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Random lasing in a nanocomposite medium

S.N. Smetanin,

Abstract. The characteristics of a random laser based on a nano-
composite medium consisting of a transparent dielectric and scat-
tering doped nanocrystals are calculated. It is proposed to use
ytterbium laser media with a high concentration of active ions as
nanocrystals and to use gases, liquids, or solid dielectrics with a
refractive index lower than that of nanocrystals as dielectric matri-
ces for nanocrystals. Based on the concept of nonresonant distrib-
uted feedback due to the Rayleigh scattering, an expression is
obtained for the minimum length of a nanocomposite laser medium
at which the random lasing threshold is overcome. Expressions are
found for the critical (maximum) and the optimal size of nanocrys-
tals, as well as for the optimal relative refractive index of nanocom-
posites that corresponds not only to the maximum gain but also to
the minimum of the medium threshold length at the optimal size of
nanocrystals. It is shown that the optimal relative refractive index
of a nanocomposite increases with increasing pump level, but is
independent of the other nanocomposite parameters.

Keywords: random lasing, nanocomposite medium, doped nano-
crystals, Rayleigh scattering.

1. Introduction

In recent years, increasing interest is attracted to random
lasers [1-9], whose feedback is based on elastic scattering of
laser radiation by scattering particles. The main advantage of
these lasers is a simple design since they need no cavities. The
idea of random (cavity-less) lasing in a laser medium with
scattering particles was proposed by Letokhov as early as in
1966 [10]. Almost at the same time, the authors of [11, 12]
reported on the operation of a ruby laser with nonresonant
feedback achieved by using a diffuser instead of one of the
cavity mirrors. The first experiments with a mirrorless laser
were performed much later, in 1986, by Markushev et al. [13]
using neodymium-doped dielectric powders. Later, lasing was
obtained in various randomly inhomogeneous media. Lasing
in these media is usually explained by the diffusion model
proposed by Letokhov [14], which is valid when scattering
makes the photon free path much shorter than the dimensions
of the media, i.e., when ™' << d, where u is the distributed
scattering loss coefficient and d is the minimal size of the
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medium. In this case, the motion of photons is diffusive due
to multiple scattering in the amplifying medium, which leads
to an increase in the photon lifetime in the random laser
equivalent to the existence of noncoherent feedback in the
absence of cavity.

Recently [15, 16], random lasing was experimentally
achieved in a fibre Raman laser with feedback due to the
Rayleigh scattering from random defects of the medium. The
laser operation mechanism is not diffusion since the trans-
verse size of the fibre (d) is very small compared to the pho-
ton free path upon scattering, i.e., u~' >> d. The feedback in
this laser can be explained by light backscattering in a narrow
oscillation angle, which is similar to the situation in distrib-
uted feedback lasers but without resonance effects since scat-
tering centres are distributed chaotically.

Another interesting and rapidly developing scientific field
is the creation of a new class of nanocomposite media with
controlled optical and laser properties. Note that nano-
composites based on active laser nanoparticles incorporated
into various dielectric media have noticeable advantages. In
[17, 18], it was shown that the emission characteristics of
nanocrystals are considerably different from the characteris-
tics of bulk crystals. Choosing different nanocrystals, their
morphology and sizes, dopant ions and their concentration,
as well as varying the volume fraction of nanocrystals in a
dielectric medium and its refractive index, one can control the
properties of laser nanocomposite media and improve their
characteristics.

In this work, we consider the possibility of random lasing
in a nanocomposite medium consisting of a transparent
dielectric and scattering doped nanocrystals such that the
photon free paths is longer than the transverse size of the
medium (u~!' > d).

2. Lasing threshold condition

Let us consider a nanocomposite laser medium with the
length L containing doped nanoparticles with a size much
smaller than the radiation wavelength. The nanoparticles are
responsible for laser amplification and determine the useful
and parasitic Rayleigh scattering losses. A portion of back-
scattered (in a narrow angle) light creates the positive feed-
back for random lasing. The lasing threshold condition cor-
responds to the gain and loss balance during a double pass of
the medium. Figure 1 shows the scheme used to determine the
random lasing threshold. The laser medium is divided into
layers with a thickness Az, whose interfaces, due to the
Rayleigh scattering, have the backscattering coefficient r =
€Az, where ¢ = Qu is the Rayleigh backscattering coefficient
responsible for the feedback necessary for lasing and Q is the
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Figure 1. Scheme of determination of the random lasing threshold.

Rayleigh backscattering factor equal to the portion of laser
radiation backscattered in the narrow lasing angle.

