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Abstract.  A generalised theory has been used to carry out a com-
parative analysis of the use of various four-level and quasi-three-
level media for the self-starting of degenerate four-wave mixing 
PCW generation directly in a laser medium placed in a loop resona-
tor. It has been shown that quasi-three-level media can compete 
with four-level media at long upper laser level lifetimes and 
increased pump intensities. The most attractive solid-state laser 
media for four-wave PCW generation have been identified that 
have the highest deposited energy at a given pump intensity. In 
addition to neodymium-doped crystals, which are already widely 
used for four-wave PCW generation, promising materials are four-
level chromium-doped media, e.g. alexandrite and Cr : LiCAF, and 
quasi-three-level media with the longest upper laser level lifetime, 
such as Yb : YAG and Tm, Ho : YAG, at high pump intensities.

Keywords: four-level and quasi-three-level media, four-wave PCW 
generation, gain grating.

1. Introduction

There is currently increasing interest in the study of diffrac-
tion-coupled lasing, in which a solid-state laser medium is not 
only an amplifier of laser radiation but also an element of 
optical coupling in four-wave wavefront conjugation [1 – 21]. 
This allows one to develop adaptive laser systems employing 
self-pumped phase-conjugate mirrors (PCMs) [1 – 14] and 
ensures coherent beam combination for such lasers [15 – 21].

The self-starting of a laser with a self-pumped PCM due 
to a positive feedback through degenerate four-wave mixing 
(DFWM) was first discussed in Refs [1, 22, 23] and first dem-
onstrated by Vanherzeele et al. [22]. Lasing in a loop resona-
tor with a self-pumped four-wave PCM directly in a gain 
medium was first demonstrated in a copper vapour laser [24]. 
For such a phase-conjugate laser oscillator, Bel’dyugin et al. 
[2] used for the first time rare-earth-doped solid-state laser 
media: lamp-pumped Nd : YAG, Nd : KGW and Nd, 
Cr : GSGG laser crystals. Minassian et al. [5] were the first to 
use a solid-state laser medium containing iron group ions :  
laser-pumped Ti : sapphire.

The realisation of four-wave diffraction coupling directly 
in a laser medium requires an increase in its gain coefficient, 
which can be achieved by increasing the pump intensity, e.g. 
through narrow-band diode pumping focused into an active 
laser medium [6, 10, 11, 13]. Sillard et al. [6] excited a Nd : YAG 
laser crystal of length L = 0.5 cm in a phase-conjugate laser 
configuration using longitudinal pumping by a 2D laser diode 
array with a power in the order of one kilowatt. The pump 
beam was focused to a small spot 1.5 ́  1.5 mm in dimensions, 
which ensured an increase in pump intensity to 35 kW cm–2. 
The pump intensity was, however, found to decrease with 
increasing penetration depth in the gain element (GE) because 
of the pump beam absorption and divergence, and the small-
signal gain after two passes through the GE was within 20 [6], 
so three such GEs were used in a laser configuration with a 
self-pumped phase-conjugate loop resonator. Thompson et 
al. [10] and Smith and Damzen [13] used side pumping in a 
bounce geometry [25] by 50- or 100-W diode stacks, whose 
output was focused by a cylindrical lens to a narrow line 
(0.1 ́  15 mm) along a GE of length L = 1.5 cm.  This increased 
the pump intensity to 4 – 7 kW cm–2 over the entire GE length, 
ensuring an ultrahigh small-signal gain (above 104) per pass 
through the Nd : YVO4 GE [10, 13] for total internal reflec-
tion of the laser beam from the pump face. In the case of such 
guided propagation, the laser radiation retains the shape of its 
wavefront despite the distortion of the laser medium, as was 
first demonstrated by Mikaelyan and D’yachenko [26]. The 
choice of Nd : YVO4 crystals as active media was prompted by 
their better performance (effective gain cross section sem(wL) 
= 15.6 ́  10–19 cm2 [27]) compared to the other neodymium-
doped gain media. This enabled the number of laser crystals 
in the phase-conjugate laser configuration to be reduced to 
one.

Antipov et al. [11] used side diode pumping in a bounce 
geometry for a Nd : YAG phase-conjugate laser. Because of 
the lower gain performance of Nd : YAG (sem(wL) = 2.8 ́  
10–19 cm2 [27]), they utilised a diode stack with a higher power, 
up to 300 W. The pump beam was focused to a spot 0.1 ́  10 
mm in dimensions, which corresponded to a pump intensity 
Ip » 30 kW cm–2 over the entire GE length (L = 1 cm) and 
ensured ultrahigh gain per pass through the Nd : YAG GE, 
equal to that in Nd : YVO4 crystals [10, 13], with the possibil-
ity of using only one laser crystal in the phase-conjugate laser 
configuration. Basiev et al. [14] and Pogoda et al. [28] 
employed high-power side pumping of a long (L = 10 cm) 
Nd : YAG crystal in a phase-conjugate laser by six 2D diode 
arrays with a total power of 12.6 kW, without focusing. The 
pump radiation was distributed over the entire length of the 
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laser crystal, which ensured a large gain coefficient and made 
it possible to use only one laser crystal in the phase-conjugate 
laser configuration.

