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Abstract.  Based on numerical simulations, self-focusing of conven-
tional and vortex optical beams produced by femtosecond pulses in 
air is comparatively analysed. It is shown that, other things being 
equal, in the case of self-focusing of vortex beams, a significantly 
higher concentration of energy is observed in the focal spot. As 
a  consequence, there also arises a significant broadening of the 
space – time spectrum of the focused vortex beam as compared with 
the vortex-free self-focusing regime. The azimuthal instability of 
the vortex structure at small initial perturbations of the wave front 
leads to filamentation of radiation at distances greater than is 
usually the length of self-focusing. 

Keywords: femtosecond optical pulses, optical vortices, self-focusing, 
supercontinuum. 

1. Introduction 

Self-focusing of intense femtosecond laser pulses in gaseous 
and condensed media is accompanied by a radical transfor-
mation of the space – time spectrum of radiation, leading to a 
substantial redistribution of energy in a wide frequency-angu-
lar range [1]. The spectrum superbroadening mechanisms, 
which form the basis of the phenomenon of spatial-temporal 
phase modulation, include a number of features inherent in 
femtosecond radiation (slow nonlinear response, nonlinearity 
dispersion and diffraction dispersion). In addition, depending 
on the refractive index there is a typical nonlinear component 
of the plasma arising due to ionisation of the molecules of the 
medium as a result of multiphoton absorption [2, 3]. Super
broadening of the emission spectrum in self-focusing of intense 
femtosecond laser pulses in nonlinear media is conventionally 
called supercontinuum generation – coherent electromagnetic 
radiation with a continuous spectrum and a high spectral 
brightness in the visible and near-IR wavelength ranges (see, 
e.g., reviews [2, 3]). Possibility of producing light pulses with 
similar characteristics has opened good prospects for laser 
radiation to be applied in monitoring and remote sensing. To 
date, the first broadband femtosecond terawatt lidars have 
already been fabricated. This allows one to gain information 

about the state of the atmosphere in the wavelength range 
400 nm – 4 mm, without the need to readjust the carrier fre-
quency of the radiation, which extends the information con-
tent of laser sensing [3]. 

Theoretical and experimental study of the spectral and 
angular characteristics of radiation and the study of properties 
of supercontinuum structure formation in self-focusing of high-
power pulses in air is described in numerous works [2 – 12]. 
The results of research in this area are reflected in a recent 
review [13]. Among the published studies, to our knowledge, 
only paper [12] is devoted to the propagation of pulsed beams 
with a singularity of the wave front (vortex pulses or optical 
vortices) in the air. The authors of [12] consider the problems 
of spatial stability of vortex structures, but do not address the 
issues of spectrum superbroadening. The results of experi-
mental and theoretical investigations of the supercontinuum 
generation in self-focusing of optical vortices in solids are pre-
sented in [14], where the authors observed survival of singular 
vortex beams upon filamentation, but did not analyse in detail 
the structural features of the supercontinuum. Meanwhile, as 
will be shown below, it is the singularity (vortex structure) of 
the wave front of femtosecond pulses that can drastically and 
nontrivially change the spectral characteristics and the general 
picture of self-focusing of such pulses in air. 

2. Theoretical model 

Propagation of femtosecond optical pulses in air can be 
described in terms of dimensionless variables z = Z/D, t = T/t0, 
r = R/r0 and u = E [P0 /(4pr0

2)]1/2, based on the following equa-
tion (see, e.g., [1 – 3]): 
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The normalised coefficients of equation (1) and the desired 
function u are expressed via the parameters of the optical 
pulse and the medium: 
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Here P0 is the critical self-focusing power; k = 2p/l; k0 = 2p/l0; 
l0 is the wavelength; D = pr0