Let the seed radiation have the intensity /. In the case of
balanced gain and loss, taking into account all reflections
from the interfaces between layers, the radiation intensity
after a double pass through the medium must restore its ini-
tial value I, i.e.,

N-1 N
Lr? Y > exp[2(a —u)(i — j)Az] = I, (1)
J=0isj+1

where « is the laser gain, 4 has the meaning of the Rayleigh
scattering loss coefficient, and N = L/Az is the number of lay-
ers. Decreasing the layer thickness Az to an infinitely small
value, we obtain the integral threshold condition of random
lasing in the form

¢ fo - f Texp[2(c — ) (' — 2)]dz'dz = 1. 2)

A similar equation was obtained in [16] for the gain and loss
balance of random Raman fibre lasers with distributed feed-
back based on Rayleigh scattering from random defects of the
medium.

At constant coefficients ¢ and u, condition (2) is inte-
grated, and we obtain the lasing threshold condition in the
form

2
S {exp[Aa —wL]-2a-wL-1}=1. ()
da —pw)
which is implicit with respect to the medium length L.
However, in practically important cases, the medium gain is
high, i.e.,

exp[2(a —u)L] > 2 (@ -p)L + 1,

and condition (3) takes the form

2Aa—p) . 4)

expl(a — ) L] = 2%

which is close to the Letokhov formula exp(aL) = a/e [10] at
a >> u, &. Then, we can obtain from (4) the medium length
corresponding to the threshold lasing condition, which we
denote as Ly,

2(a —
Ly ~ alﬂln%. (5)
3. Gain of nanocomposite laser media

The gain of a nanocomposite laser medium can be found by
the formula [19]

a = O (A) N2C — 03 ° (A) M C, (6)
where Oeqans(AL) are the effective stimulated emission (em)
and absorption (abs) cross sections of the nanocomposite
medium at the laser wavelength A, Ny ; are the populations of
the lower (1) and upper (2) laser multiplets in nanocrystals,
and C'is the volume fraction of nanocrystals in the nanocom-
posite medium. The expression found in [17, 18] for the stimu-
lated emission cross section of a nanocomposite, in the case of
a small volume fraction of nanocrystals in the nanocomposite
(C < 0.1), is written in the form

2

o8 = otn(- 5 (7)
n-+2

where o2U¥ is the stimulated emission cross section of the cor-

responding bulk crystal, 7 = ngpys/nmeq is the relative refractive
index of the nanocomposite, 71y is the refractive index of
nanocrystals, and np,q is the refractive index of the dielectric
host.

To obtain a high gain of a nanocomposite with a small
volume fraction of nanocrystals, it is necessary to have a high
concentration of dopant ions. Therefore, for lasing in the near
IR region, it is preferable to use nanocrystals of ytterbium
laser media, in which the effects of up-conversion and excited-
state absorption are weak and cross-relaxation quenching is
absent.

As an example of the initial material of nanocrystals, we
consider ytterbium laser crystals Yb*": YAG (ngys = 1.82)
and Yb?*:SrF; (ngys = 1.44), while air (myeq ~ 1.0), alcohol
(Mmeq ~ 1.36), and solid dielectrics (1,.q > 1.4) are used as
dielectric hosts. It should be noted that the laser properties of
the chosen ytterbium media have some specific features [20].
The Yb3*: YAG crystal has a relatively large gain cross sec-
tion o0 (A1) = 2.03 x 102 cm? (A = 1.031 pum). Although
the gain cross section of Yb3*:SrF, laser crystals is an order
of magnitude lower, oS (1) = 0.16 x 1020 cm? (A, =
1.024 um), the radiative lifetime of these crystals is 2.5-fold
longer. Because of this, the minimal threshold cw pump inten-
sity for the Yb3*:SrF, crystal is close to that for the
Yb¥*:YAG crystal. Note also that the properties of
Yb3*:SrF, only slightly differ from the properties of other
ytterbium-doped difluorides, Yb3*:BaF, and Yb3": CaF,.

For example, according to expression (7), for suspensions
of Yb3* :YAG and Yb3*:CaF, nanocrystals in alcohol, we
have 024 ~ 0.8405"% and ~0.9805" and respectively, while
forsuspensions ofthesamenanocrystalsinair ggn © = 0.58a8uk
and ~0.78¢24%  i.e., the stimulated emission cross section of
nanocomposites insignificantly differs from that of bulk crys-
tals.