High-intensity diode pumping extends the range of laser 
media suitable for the self-starting of four-wave phase-conju-
gate wavefront (PCW) generation and allows one to use not 
only four-level but also quasi-three-level laser media, which 
requires a detailed analysis.

This paper presents a comparative analysis of the use of 
various four-level and quasi-three-level laser media for the 
self-starting of DFWM PCW generation at increased pump 
intensities directly in a laser medium placed in a loop reso
nator.

2. Theoretical description of gain saturation 
gratings in quasi-three-level and four-level 
solid-state laser media

As shown earlier [29, 30], the main mechanism underlying 
the formation of a PCM in laser media is the inscription of 
holographic gain saturation gratings. Such gratings can be 
written by spatial hole burning in local population inversion 
through interaction between two or more interfering coher-
ent beams.

In a number of instances, appreciable contributions can 
be made by other mechanisms, e.g. refractive index grating 
inscription. Temperature variations of the refractive index of 
the laser medium [31 – 33] are less significant, but electroni-
cally induced index changes can be noticeable when the laser 
frequency is detuned from the centre of the gain band. In the 
case of lasing near the centre of the band, one can also observe 
electronically induced index changes, which are caused by the 
difference in polarisability between laser levels and increase 
with increasing population inversion. However, according to 
Antipov et al. [32], at a gain coefficient under 0.4 cm–1 the 
imaginary part of the nonlinear susceptibility of Nd : YAG 
exceeds its real part by a factor of 2 or more, so electronically 
induced changes in refractive index do not play a decisive role 
in the intracavity DFWM process. As shown by Antipov et 
al. [33], the electronic changes induced in the refractive index 
of the Yb : YAG quasi-three-level medium by high-power 
diode pumping can be comparable to those induced by gain 
saturation grating inscription. Note however that, in the ini-
tial stage of lasing, when pumping has not yet increased the 
gain coefficient, we can restrict our consideration to gain 
grating formation. This facilitates comparative analysis of the 
use of various laser media for PCW generation through self-
pumped DFWM.

To carry out such analysis, one should develop a gener-
alised theory applicable to both quasi-three-level and four-
level laser media. The gain coefficient of a laser medium can 
be represented in the form [34]

( ) ( )N Nem L abs L2 1a s l s l= - ,	 (1)

where sem(lL) is the effective gain cross section at the laser 
wavelength, lL; sabs(lL)  is the effective absorption cross sec-
tion at this wavelength; and N1, 2 are the populations of the 
upper and lower laser manifolds, respectively. Note that 
sem(lL) and sabs(lL) differ from the spectroscopic cross sec-
tions for transitions between particular energy levels :   they 
describe transitions at arbitrary wavelengths between two 

manifolds and depend on the population distribution in 
each manifold. As pointed out by Contag et al. [35], this 
approach has the advantage that effective cross sections can 
be evaluated directly from absorption spectra measured at a 
preset temperature, without any calculations that would 
take into account the Boltzmann statistics of the population 
distribution, and this model is completely equivalent to a 
description that considers only transitions between particular 
energy levels.

The population of the upper laser manifold, N2, can be 
found using the rate equation [34]
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where Ip, IL,   andp L' 'w w  are the pump and laser intensities 
and photon energies, respectively; t is the upper laser level 
lifetime; and sem, abs(lp) are the effective stimulated emission 
(em) and absorption (abs) cross sections at the pump wave-
length, lp. The population of the lower laser manifold in a 
quasi-three-level medium can be found as N1 = Nions – N2, 
where Nions is the active-ion concentration in the solid-state 
laser medium.

Equations (1) and (2) can be used as well for four-level 
laser media as a particular case at sabs(lL) = sem(lp) = 0. In 
spectroscopic terms, a four-level laser medium has nonover-
lapping absorption and luminescence lines, so sabs(lL) = 
sem(lp) = 0. In a quasi-three-level medium, these lines par-
tially overlap, and both sabs(lL) and sem(lp) are greater than 
zero. For convenience of comparison, we introduce the fol-
lowing parameters of a quasi-three-level medium: 
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which have the meaning of relative efficiencies of stimulated 
emission at the pump wavelength ( fp) and absorption at the 
laser wavelength ( fL). We have fp, L = 0 in four-level media 
and  fp, L > 0 in quasi-three-level media.

For pump light with a finite bandwidth, the pump inten-
sity in (2) is given by
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where Ip
int is the spectrum-integrated pump intensity, which is 

multiplied in (4) by the overlap integral of the absorption line 
of the laser medium and the pump line with form factors 
gabs(wp) and gp(wp), respectively [gabs(wp) is normalised to unit 
height, and gp(wp), to unit area]. The approximate equality in 
(4) corresponds to Lorentzian shapes of overlapping absorp-
tion and pump lines, where Dwabs and Dwp are the full widths 
at half maximum of these lines.

