the equilibrium value, then there is a concen-
tration gradient H+ and OH– near the surface of the water. 
The diffusion coefficients of these ions are different, which 
should lead to different values of the flow of ions into the 
water. And, therefore, a flow of charged vapour should be 
carried away from the water surface. Since the diffusion coef-
ficient of H+ (DH) exceeds the diffusion coefficient of OH– 
(DOH) [11, 12], the vapour flow from the water surface is neg-
atively charged, in qualitative agreement with experimental 
data. The above argument does not account for the existence 



53Spatial separation and motion of electric charges arising due to the interaction

of thermal diffusion, whose role due to a significant tempera-
ture gradient must be considered. 

In addition, according to calculations [13,  14], the tem-
perature maximum during intensive evaporation is reached at 
some distance (~0.1 mm) from the water surface (in its col-
umn), and under certain conditions, the explosive boiling is 
possible in the region of the temperature maximum. In our 
analysis we do not take this fact into account. 

Since the temperature dependences of the diffusion coef-
ficients and the ionic product of water are known [11], the 
measured excess of charged particles passed through the sur-
face during the pulse action makes it possible to estimate the 
temperature of the water surface exposed to laser radiation. 

The difference between the number of negatively and pos-
itively charged particles passing through the surface of the 
water during the pulse action can be estimated from the 
expression 

( ) ( )
d
dN D D
x
n s D D s nH OH p H OH p 0t t a=- - = -

!
! ,

where a0 is the absorption coefficient of water; n± is the con-
centration of positive and negative ions on the water surface, 
which is determined by the product ion; tp is the pulse dura-
tion; and s is the area of the laser spot on the water surface. 
Let us substitute into this expression the values corresponding 
to the experimental conditions: s = 0.028 cm2, tp = 200 ns, DH = 
9.319´10–5 cm2 с–1, DOH = 5.285´10–5 cm2 с–1 ([12], 25°С). By 
assuming that the temperature of the water where the equilib-
rium concentration of ions is 2´1017 cm–3 [11] is equal to 
200°С, we obtain N » 109, which is almost two orders of mag-
nitude higher than the experimentally observed value of N = 
2´107. Moreover, if we take this experimental value of N, 
then in accordance with the calculation the surface tempera-
ture of the water should be around 60°С, which certainly does 
not correspond to the experimental results. This discrepancy 
indicates that the adopted model does not take into account 
some important mechanisms, including thermal diffusion. 
However, there is another important factor that must be 
taken into account when considering the motion of the 
charged vapour. It is associated with the fact that an electric 
field affects the motion of the charge, which was not taken 
into account in our investigation. 

An electric charge, escaping the water surface, is attracted 
by the charge on the water surface, i.e., it slows down by the 
electric field. Figure 9 shows the potential difference between 
the point at which the charge escaping the water surface 
resides and the water surface, calculated using (7). In the cen-
tre of the cylinder, this difference is 12 – 15 V, i.e., the kinetic 
energy of charged particles is sufficient to overcome it. If we 
assume that the velocity of a charged molecule of water mov-
ing from the water surface during intense evaporation is equal 
to the thermal velocity at a temperature equal to the critical 
value, this energy is ~0.05 eV, which is clearly not enough to 
overcome the potential difference of 12 – 15 V. 

A possible solution to this contradiction is the assumption 
that the charge belongs to a particle moving with a thermal 
velocity, the mass of the particle being much greater than the 
mass of a single molecule. In other words, the charge moves 
along with the cluster. The mass of the cluster can be esti-
mated from the known potential difference, which the charged 
particle overcomes, if we assume the velocity of the particle to 
be thermal, i.e., this mass should be greater than 300MH2O

, 

where MH2O
 is the mass of the water molecule. Under this 

assumption we can explain the fact that the flying charge is 
two orders of magnitude smaller than the calculated charge, if 
use is made of the diffusion mechanism of charge separation, 
because only clusters can overcome the potential barrier, and 
all the charges that do not belong to sufficiently massive 
particles will return to the water surface. This leaves open 
the question of the place of the formation of clusters: either 
clusters escape the water surface during evaporation, or 
vapour condenses in clusters on the charge as in a cloud 
chamber (see, for example, [15]). This question requires a 
separate study. 

8. Conclusions 

The developed method of measuring the electrical signal pro-
duced under irradiation of the water surface by high-power 
IR laser pulses made it possible:

1) to construct a qualitative picture of an electric signal, 
which is due to the charge motion above the surface of the 
water; 

2) to measure the magnitude of the charge and its sign (the 
positive charge remains on the water surface and the negative 
charge flies away); 

3) to conclude that the charge separation occurs at the 
interface between two phases of water (liquid – vapour); 

4) to suggest a possible mechanism for the appearance of 
the first peak of the electrical signal, which leads to the forma-
tion of the complex motion of charged vapour near the water 
surface (of type of ‘toroidal vortex’) because of the limited 
size of the laser spot on the water surface; and

5) to conclude that the charges moving in a pair belong to 
clusters whose mass is more than 300 times greater than the 
mass of the water molecule.
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Figure 9.  Calculated potential differences between a point above the 
water surface and the surface on which there is a charge measuring 
3.3 ́  10–12 C as functions of the distance from the axis of the cylinder of 
radius 2.5 mm. In the calculation use was made of expression (7).
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Appendix 

The above expression (3) for the coefficients An was obtained 
for the case of a discontinuous distribution of the charge den-
sity. The validity of the expansion of such a charge density 
into Bessel functions may cause some doubt. To dispel it, we 
present below a solution for continuous radial distribution of 
the charge density for which the expansion into Bessel func-
tions is certainly valid. Let the radial distribution of the 
charge density be given by

( ) , 1,r
S

q
a
r r a

1
1

a

2
2 Gs

m
m=

+
- -

m^ ah k: D .	 (A1)

This distribution is continuous, and s(a) = 0. If m ® 0, 
then it transforms into the above uniform distribution.

In the plane z = z1 there is a free charge with the surface 
density defined by equation (A1). The jump in the normal 
component of the induction Dn(r, z) on this surface will have 
the form:

( , 0) ( , 0) ( )D r z z D r z z rn n1 1 s= + - = - = ,

where
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z z
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From (2) we obtain
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z z z z
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-
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By substituting in the above expression the expansion U0(r, z – 
z1) from (2), we obtain 

2 ( )a A J a
r r1

n
n

n n1 0
1

0e e g g s=
3

=

a k/ .	 (A2)

Let us multiply the right and left sides of (A2) by J0(gn r/a) 
and integrate them over the radius within [0, a] with weight r. 
Consider that 

( ) ( )dx x J bx x1 2

0

1

0-
my

= 2 ( 1) ( ), 0, 1 [16, .702]pb J b b( )1
1 2 2m mG + -

m m
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and then for the coefficients An we obtain 

( ) ( )
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When m ® 0, (A3) transforms into (3), which was the aim of 
this proof.

The case when the charge lies on the surface of the inter-
face between two media, i.e., z1 = z2, should be considered 
separately. However, if we use (2), the result will be the same. 
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