The population N, of the upper laser multiplet in a doped
nanocrystal can be determined by the rate equation [19]

N,

s
tnano

oN,
ot

ano nano 1
= [0 () Ny = 085" () Mol - (®)

where 1, hw, and 4, are the intensity, photon energy, and
wavelength of the pump radiation, respectively; 7., is the
radiative lifetime of the excited state in the nanocomposite;
and oemabs(4,) are the effective stimulated emission (em) and
absorption (abs) cross sections of the nanocomposite at the
pump wavelength A,. Assume that the nanocomposite absorp-
tion cross section oyps° is determined from the absorption
cross section of the bulk laser crystal o %% similar to expres-

sion (7). The population of the lower laser multiplet can be
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determined as N; = N, — N,, where N,y is the concentra-
tion of active ions in nanocrystals.

In [17, 18], it was shown that the radiative lifetime of the
excited state 7,,,, In a nanocomposite medium strongly
depends on the relative refractive index n. At a small volume
fraction of nanocrystals in a nanocomposite (C < 0.1), we
have

2 2
Thano = Tbulkn< L ;_ 2) P (9)

where 7y, is the radiative lifetime of the excited state in the
corresponding bulk crystal. According to (9), the radiative
lifetime in a nanocomposite is longer than that in a bulk crys-
tal and increases with increasing n [17, 18]. For example, for
suspensions of Yb3": YAG and Yb?*:CaF, nanocrystals in
alcohol, we have 7,,,, ~ 2.147,, and ~1.157y, respectively,
while for suspensions of the same crystals in air we obtain
Thano ~ .71ty and ~2.667y,y, i.e., the radiative lifetime
Thano 1N Nanocomposites can considerably increase with
increasing relative refractive index n.

For a rectangular pump pulse with the intensity 7, and the
duration ¢, Eqn (8) has the analytical solution

tP
nano

Na(ty) = N?{l —exp

(D o)
h(,()p p Ynano 5

(10)

where

® _ N; ions — ]vions
2T+ OO ) O30 () + TR T, 1+ fy + (i)
(11

is the maximum population of the upper laser multiplet at the

given pump level i, = I,/I%%;

OOy _ oty

P ok (o) T ot (Ay)
is the relative stimulated emission efficiency at the pump
wavelength; and

bulk
natno _ hwp _ I sa‘t
sal - LR
U;l}?sno (lp) Tnano n- ( 1 2)
ok = hawy
sat ™ bulk
Osat (}'p) Thulk

are the pump absorption saturation intensity for the nano-
composite (723™) and the corresponding bulk crystal (724
As follows from (12), the intensity /73" quadratically
decreases with increasing relative refractive index n of nano-
composites. For example, for suspensions of Yb3*: YAG and
Yb3*:CaF, nanocrystals in alcohol, /2" ~ 0.56724% and
~0.8975uk respectively, while for the suspensions of the same
crystals in air we have 123" =~ 0.307%4% and ~0.4875%%.

With increasing the pump duration #,, the factor in the
braces in (10) tends to unity, and the upper laser multiplet pop-
ulation is Ny(#,) ~ N5°. Note that an increase in the pump level,
which is favourable for increasing the inverse population,
occurs not only due to an increase in the pump pulse intensity,
but also due to the much lower absorption saturation inten-

nano <

sity of nanocomposites compared to bulk crystals (/g
1%4%), which decreases the required pump pulse energy.
Substituting (7) and (11) into (6), we obtain the following

expression for the small-signal gain in the case of Ny(1,) ~ N;:

1+ £
L+/,+ (ipnz)_1

a = a3 (A1) Nions Cn( —fil, (13)

V1)
n’+2

where £ = o22%(A) /08 (A1) is the relative resonance
absorption efficiency at the laser wavelength 4; . The existence
of the resonance absorption at this wavelength (f; > 0) is a
drawback of quasi-three-level laser media, for example, ytter-
bium-doped materials. In this case, the pump level is limited
from below [19], i.e., there exists a minimal required pump
level i, ™", which can be found by equating the first and second
terms in the square brackets in (13) and taking into account
that 1 + f, << (i,""n?) 7,

.min __ fL

YT W
From (14) it follows that the use of a nanocomposite with a
relative refractive index n decreases the minimum required
pump level iy™" by a factor of n” In particular, Yb**: YAG
and Yb3*:CaF, laser crystals have J1, = 0.06 [19], and, for
these bulk crystals (n = 1), we obtain i,"" ~ 0.057. For suspen-
sions of Yb3": YAG and Yb3*: CaF, nanocrystals in alcohol
(n=1.338 and 1.059), ;™" ~ 0.032 and ~0.050, respectively,
while for the suspensions of the same nanocrystals in air (n =
1.82 and 1.44), we have i,"" ~0.017 and ~0.027.