When there is continuous pumping (Ip = const) and no 
lasing (IL = 0) for time t, Eqn (2) subject to N2(0) = 0 has the 
solution



39Comparative analysis of the use of various solid-state laser media
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where ip = Ip/Ip
sat is the relative pump intensity;
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is the maximum upper laser manifold population for t ® ¥. 
From (1), we obtain an expression for the unsaturated gain 
coefficient of the laser medium : 
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For a pump time t ® ¥, the term in braces tends to unity, and 
the limiting unsaturated gain coefficient is
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Note that, in a quasi-three-level medium, because of the 
absorption at the laser wavelength ( fL > 0) the gain coeffi-
cient a0(t) in (8) is positive only for t > t0, where
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is the minimum necessary pump duration.
In addition, we need to find the pump duration tp suffi-

cient for increasing the unsaturated gain coefficient to a given 
level, p (0 < p < 1), relative to the maximum value a0¥ in (9), 
i.e. a0(tp) = pa0¥: 
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Note that, for four-level media ( fp, L = 0), we have t0 = 0 
from (10) and, at a given ip, tp in (11) is smaller than that for 
quasi-three-level media because the magnitude of the loga-
rithm in (11) increases with fp, L. It is also worth noting that, 
in the case of quasi-three-level media, there is a minimum 
relative cw pump intensity (for t ® ¥),
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that ensures a0¥ = 0 and increases with increasing  fL and fp.
To theoretically describe gain grating inscription in a laser 

medium, we must take into account gain saturation due to 
laser radiation (IL ¹ 0). We are interested in the case of seed 
gain grating inscription by intrinsic weak seed laser radiation 

from a self-pumped phase-conjugate oscillator above the las-
ing self-starting threshold. Seed radiation can be considered 
continuous (IL = const).

Equation (2) subject to Ip, L = const and N2(0) = 0 has the 
solution
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where iL = IL/IL
sat is the relative laser intensity and
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is the gain saturation intensity. From (1), we obtain an expres-
sion for the gain coefficient : 
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Taylor expanding Eqn (15) and retaining only the first 
two terms in the expansion, we obtain
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where a0 is given by (8).
The seed laser radiation intensity in DFWM can be found 

as the result of the interference of four laser beams [34]: 
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where L13 and L23 are the interference grating periods for two 
waves with intensities I1 and I3 and two waves with intensities  
I2 and I3, respectively (the gratings are oriented along the 
orthogonal axes z and x); j13 and j23 are the initial phases of 
the corresponding interference gratings; and g is the degree of 
coherence of the laser beams, which will be taken to be unity 
because, in the case of coherent seed radiation, the phase 
matching condition is fulfilled for DFWM on gain gratings 
[8, 36]. In (17), gratings written by counterpropagating waves 
are left out of consideration because they make no contribu-
tion to the diffraction efficiency of DFWM in the case of a 
local response of the medium [37]. Also, Eqn (17) leaves out 
of account weak gratings written with the participation of the 
weakest wave, of intensity I0, which is a phase-conjugate 
wave, because as a rule it is not deliberately directed to the 
input of the phase-conjugate medium but results from 
DFWM [38] and its intensity at the input of the medium cor-
responds to the spontaneous noise level. Substitution of (17) 
into (16) yields an expression for the gain coefficient with har-
monic modulation : 
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where the gain modulation amplitudes are given by
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The diffraction efficiency of a gain grating is given by 
[9, 25]

( )G bL0
2.h ,	 (20)

where G0 = exp(a0L) is the small-signal gain per pass through 
the laser medium; L is the length of the laser medium; and b is 
the DFWM coupling coefficient, which can be found as b = 
bij /4 [36, 39]. The diffraction efficiency of the ijth seed gain 
grating is then given by
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where the writing wave intensities Ii and Ij  depend on the seed 
radiation intensity I0 and the self-pumped phase-conjugate 
loop resonator.

3. Self-starting threshold for four-wave PCW 
generation in a loop laser resonator 
with a self-pumped gain-grating PCM

Figure 1 shows the optical schemes of self-pumped phase-
conjugate loop resonators with one (scheme 1) and two 
(schemes 2 and 3) GEs, where the extra GE is used as a single-
pass (scheme 2) or double-pass (scheme 3) intracavity ampli-
fier.

In the loop configuration of the self-pumped DFWM res-
onator, all waves originate from one seed wave of intensity I0. 
For scheme 1, we indicate the designations of the intensities of 

the waves. In what follows, the waves in all the schemes pre-
sented in Fig. 1 are numbered in this manner.

The intensities of all the waves in scheme 1 are related to 
I0 by I1 = I0G0, I2 = I0G0

2 and I3 = I0G0
3. Note that the waves of 

intensities I1 and I3 in Fig. 1 inscribe a transmission gain grat-
ing (the radiation diffracted by it passes through the DFWM 
medium), and the waves of intensities I2 and I3 inscribe a 
reflection gain grating (the radiation diffracted by it is 
reflected from the DFWM medium).