2/l0 is the diffraction length; bK 
and sK are the photon absorption and multiphoton ionisa-
tion coefficients; rnt and rc are the effective density of neutral 
molecules and the critical plasma density; and K = 8 is the 
integer constant characterising the multiplicity of the number 
of photons in the effects of multiphoton absorption by oxygen 
molecules (ionisation threshold of nitrogen is higher than that 
of oxygen; therefore, only the ionisation of oxygen molecules 
is considered). The parameter tK is defined as the ratio of the 
relaxation time of the cubic nonlinearity to the pulse dura-
tion. The constants e and k characterise the group velocity 
dispersion of momentum in the second and third approxima-
tions of the dispersion theory, g describes the dispersion of 
nonlinearity, and a and d take into account the instanta-
neous  and inertial corrections to the nonlinear dependence 
of the refractive index on the radiation intensity. The terms of 
the equation with the coefficients m and n take into account 
the effects of nonlinear self-action caused by ionisation of the 
medium under the influence of multiphoton absorption and 
tunnelling, and the term with coefficient h describes the dis-
persion diffraction. When pulsed radiation (wavelength, 800; 
duration, t0 = 100 fs; and initial beam radius, r0 = 3 mm) 
propagates in air, the coefficients in equation (1) have the fol-
lowing values: a = 0.52, g = 4.3 ́  10–3, h = 4.2 ́  10–3, d = 
1.5 ́  10–5, e = –0.14, k = 1.6 ́  10–4, m = 3.8 ́  10–31, n = 7.4 ́  10–29, 
tK = 0.7. 

The mechanism of impact ionisation in this case can be 
ignored, because the pulse duration is much smaller the elec-
tron – atom collisions. 

Most coefficients of the studied equation make sense of 
small parameters for the initial radiation parameters. Because 
of this, the effects associated with the relevant terms of the 
equation make a negligible contribution to the dynamics of 
the pulsed beam at the initial stage of its evolution. Under the 
influence of the nonlinear self-focusing of the pulsed beam, its 
spatial-temporal scales vary considerably, which is reflected 
in a significant broadening of the space – time spectrum of 
radiation and the appearance of local features of the field 
intensity at which each of the terms in equation (1) makes 
a  commensurable contribution to the overall picture of the 
phenomena associated with self-focusing of radiation in air. 

To describe the transverse field structure, use is made of 
the polar coordinates r and j [D^ = r–1¶r(r¶r) + r–2¶j2 ]. The 
initial conditions for (1) are given as 

u (r, j, t, z = 0) = u0(r/r0)m exp [–(r/r0)2 – t2 + imj],	 (2)

where m = 0, ±1, ±2 is the topological charge of the pulsed 
beam [12, 13, 15]. 

3. Results of the numerical analysis 

Within the framework of the developed mathematical model 
(1), (2), we studied numerically the dynamics of conventional 
and vortex pulsed optical beams in air. For the numerical 
analysis of the problem use was made of the fractional-step 
spectral-difference method, the details of which are described 

elsewhere. Application of the Fourier method to the variables 
t and j with the difference approximation on an irregular 
grid over r provided sufficient computational accuracy for a 
relatively small size of the computational grid. The number 
of grid nodes in time Nt = 1012 ensured in the focal spot the 
spectral resolution at wavelengths from the near-UV to the 
radio band. The nonuniform grid in the radial direction at a 
number of nodes Nr = 256 allowed one to obtain in the focal 
spot the spatial resolution with a step of h = (0.6  – 10.0) ́  10–6 m. 
The analysis of the three-dimensional problem showed that 
in  the azimuthal direction it is sufficient to use a grid with 
the number of nodes Nj = 32. The step on the evolutionary 
variable z was chosen in the range of 10–4 – 10–7, depending on 
the maximum radiation intensity and in such a way that the 
maximum phase increment due to the nonlinear phase modu-
lation of the complex envelope of the solution at each step did 
not exceed 0.02 – 0.05 rad. 

We investigated the properties of emission spectrum super
broadening in self-focusing and analysed the major differences 
in the behaviour of conventional and vortex pulsed beams in 
terms of the structure of the spectral supercontinuum. 

For comparison, we considered self-focusing of conventional 
and vortex pulsed beams with topological charges m = 0 and 1, 
respectively, under conditions of the same power (energy) and 
pulse duration of 100 fs (half-width of the field amplitude 
level umax/e). To provide approximately the same self-focus-
ing length of the conventional and vortex beams we assumed 
that the pulsed beam radius was r0 = 6 mm at m = 0 and 3 mm 
at m = 1. The peak power was set equal to the twentyfold 
excess of the critical power necessary for self-focusing of a 
stationary beam for the given parameters of the medium non-
linearity. It should be noted that the critical power necessary 
for self-focusing of the vortex beam with a unit topological 
charge is more than three times the usual critical self-focusing 
power of the conventional beam [14]; therefore, in the numer-
ical experiments, the multiplicity of the excess of the critical 
power of the vortex beam was lower than that of the conven-
tional beam. 