Figure 2 shows the dependences of the gain « on the rela-
tive refractive index n calculated by formula (13) for
Yb*:YAG and Yb3*:CaF, nanocrystals with the dopant
concentration Nj,, = 1.3 x 102! cm3, the volume fraction of
nanocrystals in the nanocomposites C = 0.1, and different
pump levels.

Figure 2 demonstrates that dependences of the gain have
maxima corresponding to the optimal relative refractive index
of the nanocomposite 71,y (these maxima in Fig. 2b lie out of
the region restricted by the maximum possible relative refrac-
tive index of nanocomposites 7 = ngys = 1.44). The existence
of the gain maxima is explained by the fact that, with increas-
ing n, the population of the upper laser multiplet N, (10)
increases and the gain cross section oem '~ (7) decreases. The
valuen,, decreases with increasing pump level. Differentiating
expression (13) and equating the derivative to zero, we obtain

(14)

) . .
oy < \/4zp+681p6j1+2zp L 1s)
p

which is valid even in the case of high f; ;, (no higher than 1.0),
since the graph of function (13) noticeably shrinks along the ordi-
nate axis with increasing f ,,, but only slightly changes along the
abscissa axis. In particular, we have n,y,; ~ 1.47 at iy, = 0.4 [see
curves (/) and (1'); as curve (/) continuation of curve (/’) in the
forbidden region n > ngy, has a maximum at 7] and 7q, =
1.64 at i, = 0.2 [see curves (2) and (2'); as curve (2) continuation
of curve (2) in the forbidden region n > .y, has a maximum at
Nopio]- According to (15), with decreasing pump level i, the opti-
mal refractive index of nanocomposites 7, increases to 71,y and
higher, because of which under these conditions it is preferable to
choose a dielectric medium with a lower refractive index 7,4 =
Nerys/n — 1. Hence, as a nanocomposite medium, one can use a
suspension of nanocrystals in air or another gas, for example, in
helium, which is also a good refrigerant. On the contrary, at a high
pump level (7, > 5), the refractive index 7, decreases to a value
smaller than unity, i.e., it is better to use a dielectric matrix with the
refractive index fpmeq > Aerys.

Note that the optimal refractive index (15) of a nanocom-
posite does not depend on the volume fraction C on nano-
crystals in the medium.
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Figure 2. Calculated dependences of the gain « (1, 2, I', 2') and
Rayleigh scattering loss coefficient u (3, 3') on the relative refractive
index 7 of nanocomposites with Yb3*: YAG (a) and Yb3*:SrF, (b) at
the concentration of active ions in nanocrystals Ny, = 1.3 x 10?! cm3,
the volume fraction of nanocrystals in nanocomposites C = 0.1, and the

pump level iy, = 0.4 (7, 1')and 0.2 (2, 2").

4. Rayleigh scattering loss coefficient
in nanocomposites

The Rayleigh scattering (elastic scattering from nanoparticles
with a size smaller than radiation wavelength) cross section is
determined as [21]

O = §nk4af,,

: (16)

where « is the nanoparticle polarisability (the particle is
assumed to be nonabsorbing, and, hence, the polarisability is
real) and k = 27mn,,4/AL is the wave number. The validity of
the approximation of a nonabsorbing (non-amplifying) par-
ticle for describing the Rayleigh scattering must be proved.
As was shown in [21], when the polarisability is isotropic, the
total cross section for an absorbing particle can be repre-
sented as the sum of scattering (16) and absorption cross sec-
tions, because of which we will consider the laser processes
(amplification of laser radiation and pump radiation absorp-
tion) separately.

As was shown by Lorentz, the polarizability for a spheri-
cal particle with a radius « is found by the formula [19]

2
3(n”— 1)
a,=a’(5——). 17
P (nz +2 (a7
Substitution of (17) into (16) yields the following expression
for the cross section of scattering by spherical nanocrystals in
a medium with the refractive index 7,,.4:

2

_§ 27lcnm(:d4 6 1’12—1
Osc_3n( AL )a(n2+2>'

(18)

The loss coefficient due to the Rayleigh scattering by
nanocrystals is determined by the formula

u= Uschrysa (19)
where Ny is the concentration of scattering crystals in the
nanocomposite medium.

The content of spherical nanocrystals in a nanocomposite
is convenient to determine by their volume fraction

C = ViNays = 2110* Nuys.