Substituting the intensities of the waves into (21), we 
obtain expressions for the diffraction efficiency of the trans-
mission and reflection gain gratings : 
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We can now write a lasing threshold condition for trans-
mission and reflection gain gratings in scheme 1:  the intracav-
ity radiation intensity I1 returns to its original level after a 
resonator round trip, i.e. I1G0h13 + I1h23 = I1, or

1G0 13 23h h+ = .	 (24)

Substituting (22) and (23) into (24), we obtain identical 
terms on the left-hand side, which means that transmission 
and reflection gratings make identical contributions to initial 
lasing (during subsequent development of lasing, the contri-
bution of a small-period reflection grating may decrease 
because it is effaced by the intracavity flow).

Similar considerations apply to the other schemes in 
Fig. 1. As a result, we obtain a general lasing threshold condi-
tion for all the schemes in Fig. 1: 
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where n = 1 – 3 is the number of the scheme and k = I0/IL
sat is 

the relative seed radiation intensity.
Condition (25) is an implicit expression for the threshold 

gain increment (a0L)th at a given relative seed radiation 
intensity k. It is worth pointing out that all the factors of the 
exponential on the left-hand side of (25) are in the order of 
unity, so they can be neglected in estimating (a0L)th, and we 
obtain

( ) lnL
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According to theory [34], the amplified spontaneous emis-
sion intensity at the amplifier output for G0 >> 1 can be evalu-
ated as
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Optical schemes of loop laser resonators with one (scheme 1) 
and two (schemes 2 and 3) GEs, where the extra GE is used as a single-
pass (scheme 2) or double-pass (scheme 3) intracavity amplifier.
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where W is the solid angle subtended by one GE end face seen 
from the centre of the other end face. The seed radiation 
intensity at the GE input can then be estimated as

sat sat/4
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I k
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G
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0
0 0
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= =L L ,

where k is the fraction of amplified spontaneous emission that 
meets the conditions for the angular and spectral selectivities 
of gain-grating DFWM [8, 36] and the relative seed radiation 
intensity is ( /4 ) / lnk G0pk W= . Note that I0 is a rather weak 
function of the gain coefficient of the active medium, G0. 
Because of this, when substituting the last expression into (25) 
the factor lnG0   can be neglected compared to the factor 
exp[(a0L)(2n + 1)] in (25); i.e. in estimating the PCW genera-
tion threshold, k can be treated as independent of the gain 
coefficient. Moreover, k can be treated as independent of the 
luminescence linewidth of the laser medium because the spec-
tral selectivity of four-wave PCMs is lower than the lumines-
cence linewidth even for Nd : YAG, the narrowest band solid-
state laser medium [8].

The value of k can be estimated from the measured self-
starting threshold for four-wave PCW generation. Antipov et 
al. [11] experimentally studied threshold conditions for PCW 
generation in a Nd : YAG laser diode-side-pumped in a 
bounce geometry for scheme 1 (Fig. 1). For a 1-cm-long pump 
region of the GE and 300-ms pump duration, the threshold 
power was 75 W, which corresponded to a pump intensity Ip 
= 7.5 kW cm–2 (in a spot 100 mm ́  1 cm in dimensions). 
According to (8), the gain coefficient at the GE input was 
a0(x = 0) » 10.5 cm–1. The pump absorption coefficient was m 
» 3 cm–1 [11], and the GE thickness in the pump propagation 
direction, d, and the corresponding transverse size of the gen-
erated laser beam were 0.4 cm. When the pump beam experi-
enced total internal reflection from the GE face, the average 
gain coefficient was

0
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where we take a0(x) » a0(x = 0) exp(–mz). The threshold gain 
increment is then (a0L)th » 6.1.  Substituting this value into 
(25) or (26), we find the relative seed radiation intensity: k » 
10–8.

Thus, at k » 10–8 we obtain from (26) (a0L)th » 6.1 for 
scheme 1, ~3.7 for scheme 2 and ~2.6 for scheme 3. These 
estimates agree with the measured PCW generation thresh-
olds of loop Nd : YAG lasers in schemes 2 [7] and 3 [18, 20]. It 
is worth pointing out that the threshold gain increment (a0L)th 
is independent of laser medium parameters and of how the 
required gain increment is ensured, but depends on the phase-
conjugate laser configuration (Fig. 1). The use of an extra 
intracavity laser amplifier reduces the threshold gain incre-
ment.