Consider the features of self-focusing of conventional 
pulsed beams with a Gaussian spatial and temporal profile. 
Because of the nonlinearity inertia, leading self-focusing is 
observed not in the cross section corresponding to the maxi-
mum pulse power, but with some delay (Fig. 1, z = 0.128). 
Further dynamics is characterised by the movement of the 
focus in the direction of the leading edge, and already at z = 
0.130 its position is ahead (in time) of the position of the cross 
section corresponding to the maximum power, while behind 
the focus divergent radiation, experiencing self-focusing, is 
observed. Thus, the nonlinearity inertia leads to the charac-
teristic nonstationary self-focusing, which is at an early stage 
manifests itself in the movement of the primary focus at a 
velocity that is higher than the group velocity of the propagat-
ing pulse. 

The subsequent propagation of the pulsed beam is charac-
terised by an increasing amplitude modulation of radiation 
both in the longitudinal and transverse cross sections, which is 
also reflected in the broadening of the space – time spectrum. 
The beam radius in the case of self-focusing is reduced by 
approximately two orders of magnitude, and approximately 
the same spatial scale is typical of the pulse intensity modula-
tion in time (Fig. 1). 

Self-focusing of the vortex beam is characterised primarily 
by an increase in the self-focusing length. This is a conse-
quence of a lower multiplicity of the excess over the critical 
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power of the vortex beam. Nonstationary self-focusing of the 
vortex beams manifests itself in the formation of a horn-
shaped structure of their spatial and temporal profile. In this 
case, the leading self-focusing of the trailing edge of the pulse 
is clearly traced on the spatial and temporal profile of the 
pulse (Fig. 2, z = 0.170 and 0175). 

Among the differences observed during the self-focusing 
of vortex pulses as compared to conventional pulses, we note a 
significant decrease in the intensity modulation of the radiation 
in the longitudinal and transverse cross sections. Reducing 
spatial aberrations of vortex pulses is, apparently, due to an 
increase in the energy threshold of self-focusing, since it is the 
multiplicity of the excess over the critical power that charac-
terises the distortion of the original space – time structure. In 
the focal region, the critical power is usually localised, while the 
periphery of the beam is focused with delay, interfering with a 
divergent radiation, which has already experienced this self-
focusing. Such interference is manifested in concentric rings 
in the transverse intensity distribution, formed behind the 
focus of a nonlinear beam having a power that is significantly 
higher than the critical one [4]. 

It is notable that the peak intensity during the self-focus-
ing of the pulsed vortex beam significantly exceeds a similar 
value for conventional pulses (Fig. 3). Taking into account the 
fact that the radiation power in the focal spot of the vortex 
beam is many times higher than the power of the focused con-

ventional beam, one should expect more significant manifes-
tations of plasma nonlinearity due to multiphoton absorption 
and ionisation of air. When the intensity of radiation is less 
than a certain threshold, the pulse energy remains unchanged. 
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Figure 1.  Spatiotemporal distributions of the field amplitude of the 
pulsed beam with the initial Gaussian spatial and temporal profile at 
m = 0 in the process of self-focusing. 
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Figure 2.  Spatiotemporal distributions of the field amplitude of a pulse 
vortex beam with a topological charge m = 1 in the process of self-focusing. 
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pulsed conventional (m = 0) and vortex (m = 1) beams during the self-
focusing in air. 
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The excess over the ionisation threshold during the self-focus-
ing leads to dissipative processes that result in energy loss. 
The energy loss in self-focusing a vortex pulse is over 3 % of 
the initial value, which is more than an order of magnitude 
higher than a similar loss in self-focusing a conventional 
pulse; the loss in this case does not exceed tens of percent. The 
peak intensity during the self-focusing is largely determined 
not only by the plasma nonlinearity, but also by defocusing 
correction of the fifth degree. If we neglect the latter, that is, 
in the case of d = 0, the energy loss of the conventional pulse 
becomes greater than 1 % and in the case of the vortex pulse 
the energy loss is close to 20 %.

The picture of self-focusing is formed under the influence 
of the nonlinear phase modulation of the pulse. The super-
broadening of the spectrum during the self-focusing is achieved 
by the simultaneous influence of the cubic and plasma non
linearities. The substantial inertia of the plasma nonlinearity 
(its relaxation time exceeds manifold the pulse duration) leads 
to the fact that at the leading edge of the primary focus the 
phase modulation due to the cubic nonlinearity dominates, 
while at the trailing edge an important role is played by the 
plasma nonlinearity that is opposite in sign. This mechanism 
of phase modulation under the influence of competing non-
linearities of opposite sign makes a major contribution to the 
formation of the space – time structure and spectral character-
istics of radiation when high-power pulsed laser beams propa-
gate in the air. 