3 (20)

The scattering loss coefficient u (19) can be expressed through
the volume fraction of nanocrystals (20). Then, using the sub-
Stitution 7pmeq = Ngrys /1 to consider suspensions of nanocrys-
tals of a particular material with the refractive index 7y in
different dielectric media, we obtain

_ 21'Encrys4 n2—123
w= 2T () o' @
Note that the Rayleigh scattering loss coefficient (21), as well
as the nanocomposite gain (13), is directly proportional to the
volume fraction of nanocrystals C, because of which the loss
and gain balance condition, which determines the lasing
threshold conditions, does not depend on C.

Figure 2, in addition to the dependences of the gain, shows
the dependences of the loss coefficient x on the relative refrac-
tive index n of nanocomposites calculated by formula (21) for
Yb3*:YAG and Yb3*:SrF, nanocrystals with the volume
fraction C = 0.1 and the radius ¢ = 7 nm. It is seen that the
loss coefficient g has a maximum at the relative refractive
index fmay = V1 +V3 ~ 1.653 (this value is determined from
the extremum of (21) and does not depend on Ay, 71y, @,
and C).

The Yb3*:SrF, laser crystal has a very low gain cross
section, because of which the dependences of the gain « in
Fig. 2b lie below the dependences of the loss coefficient u in
the region n > 1.34 at a high pump level (i, = 0.4) and in the
wider region with n > 1.19 at a low pump level (i, = 0.2). In
these regions, amplification and lasing under the given condi-
tions are impossible. In any case, an increase in losses at n
close to 71, requires an increase in the pump level i, and/or in
the concentration of active ions N,y In particular, a twofold
increase in the concentration N, [the gain a (13) linearly
depends on Ny, in Yb3*:SrF, crystals ensures an excess of
gain over losses at any n even at a low pump level (i, = 0.2). It
should be noted that an increase in the volume fraction of
nanocrystals, which also leads to a linear increase in the gain
[see expression (13)], cannot solve this problem, because the
scattering loss coefficient in this case also linearly increases
with increasing C [see expression (21)].

5. Critical size of nanocrystals
in a nanocomposite laser medium

Amplification of laser radiation in a nanocomposite laser
medium under optical pumping will occur if the laser gain is
higher than the loss coefficient due to scattering from
nanoparticles. Equating the gain (13) and loss (21) coeffici-
ents, we obtain the critical (maximum) radius of nanocrystals

3 1 _buk 27 Herys -4 3 2
der = \/jaem (AL)Nions</1_L ny > n<n2_ 1> X
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which is independent of their volume fraction C.

Figure 3 presents the dependences of the critical radius of
nanocrystals a.. on the relative refractive index of nanocom-
posites n calculated by formula (22) for Yb**:YAG and
Yb3*:SrF, nanocrystals at different pump levels and the con-
centration of active ions in the nanocrystals Ny, = 1.3 x 10%!
cm™. It is seen that the critical radius of nanocrystals a,, at
first rapidly decreases with increasing n (at 1 < n < 1.2), then
decreases much more slowly, and, at n > 1.3 becomes almost
constant and equal to 11.5 and 6.8 nm for Yb3*:YAG and
Yb3*:SrF? nanocrystals, respectively, at the pump level i, =
0.4. The decrease in i, to 0.2 leads to a.,. = 10 and 6 nm for the
Yb**:YAG and Yb S+ :SrF, nanocrystals, respectively. Note
that the critical size of nanocrystals increases with increasing
pump level. It is also seen that the a. for Yb3*: YAG nano-
crystals is by a factor of 1.72 higher that that for Yb3*:SrF,
nanocrystals at any n. This is explained by the higher gain
cross section and refractive index of Yb3*: YAG.

Qg /nm [

301

20

10

0
1.0 1.2 1.4 1.6 n

Figure 3. Calculated dependences of the critical radius of nanocrystals
a,, on the relative refractive index 7 of nanocomposites with Yb3*: YAG
(1,2)and Yb3*:SrF, (1, 2") nanocrystals at the pump level ir=0.4(1,
1")and (2, 2') and the concentration of active ions in nanocrystals N
=13x10*' cm™.