The threshold gain increments obtained are large enough 
for the operation of the phase-conjugate laser to be influenced 
by amplified spontaneous emission, whose intensity is given 
by (27). Amplified spontaneous emission reduces the gain 
coefficient of the laser medium, so measures should be taken 
to reduce it. The main approach for reducing amplified spon-
taneous emission is to decrease the solid angle W [see Eqn (27)]. 
To this end, one usually increases the length of the loop reso-
nator and the distance between GEs. For example, the reso-
nator length in the Nd : YAG laser described in Refs [7,  8] 

exceeded 8 m. Use is also made of selective intracavity ele-
ments, such as an aperture, Faraday isolator [3,  13,  15] or 
saturable absorber [7]. Diode pumping in a bounce geometry 
ensures angular selection of amplified spontaneous emission 
by narrowing the pump region. Smith and Damzen [40] stud-
ied the spatial selection of amplified spontaneous emission in 
an ultrahigh-gain (G0 a 104) Nd : YVO4 GE in a bounce 
geometry, with a pump region 100 ́  330 mm in cross section 
and 1.5 cm in length. This allowed Smith and Damzen in a 
subsequent study [13] to prevent the adverse effect of ampli-
fied spontaneous emission and achieve self-Q-switched gain-
grating PCW generation in a compact loop Nd : YVO4 laser 
resonator configuration using a Faraday isolator and an out-
put coupler with a reflectivity under 1 %.

Consider specific features of the development of lasing 
based on gain gratings when there is no adverse effect of 
amplified spontaneous emission. It should be noted that the 
self-starting of a laser with a self-pumped PCM due to a posi-
tive feedback through DFWM in the laser medium occurs in 
the self-Q-switching regime in the phase-conjugate resonator 
[3,  9,  12,  13]. In the initial stage (before lasing), the phase-
conjugate resonator has a low Q because no gain-grating 
PCM is yet formed on account of the small gain coefficient of 
the laser medium. During this stage, pumping increases the 
gain coefficient of the laser medium, a0(t), according to 
Eqn (8), and at time

1 (1 )
t

i fth
p p

t
=

+ +
-

	 ´  3
( )

ln
L
L

f
f f f i

1
1

1th p0
1

a
a

-
+

- - -

0 L

L L p; E) 3,	 (28)

corresponding to the threshold gain level, 3( ) /( )p L Lth th0a a= 0 , 
the lasing threshold is surpassed. Note that, for 3 ( ) ,L L th01a a0   
lasing based on gain gratings is impossible, so the length of 
the active medium, L, and/or the limiting gain coefficient, 3a0 , 
should be increased. According to (9), 3a0  can be increased by 
using laser media with a large gain cross section, sem(lL), and 
small  fр and fL of the quasi-three-level medium. The use of 
four-level media ( fр, L = 0) is preferable. It is also advanta-
geous to utilise high relative pump intensity iр, which can be 
ensured not only by high pump intensity Iр but also by low 
pump absorption saturation intensity Ipsat (6), which decreases 
with increasing absorption cross section sabs( lp) and upper 
laser level lifetime t.

Figure 2 shows the dependences, obtained using Eqn (28), 
of the pump duration tth needed for four-wave PCW genera-
tion self-starting on threshold gain level pth for four-level 
(Nd : YAG) and quasi-three-level (Yb : YAG) laser media at 
different pump intensities, Iр. The graphs were obtained using 
data for Nd : YAG (t = 230 ms, fр,L  = 0 [34]) and Yb : YAG (t 
= 950 ms, fL = 0.057, fp = 0.195 [41]), under the assumption 
that pth was a function of L.

It is seen in Fig. 2 that, as the threshold gain level pth 
increases to unity, the pump duration tth increases and tends 
to infinity. In the Nd : YAG four-level system, tth increases 
starting from zero, with a relatively low slope, whereas in the 
Yb : YAG quasi-three-level system it increases starting at t0 > 
0 (10) and with a steeper slope, which is due to the lower pop-
ulation inversion because fp, L > 0. Increasing the pump inten-
sity Ip reduces the pump duration tth needed for the onset of 
PCW generation [Fig. 2, curves ( 1' ), ( 2' )].
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Thus, the pump duration tth can be reduced by increasing 
3La0  relative to (a0L)th, which can be achieved, for a given 

laser medium, by increasing the pump intensity Ip or the 
length L of the medium.

Low values of the required pump duration tth can be 
ensured for laser media with a large gain cross section sem(lL) 
and small  fp, L parameters, i.e.  for near-four-level media and 
for media with a large pump absorption cross section sabs(lp) 
and long upper laser level lifetime t, which is due to the fact 
that the relative pump intensity ( ) /( )i Ip abs p p p's l t w=   
increases with increasing sabs(lp) and t.

4. Optimal concentration of active ions 
for four-wave PCW generation self-starting 
in a quasi-three-level laser medium

We should take into account the spatial nonuniformity of 
the gain coefficient, due to the absorption-limited penetra-
tion of pump radiation into the laser medium. We will con-
sider single-pass narrow-band pumping, exemplified by side 
pumping with 2D laser diode arrays, which was demon-
strated experimentally for a high-power Nd : YAG laser 
with a self-pumped phase-conjugate loop resonator based 
on gain gratings [14].