Figure 4 shows the spectral and angular characteristics 
of the conventional and vortex pulsed beams during the self-
focusing. As above, we consider the case of the 100-fs pulsed 
beams with a peak power which is about twenty times higher 
than the critical self-focusing power. The scattering angle of the 
spectral components of the pulse is calculated in the standard 
way: tan q = k^/k||, where k|| and k^ are the longitudinal and 
transverse components of the wave vector. The frequency-
angular spectrum was calculated using the Fourier transform 
of the complex envelope of the pulse. The spectral character-
istics of optical pulses during the self-focusing in gases and 
liquids are investigated theoretically and experimentally in 
[4, 6, 8] (see also reviews [2, 3, 13]). The results of numerical 
simulations presented in Figs 1 and 4 are in qualitative agree-
ment with the presently known results [3, 4, 13]. The power 
and peak intensity localised in the focus of the vortex beam 
exceed the same parameters during the self-focusing of con-
ventional pulses with the same initial energy and duration. As a 
consequence, the characteristic broadening of the space – time 
spectrum during the self-focusing of the vortex beam is much 
larger than in the vortex-free regime. The width of the angular 
spectrum, as shown in Fig. 4, during the self-focusing of the 
vortex beam is about ±0.25°, while for conventional beams 
with the same energy, it is within ±0.1° [4]. Qualitatively, the 
spectrum of the focused vortex pulses is characterised by the 
conical emission dominating in the long-wavelength wing, 
whereas in the spectrum of conventional beams conical emis-
sion dominates in the short-wavelength region [2, 4, 6, 8]. 

Another significant difference of the propagation dynamics 
of pulsed optical vortex beams is their inherent azimuthal 
instability that leads to the destruction of the vortex structure 
and filamentation of radiation into several channels diverging 
from the axis of the initial beam [12, 15]. In contrast to the media 
with anomalous dispersion, where there are stable propaga-
tion regimes of vortex pulsed beams with a single topological 
charge [16], in media with cubic saturable nonlinearity (such 

as air), one can observe an absolute instability of the vortex 
structure of pulses [12]. However, the theoretical estimates 
indicate the possibility of a stable propagation of vortex pulsed 
beams at a distance of several hundred meters [12]. Numerical 
experiments have shown that at small initial perturbations 
of  the vortex mode, vortex pulse filamentation is generally 
observed at distances greater than the length of the nonlinear 
self-focusing. 

Figure 5 shows the propagation dynamics of a pulsed vor-
tex beam, which has already experienced the self-focusing. 
The initial parameters of the pulse are the same as in the 
above case (see Figs 2 and 3). The iso-surfaces of the vortex 
pulse intensity are coloured in accordance with the values of 
the phase of the complex envelope of the field, which allows 
one, along with the development of amplitude modulation to 
observe simultaneously the development of the spatial-tem-
poral phase modulation. The data presented demonstrate the 
nonstationary self-focusing, which leads to the formation of 
the characteristic horn-shaped structure in the intensity distri-
bution at the leading edge of the pulse. Growth of azimuthal 
perturbations leading to the transverse instability of the ring 
structure of the optical vortex dominates at the trailing edge 
of the pulse. 
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S of the conventional and vortex pulsed beams which have experienced 
self-focusing. 
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4. Conclusions 

The presented results of the comparative numerical analysis 
of the propagation dynamics of conventional and vortex pulses 
in air have revealed some significant differences inherent in 
the self-focusing of the latter. The frequency and angular 
spectra are significantly broadened during the self-focusing of 
vortex beams in comparison with the vortex-free regimes. 
This difference is due to the higher peak intensity and locali-
sation of the vortex pulse of a higher power in the focal spot. 
The azimuthal instability of vortex pulsed beams in media with 
normal dispersion limits the distance of their stable propaga-
tion in air. However, at sufficiently small initial amplitude 
and phase perturbations of the wave front of the initial pulse 
the distance of stable propagation of optical vortices with 
topological charge m = 1 can exceed the length of the nonlinear 
self-focusing. The differences demonstrated point to the fact 

that the use of the vortex pulses in the problems of remote 
sensing of the atmosphere is quite promising. 
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Figure 5.  Destruction of the pulsed vortex optical beam during the self-
focusing in air. The brightness of colour of intensity iso-surfaces, cor-
responding to the phase of the complex field envelope, allows one to see 
the vortex structure and the growing phase modulation of the pulse. 