Figure 4 presents the calculated dependences of the criti-
cal radius a. of nanocrystals on the pump level i, for
Yb3*:YAG and Yb3*:SrF, nanocrystals at different relative
refractive indices of nanocomposites. The index n = 1.05 in
the case of Yb*:YAG nanocrystals corresponds to neq ~
1.73, which is achieved when using oxide or oxysulfide crys-
tals or glasses as a dielectric matrix, while for Yb3*:SrF,
nanocrystals at n = 1.05, we have n,.q ~ 1.7, i.e., as a dielec-
tric matrix, one can use alcohol or simple fluoride crystals. In
the case of n = 1.4, we obtain n,4 ~ 1.3 (alcohol or simple
fluoride) for Yb3*:YAG nanocrystals and 7,4 ~ 1.0 (air,
helium, or another gas) for Yb3*:SrF, nanocrystals.

Figure 4 shows that an increase in the pump level i, leads
to an increase in the critical radius a., of nanocrystals, but this
dependence levels off at i, > 3. Therefore, to increase the crit-
ical size of nanocrystals, it is reasonable to increase the pump
radiation intensity to three absorption saturation intensities
to obtain the critical radius of nanocrystals larger than 20 nm
for Yb**:YAG and 14 nm for Yb3*:SrF, even at a large
relative refractive index of nanocomposites (n = 1.4).

de/nm

30

20

Figure 4. Calculated dependences of the critical radius of nanocrystals a;
on the pump level i, for Yb3*:YAG (1, 2) and Yb3*:SrF, (1/, 2') nano-
crystals at the relative refractive index n=1.05(/, /") and 1.4 (2, 2') and the
concentration of active ions in nanocrystals Ny, = 1.3 x 102! cm .

6. Rayleigh backscattering coefficient

The Rayleigh backscattering coefficient ¢ providing the feed-
back needed for lasing can be determined as

£=Qu, (23)
where Q is the backscattering factor equal to the portion of
radiation Rayleigh-backscattered in a narrow oscillation
angle 6. The backscattering factor Q can be determined as the

ratio of the solid angle €2 = 2n(1-cos0), corresponding to the
oscillation angle 6, to 4m, i.c.,

0 =150, (24)
and the oscillation angle can be expressed via the geometric
parameters of the laser medium as

0= 2arctani

2L (25)

where d and L are the diameter and length of the laser
medium.

It is of interest to obtain random lasing in a nanocompos-
ite optical fibre. Although the ratio d/L for optical fibres is
very small, the medium length L is almost unlimited. In this
case, the total internal reflection returns into the lasing chan-
nel the radiation scattered in a larger angle than follows from
formula (25).

The authors of [16] measured the Rayleigh backscattering
factor Q responsible for random lasing for a single-mode
optical fibre 2 km long and for a few-mode optical fibre 11 km
long, which was turned out to be 0.002 in both cases. Thus,
due to the total internal reflection, the backscattering factor
Q in optical fibres does not depend on their length L.

In the subsequent analysis, we take the backscattering fac-
tor to be 0.002, which corresponds to an optical fibre or an
active element with the ratio d/L = 0.09 according to formulas
(24), (25).

It should also be noted that the approximation of the con-
stant (along the length) gain «, which is used in formula (5),
is adequate only for transverse pumping of a medium. In
the case of longitudinal pumping, one must solve initial equa-
tion (2).
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7. Parametric optimisation of nanocomposites

Now, we have all the parameters needed for estimating the
threshold length Ly, of an active medium by formula (5). For
example, taking Q = 0.002, for Yb?":YAG nanocrystals with
the concentration of active ions N s = 18 at % (2.6 x 10! cm™),
their volume fraction C = 0.001, and the radius a = 10 nm
(which is smaller than the critical radius (22) equal in this case
to 14.8 nm) in a dielectric medium with the refractive index

meq = 1.3 (for example, alcohol) at the pump level i, = 0.4, we
obtain the threshold length Ly, ~ 74 cm. The actlve medium
diameter d (according to (24) and (25), the factor Q = 0.002
corresponds to d/L = 0.09) must be larger than 0.09L, ~ 6.7
cm.

To decrease the size of a nanocomposite medium, it is nec-
essary to increase the volume fraction C of nanocrystals,
because, according to (5) and taking into account (13), (21),
and (23), the threshold length Ly, is inversely proportional to
C. In particular, an increase in the volume fraction C from
0.01 to 0.1 leads to an increase in the medium size also by an
order of magnitude. Then, in our example, we obtain L >
7.4cmandd > 6.7 mm.