The penetration of pump radiation into a laser medium 
follows the Bouguer – Lambert law: 

( ) expi x i xp p0 m= -^ h,	 (29)

where iр0 is the relative pump intensity incident on the input 
face of the laser medium; m = sabs(lp)Nions is the pump absorp-
tion coefficient (with the absorption saturation neglected); 
and the x coordinate is measured along the pump direction 
from the input face. Because of the pump absorption accord-
ing to (29), the population is inverted only in a local region of 
the laser medium that is the nearest to the pump source. Since 
the lower laser level is partially populated, the population 
inversion in quasi-three-level media is considerably more 

localised than that in four-level media. As a result, the pump 
energy deposited in quasi-three-level media depends on the 
concentration of active laser ions, Nions, because the lower 
laser level population increases with Nions.

Figure 3 shows spatial profiles of the unsaturated gain 
coefficient, a0(x), normalised to the maximum value a0(0) and 
calculated using Eqn (8) with allowance for (29) for four-level 
(Nd : YAG) and quasi-three-level (Yb : YAG) media with a 
pump absorption coefficient m = 9.25 cm–1, corresponding to 
1 at % active ions in Nd : YAG (sabs(lp) = 6.7 ́  10–20  cm2, 
sem(lL) = 28 ́  10–20 cm2, t = 230 ms,  f p,L = 0 [34]) and 8.7 at %  
active ions in Yb : YAG (sabs(lp) = 0.77 ́  10–20 cm2, sem(lL) = 
2.1 ́  10–20 cm2, t = 950 ms, fL = 0.057, fp = 0.195 [41]) at a pump 
intensity of 10 kW cm–2 and different pump durations.

The gain coefficient is seen to decrease with increasing 
penetration depth in the active medium. In the case of the 
four-level medium Nd : YAG, the decrease is relatively slow, 
is a weak function of pump duration, and approximately fol-
lows the Bouguer – Lambert law (29) :   the gain coefficient 
approaches zero when the x coordinate tends to infinity.

A different situation occurs for the quasi-three-level 
medium Yb : YAG. The gain coefficient drops sharply, almost 
linearly, to zero as the x coordinate increases to the maximum 
value xp, and the pump duration has a significant effect on the 
gain coefficient profile. With increasing pump duration, the 
pump radiation penetrates deeper into the medium, meaning 
that the pump depth xp increases. For example, xp . 0.04 cm 
at a pump duration of 0.25 ms and reaches xp . 0.1 cm when 
the pump duration increases to 0.5 ms. The pump depth xp 
can be determined for any pump duration tp by substituting 
(29) into (8) and equating it to zero. For tp ® ¥ (continuous 
pumping), the limiting relation ip

min = ip0 exp(–mxp
max) is 

valid, where ip
min is given by (12). The maximum pump depth 

in a quasi-three-level medium is then

0 0.1 0.2 0.3 0.4

0.2

0.4

0.6

0.8

1.0

2 2'

1

1'

x/cm

a0(x)/a0(0)

Figure 3.  Unsaturated gain coefficient profiles, a0(x), normalised to 
the maximum value a0(0) and calculated using Eqn (8) with allowance 
for (29) for ( 1, 1' ) Nd : YAG and ( 2, 2' ) Yb : YAG media with a pump 
absorption coefficient m = 9.25 cm–1, corresponding to 1 at % active 
ions in Nd : YAG and 8.7 at % active ions in Yb : YAG at a pump in-
tensity of 10 kW cm–2 and pump durations of ( 1, 2 ) 0.25 and ( 1', 2' ) 
0.5 ms.
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Figure 2.  Pump duration tth needed for the onset of PCW generation as 
a function of threshold gain level

3( ) /( )p L Lth th0 0a a=  for ( 1, 1') a 
Nd : YAG four-level laser medium and (2, 2') Yb : YAG quasi-three-
level laser medium at pump intensities Ip = ( 1, 2) 10 and ( 1', 2') 20 kW 
cm–2.
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( )
( ) /( )ln

x
N

I f f I f1max
p

abs p ions

p p p
sat

s l
=

- L L6 @
.	 (30)

A small pump depth xp leads to a low pump energy den-
sity stored over time t: 

0

sat( ) ( , )dU t U t x xstor 0a= L
hy .	 (31)

Here the upper integration limit is h = xp for xp < d and h = d  
for xp H d, where d is the thickness of the laser medium in the 
pump propagation direction.

Return now to the self-starting of four-wave PCW genera-
tion. As mentioned above, a phase-conjugate laser operates in 
the self-Q-switching regime based on gain gratings and accu-
mulates energy during the pump duration tth (28). After time 
tth, the stored energy Ustor(tth) is emitted in the form of a giant 
laser pulse, and one can then determine the energy efficiency 
of lasing as

( )
I t

U t
L

p th

stor thh = .	 (32)

Figure 4 shows the lasing efficiency hL (32) as a function 
of relative pump intensity ip0 at different 

YbN ions  values (Fig. 4a) 
and as a function of ytterbium concentration   YbN ions  at differ-
ent ip0 values (Fig. 4b) for scheme 1 (Fig. 1) in an Yb : YAG 
quasi-three-level laser medium of thickness d = 0.5 cm.