Figure 5 presents the dependences of the threshold length
L, on the radius a of doped scattering nanocrystals calcu-
lated by formula (5) using expressions (13), (21), and (23) for
suspensions of Yb3*:YAG and Yb?3":SrF, nanocrystals in
air and alcohol at the pump level i, = 0.2, 0 = 0.002, C=0.1,
and different concentrations N;,,. It is seen that the threshold
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Figure 5. Calculated dependences of the threshold length of the medi-
um Ly, on the radius @ of Yb3*: YAG (a) and Yb3*:SrF, (b) scattering
nanocrystals suspended in air (/—3) and alcohol (4-6) at the pump
level ip =02 and the medium parameters Q = 0.002, C = 0.1, and
Nigns = 2.6 x 10?1 (1, 4), 1.3 x 10*1 (2, 5), and 0.65 x 10> cm™ (3, 6).

lengths for Yb3**:YAG are an order of magnitude smaller
than for Yb3*:SrF,. This is caused by an order of magnitude
higher gain cross section of Yb3*:YAG than of Yb3*:SrF,
(2.03x 10729 cm? versus 0.16 x 10720 cm?), i.e., laser media with
larger cross sections are preferable. The dependences of the
threshold length have a minimum (L,,;,) corresponding to the
optimal nanocrystal radius a,p. At a — 0, the threshold
length L, increases approximately twofold compared to L;,.
Ata > a,y, the threshold length also increases and tends to a
vertical asymptote corresponding to the critical radius a., (22)
of nanocrystals.

Figure 5 also shows that the optimal radius a,, corre-
sponding to the minimum threshold length L, is under any
conditions two times smaller than the critical radius a, (22),
ie.,

e _ 13 /1 puk 27 Marys \ ™4 3 0\
aople 2\/2 erg (AL)Nwm(iL ny> n(l’lz—l)

3 1+ﬁ s
><\/1+J§,+(z’pnz)‘1 &

Note that, with increasing nanocrystal radius to a =~
0.89%a., ~ 1.78a,y, the threshold length of the medium
increases by two times with respect to the minimal length, i.e.,
Ly, = 2L, Note also that the threshold length is comparable
withu™ ata ~ a,p, and becomes an order of magnitude larger
than u~' as @ increases to 1.78a .

As the concentration of active ions N,,,, decreases
(Fig. 5), the dependences go up (L, increases) and become
narrower (d., decreases) According to (22), this narrowing is
proportional to \/ ions - INote that the minimum threshold
length L, ;, is inversely proportional to N;,,,. Substituting the
optimal radius (26) into relation (21), we find the optimal loss
coefficient to be wq, & a/8. Taking this into account, we
indeed find from (5) the inversely proportional dependence of
Lpin o0 Ny, in the form

(26)

8 114 bulk _ i(n? 42V
Loyin =~ —a In— 0 7[aem (AL) Nions Cn1] (73 )
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The length L,;, decreases with increasing pump level. In addi-
tion, there exists only a weak dependence of L, on n with a
minimum corresponding to the optimal refractive index n,y
(15) determined from the gain maximum.

It should also be noted that the dependences for suspen-
sions of Yb3*: YAG nanocrystals in air and alcohol (Fig. 5a)
are close to each other, while the corresponding dependences
for Yb3*:SrF, nanocrystals are strongly different (Fig. 5b).
The dependences for Yb3":SrF, nanocrystals in air are con-
siderably narrower, i.e., the critical radius a, is smaller. The
decrease in the a is caused by the smaller o53%(4.) for
Yb3*:SrF, than for Yb3*:YAG [if the gain cross section
decreases by an order of magnitude, then the a. decreases
approximately by V10 ~2 times according to (25)]. However,
the dependences for Yb3":SrF, nanocrystals suspended in
alcohol are even wider than for Yb3":YAG. This occurs
because the refractive index of SrF; (n1,ys = 1.44) is close to
the refractive index of alcohol (n,.q ~ 1.36), i.e., the relative
refractive index n for this nanocomposite is close to unity,
which leads to an increase in the critical and optimal radii of
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naznocrygtals e (22) and agp (26) due to the increasing term
n -1

The choice of a dielectric medium with 7,04 close 10 1gyys,
is an original method for increasing the optimal size of nano-
crystals with a small gain cross section (both Yb3*:SrF, and
any other nanocrystals). However, to decrease the threshold
length of the medium, according to (27), it is necessary to
increase the concentration of active ions in nanocrystals [the
minima of dependences (/) and (4) in Fig. 5b corresponding
to a large Nj,,.are close to each other], their volume fraction,
or the pump level.

According to (27), the minimum threshold length L,
(corresponding to the optimal radius of nanocrystals) is
inversely proportional to the volume fraction C of nanocrys-
tals in the medium. According to (5) and taking into account
(13), (21), and (23), the threshold length L, (at a nonoptimal
radius of nanocrystals) also turns out to be inversely propor-
tional to the volume fraction C of nanocrystals. Note that the
results obtained for C = 0.1 can be easily extended to other
values of C.

It should also be noted that, at a nonoptimal choice of the
radius of nanocrystals, the threshold length L, is higher than
L.;,. This is especially pronounced in the case of the weakly
amplifying Yb3*:SrF, laser medium. To explain this fact, we
should look at Fig. 2b, which shows that the loss exceeds the
gain at n > 1.34 for a high pump level (i, = 0.4) and at n >
1.19 for a low pump level (i, = 0.2), and, hence, amplification
and lasing at these n cannot occur. Therefore, nanocrystals
with a small gain cross section can be used if their size is close
to optimal.

Let us discuss the dependence of the threshold length on
the concentration of active ions Ny, In nanocrystals.
According to (27), this dependence for the minimum thresh-
old length L, , which corresponds to the optimal size of
nanocrystals @y, is inversely proportional, i.e., the reciprocal
length 1/L.;, linearly increases as the argument increases
from zero.

The dependence of the reciprocal threshold length 1/L,
on Njey at @ nonoptimal size of nanoparticles (@ # aqp) plot-
ted by formula (5) is also close to linear in the case of large
Nions but deviates from linear at small N,,,, and is equal to
zero (Ly, — ) at Nions > 0. The limit Ly, — oo corresponds
to a = a,, which allows one to find the concentration Nions

Cr»

from expression (22).

8. Conclusions

Thus, we calculated the characteristics of a random laser
based on nanocomposite media consisting of a transparent
dielectric with scattering doped nanocrystals.

As nanocrystals, it is proposed to use ytterbium laser
materials with a high concentration of active ions, and, as a
dielectric matrix for these nanocrystals, it is possible to use
gases (air, helium), liquids (alcohol), or solid dielectrics with
refractive indices lower than that of nanocrystals.

It is shown that, at a fixed volume fraction of nanocrystals
in a medium, the laser gain does not depend on the size of
nanocrystals, while the dependence of the scattering loss coef-
ficient on this size is cubical. This allows one to control the
size of nanocrystals in order to provide the best conditions for
amplification and lasing.

Based on the concept of nonresonant distributed feedback
due to the Rayleigh scattering, an expression is obtained for
the minimum (threshold) length of a nanocomposite laser

medium at which the random lasing threshold is overcome.
The threshold length of the medium is inversely proportional
to the gain cross section of nanocrystals, concentration of
active ions in these nanocrystals, and their volume fraction in
the medium. For example, for suspensions of Yb’":YAG
nanocrystals (18 % at %) with a radius of 20 nm in alcohol at
the pump level i, = 0.4 (ratio of the pump intensity to the
absorption saturation intensity), the threshold length of the
medium decreases from 74 to 7.4 cm as the volume fraction of
nanocrystals increases from 0.01 to 0.1.

An expression is obtained for the optimal relative refrac-
tion index n of nanocomposites (ratio of the refractive index
of nanocrystals to the refractive index of the dielectric
medium) corresponding both to the maximum gain and the
minimum threshold length of the medium at the optimal size
of nanocrystals. It is shown that the optimal relative refrac-
tive index of nanocomposites decreases with increasing pump
level, does not depend on the nanocomposite parameters, and
is 1.64 and 1.47 at i, = 0.2 and 0.4, respectively.

Expression are derived for the critical (maximum) and
optimal sizes of nanocrystals, which are found to be indepen-
dent of the volume fraction C of nanocrystals in the medium
at C < 0.1. The critical size of nanocrystals corresponds to the
balance of gain and scattering loss at which the threshold
length of the medium tends to infinity. At the relative refrac-
tive index 7 tending to unity, the critical size of nanocrystals
tends to infinity, but, at » > 1.3, it has an almost constant
small value a,, = 10 and 6 nm for Yb3*: YAG and Yb3*:SrF,
nanocrystals, respectively, at the pump level 7, = 0.2. An
increase in i, to 3 leads to an increase in the critical radius to
20 nm for Yb3*:YAG and 14 nm for Yb3*:SrF, nanocrys-
tals at n > 1.3. The optimal size of nanocrystals, which cor-
responds to the minimum threshold length of the medium, is
two times smaller than the critical size at any nanocomposite
parameters.

The obtained results can be used for purposive search and
development of new nanocomposite laser media with
improved characteristics.
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