It is seen in Fig. 4a that, at a high concentration of active 
ions, Yb .N 8 7=ions  at % [curve ( 1 )], the lasing threshold is low, 
but the limiting lasing efficiency is not high:  below 17 %. The 
reason for the low lasing efficiency is the small pump depth 
(xp » 0.088 cm), which means that pump energy is deposited 
in a very small volume. As the concentration of active ions 
decreases to 3.2 at % [curve (2)], the lasing threshold increases, 
but the limiting lasing efficiency also increases:  to 38 % and 
above. The value Yb .N 3 2=ions  at  % ensures an increase in 
pump depth to the thickness of the medium:  xp = d = 0.5 cm. 
Further reducing the concentration of active ions to 1.5 at % 
[curve ( 3 )] increases the pump depth (xp > d). However, too 
large a fraction of the pump radiation is then lost [passes 
through the medium according to the Bouguer – Lambert law 
(29)], leading to a decrease in limiting lasing efficiency, down 
to 30 % or below.

Figure 4b demonstrates that there is an optimal concen-
tration of active ions, Yb 3.2N opt =ions  at %, which is indepen-
dent of relative pump intensity ip0 and corresponds to the 
maximum lasing efficiency (hmax = 34 % at ip0 = 1.0 and hmax 
= 38 % at ip0 = 1.5) in an Yb : YAG quasi-three-level medium 
of thickness d = 0.5 cm.

Thus, a quasi-three-level medium has an optimal concen-
tration of active ions, Yb( )N options , for a particular phase-conju-
gate laser oscillator configuration. At this concentration, the 
pump depth xp increases to the thickness of the medium, d, at 
time tth. The optimal concentration of active ions in an 
Yb : YAG quasi-three-level medium of thickness d = 0.5 cm 
for scheme 1 (Fig. 1) was found to be 3.2 at %.  Using analo-
gous calculations, we evaluated the optimal concentration of 
active ions in Yb : YAG for schemes 2 and 3 :  Yb 2.7N opt =ions  at % 
for scheme 2 and 2.3 at % for scheme 3.

5. Analysis of the use of various laser media 
for the self-starting of four-wave PCW 
generation in a loop laser resonator

Let a laser medium be spatially infinite in the pump direction 
and the pump duration be infinite in time. The energy depos-
ited in the medium is then also given by (31), but in the case of 
a four-level medium the upper integration limit h can be 
replaced by infinity. For a quasi-three-level medium, we can 
take h = xp

max, where xp
max is given by (30).  In this way, we find 

the limiting gain coefficient of the laser medium, 3a0  (9), at a 
relative pump intensity iр dependent on the x coordinate 
according to Eqn (29). Substituting (9) and (29) into (31), we 
obtain for a four-level medium ( fр, L = 0, h ® ¥)

lnU I
I
I

I1stor
p

L
p
sat

p
sat
p

p

L
p.w

w t w
w t= +e o .	 (33)

Substitution of (9) and (29) into (31) gives for a quasi-three-
level medium (  fр, L > 0, h = xp

max)
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Figure 4.  Four-wave lasing efficiency hL (a) as a function of relative 
pump intensity ip0 at N ions

Yb
= ( 1 ) 8.7 at %, ( 2 ) 3.2 at % and ( 3 ) 1.5 at % 

and (b) as a function of ytterbium concentration N ions
Yb  at ip0 = 1.0 

(dashed line) and 1.5 (solid line) for scheme 1 (Fig. 1) in an Yb : YAG 
crystal of thickness d = 0.5 cm in the pump direction.
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The approximate equality in (33) and (34) is valid when Ip < 
Ip
sat, which is often the case in practice.
It follows from (33) and (34) that the energy deposited in 

the laser medium increases with increasing pump intensity Ip 
and upper laser level lifetime t and also when the pump fre-
quency wp approaches the laser frequency wL. Therefore, 
laser media with the longest upper laser level lifetime are 
advantageous for four-wave PCW generation self-starting in 
a loop laser resonator.

The energy deposited in a four-level medium (33) is inde-
pendent of the concentration of active ions, Nions. For Ip < 
Ip
sat, it is independent as well of the absorption saturation 
intensity, Ip

sat. At the same time, the energy deposited in a 
quasi-three-level medium (34) decreases with increasing 
active-ion concentration Nions and decreasing effective 
absorption cross section sabs(lp), which is due to partial filling 
of the lower laser level.

It also follows from (33) and (34) that, for Iр > Ip
sat, the 

deposited energy increases with pump absorption saturation 
intensity, Ip

sat
p'w= ( )abs ps l t6 @–1, which means that a decrease 

in deposited energy upon partial filling of the lower laser level 
because of the small absorption cross section sabs(lp) of the 
quasi-three-level medium can be compensated for by raising 
the pump intensity.

Thus, in addition to neodymium-doped crystals, which 
are already widely used for four-wave PCW generation, 
attractive four-level laser media are chromium-doped materi-
als, which also have a long upper laser level lifetime, e.g. alex-
andrite (t = 260 ms [34]) and Cr : LiCAF (t = 170 ms [42]). The 
worst medium in this respect is Ti : sapphire (t = 3.2 ms [34]) :  
the use of Ti : sapphire crystals for four-wave PCW generation 
self-starting requires a substantial increase in pump intensity 
Iр, which was achieved by Minassian et al. [5] by pumping 
with a frequency-doubled high-power nanosecond Nd : YAG 
laser.

Promising quasi-three-level media are those with a long 
upper laser level lifetime, such as Yb : YAG (t = 950 ms, lL = 
1.03 mm [41]) and Tm, Ho : YAG (t = 8500 ms, lL = 2.08 mm 
[34]), but, because of the partial filling of the lower laser level, 
one has to increase the pump intensity and reduce the concen-
tration of active ions.

What is of interest for us is at what values of the Iр and 
Nions variable parameters a quasi-three-level medium has the 
same stored energy as four-level media, i.e. compares well to 
it in energy efficiency in Q switching of a phase-conjugate 
laser. Equating the energy (33) deposited in a four-level 

medium, e.g. in Nd : YAG, to the energy (34) deposited in a 
quasi-three-level medium, e.g. in Yb : YAG, we obtain
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where the superscript Nd or Yb refers to a four-level 
(Nd : YAG) or quasi-three-level (Yb : YAG) medium.

Figure 5 shows the ytterbium ion concentration YbN ions  in 
Yb : YAG evaluated as a function of pump intensity Iр using 
Eqn (35) and corresponding to the condition of equal ener-
gies deposited in Yb : YAG (lL = 1.03 mm) and Nd : YAG 
(1.064 mm). It is seen that increasing the pump intensity leads 
to an increase in the active ion concentration in Yb : YAG at 
which equal energies are deposited in Yb : YAG and 
Nd : YAG. In the grey region (under the curve), the energy 
deposited in the Yb : YAG quasi-three-level medium exceeds 
that in the Nd : YAG four-level medium. For this reason, at 
a given pump intensity, it is energetically favourable to use 
an active ion concentration below the YbN ions  value on the 
curve, i.e., at a given pump intensity, the working range of 

YbN ions  concentrations extends from zero to the value lying on 
the curve.

There is a minimum pump intensity, Ip
min = 2.1 kW cm–2 

(vertical dashed line), at which the use of the Yb : YAG quasi-
three-level medium can be energetically favourable. The 
active ion concentration YbN ions  should then be almost zero. 
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I p
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Figure 5.  Ytterbium ion concentration N ions
Yb  in Yb : YAG evaluated as 

a function of pump intensity Ip using Eqn (35) and corresponding to 
equal energies deposited in Yb : YAG (lL = 1.03 mm) and Nd : YAG 
(1.064 mm) crystals at the same pump intensity. In the grey region, the 
energy deposited in the Yb : YAG quasi-three-level medium exceeds 
that in the Nd : YAG four-level medium.
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Note that the pump intensity of 2.1 kW cm–2  can be ensured 
by 2D SLM-3-2 laser diode arrays used in an earlier study 
[14], even without focusing the pump radiation. Pump intensi-
ties above YbN ions  (e.g. with focused pump radiation) extend the 
working range of active ion concentrations to higher YbN ions

values.

6. Conclusions

A generalised theory was used to carry out a comparative 
analysis of the use of various four-level and quasi-three-level 
doped laser media for the self-starting of DFWM PCW laser 
generation based on gain gratings in a loop resonator.

Expressions were derived for the threshold gain increment 
of a laser medium in various loop resonator configurations at 
the pulse duration necessary for four-wave PCW generation 
self-starting. The results demonstrate that, in contrast to 
four-level media, quasi-three-level media are characterised by 
a longer pump duration, which is due to the slow increase in 
gain coefficient under pumping because of the partial filling 
of the lower laser level. Quasi-three-level media are shown to 
have an optimal concentration of active ions corresponding 
to the maximum four-wave PCW generation efficiency. At 
this concentration, the pump depth of the laser medium 
increases at the instant of self-starting to the thickness of the 
medium in the pump direction. Quasi-three-level media can 
compete with four-level media in terms of deposited energy at 
long upper laser level lifetimes and increased pump intensi-
ties. We have identified the most attractive solid-state laser 
media for four-wave PCW generation that have the highest 
deposited energy at a given pump intensity. In addition to 
neodymium-doped crystals, which are already widely used for 
four-wave PCW generation, attractive four-level media are 
chromium-doped materials, e.g. alexandrite and Cr : LiCAF. 
Promising quasi-three-level media are those with the longest 
upper laser level lifetime, such as Yb : YAG and Tm, Ho : YAG, 
at high pump intensities.
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