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Abstract.  We have calculated the stored energy and gain coeffi-
cient in disk gain elements cooled to cryogenic temperatures. The 
problem has been solved with allowance for intense heat generation, 
amplified spontaneous emission and parasitic lasing, without aver-
aging over any spatial coordinate. The numerical simulation results 
agree well with experimental data, in particular at high heat gen-
eration rates. Experimental data and theoretical analysis indicate 
that composite disk gain elements containing an undoped region 
can store considerably more energy due to suppression of amplified 
spontaneous emission and parasitic lasing.

Keywords: pulsed laser, disk laser, amplified spontaneous emission, 
Yb : YAG, cryogenic cooling.

1. Introduction

The ability  to reduce negative thermal effects  (such as  ther-
mally induced aberrations or reduction in gain cross section), 
the power  scalability of  laser  systems and  the  laser damage 
behaviour of gain elements (GEs) are critical issues in design-
ing high pulse energy, high repetition rate laser systems. One 
way to resolve these issues is to use Yb : YAG disks cooled to 
liquid-nitrogen  temperature  [1,  2]. The  ytterbium  ion has  a 
small quantum defect (9 %) [3] and long inversion lifetime and 
is  free  from  excited-state  absorption  [4].  The  use  of  face-
cooled  (active  mirror)  disk  GEs  greatly  reduces  thermally 
induced  aberrations  [5]  and  allows  one  to  readily  scale  up 
laser systems by merely increasing the pump and transmitted 
beam diameters. Yet another advantage of the disk geometry 
is that no self-focusing occurs because of the small laser – mate-
rial  interaction  length.  Cooling  to  cryogenic  temperatures 
increases  the  thermal  conductivity of Yb : YAG,  reduces  its 
thermal expansion coefficient  (1/L)(dL/dT ) and changes its 
refractive index (dn/dT ) [6, 7]. Moreover, it improves the las-
ing performance of the medium: increases its absorption and 
stimulated-emission cross sections [8] and almost completely 
depopulates  its  lower  laser  level  [4],  which  enables  more 
energy to be stored in the GE.

The key  factors  that  limit  the  energy  stored  in disk  ele-
ments are amplified spontaneous emission (ASE) and para-

sitic lasing. These effects are particularly strong in the case of 
disk  geometry,  with  low  longitudinal  and  high  transverse 
gain. The effect of ASE on  the  small-signal gain coefficient 
has been the subject of extensive experimental and theoretical 
studies  [9 – 15]. Most analytical and even numerical calcula-
tions have been only approximate.

In a number of studies [9 – 12], ASE was treated as a mod-
ifier  of  the  upper  laser  level  lifetime.  In  this  approach,  the 
temperature  dependence  and  nonuniformity  of  the  popula-
tion distribution are left out of consideration. Antognini et al. 
[9] measured the effective upper laser level lifetime as a func-
tion of pump power and used  the  results  in  their analytical 
calculations. The lifetime was estimated analytically  in Refs 
[10 – 12], and Speiser [13] presented an analytical calculation 
of the ASE flux density with no allowance for the longitudinal 
nonuniformity  of  the  population  distribution.  His  model 
took into account back reflection from the faces and reflec-
tion loss, with no allowance for temperature changes. Xinghua 
et al. [14] evaluated ASE using a Monte Carlo method, which 
requires no approximations, but they did not assess the asso-
ciated  temperature  change.  Their model  took  into  account 
back reflection from the disk faces and neglected the reflec-
tion loss, and the lateral surface was thought to be absorbing. 
Albach  [15] also evaluated ASE using Monte Carlo simula-
tion. He took into account the nonuniformity of the distribu-
tion  of  the  population  difference  between  the  laser  levels; 
solved a  linear problem  for  the  temperature;  and  took  into 
account the thermal effects, such as thermal lensing, thermal 
depolarisation and birefringence; but back reflection was left 
out of account.

Researchers at the Institute of Applied Physics, Russian 
Academy of Sciences, are developing a cryogenic 100 ps disk 
laser with a subjoule energy and repetition rate of 1 kHz [16]. 
In this paper, we present a numerical model for evaluating the 
stored energy and small-signal gain in a disk GE. The model 
takes into account amplified spontaneous emission and para-
sitic  lasing  in  the GE,  the  spectral distributions of  the  gain 
and  absorption  cross  sections,  the  highly  nonuniform  heat 
generation and nonuniform distributions of material param-
eters because of the temperature gradient across the GE. In 
our calculations, no averaging over any coordinate was per-
formed.

2. Calculation of the population inversion 
in a gain element

Let a pump beam of fixed power P and diameter D be inci-
dent on a disk GE of thickness h and diameter d (Fig. 1). The 
pump beam passes twice through the GE because  it reflects 
from the face having a mirror. The gain element is in thermal 
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contact with a copper heatsink through indium solder (Fig. 1). 
The system is thought to be axisymmetric: the angle of inci-
dence of the pump beam is so small that the azimuthal asym-
metry can be neglected. We examine two disk GE configura-
tions: a disk gain element and a composite gain element con-
sisting  of  an Yb : YAG  disk  and  an  undoped YAG  crystal 
fused to the disk (Fig. 1). This structure allows one to improve 
heat removal from the active medium and reduces the effect 
of ASE because there is no reflection from the Yb : YAG/YAG 
interface. The Yb : YAG/YAG composite medium was pro-
duced by thermal diffusion bonding [17].

2.1. System of balance equations

To calculate the gain coefficient, one must know the distribu-
tion of the population difference between the laser levels. The 
evolution of this parameter can be described by a system of 
balance equations for the population of the ytterbium ion lev-
els and the intensity of the incident and reflected pump beams. 
The energy level structure and parameters of the Yb3+ ion are 
such that there is no absorption from the upper laser level and 
it has a long lifetime and small quantum defect. The Yb3+ ion, 
however, has a significant drawback: the splitting of its lower 
and upper laser levels makes it necessary to take into account 
the population distribution over their sublevels [18]. At room 
temperature, the splitting leads to a population redistribution 
between all the sublevels, reducing the population difference 
and,  therefore,  the  small-signal  gain  and  stored  energy. 
Cooling to liquid-nitrogen temperature reduces kT. The effect 
of the level splitting also decreases, but we will not neglect it.

To adequately describe the dynamics of the populations in 
a wide  temperature  range, we  should  take  into account  the 
temperature dependence of the population distribution over 

the  energy  sublevels  and  temperature-dependent  material 
parameters. The sublevels with populations N2, N2l  and  2Nll

are assumed  to  instantaneously  reach  thermodynamic equi-
librium with  the sublevels with populations N0, N1, N1l and  

1Nll   in  accordance  with  the  Boltzmann  distribution.  This 
approximation allows balance equations to be derived for the 
population of only one level: all the other populations can be 
expressed through this quantity and the total Yb ion concen-
tration. Given the above, the system of balance equations for 
the population of the upper laser level (N2), the incident pump 
intensity (I1) and the intensity of the beam reflected from the 
GE mirror (I2) has the form
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where Ntot is the active ion concentration; sp is the absorption 
cross  section  at  the  pump wavelength;  Isp  is  the  saturation 
intensity  at  the pump wavelength;  t  is  the upper  laser  level 
lifetime; k(T ) is the thermal conductivity of the GE material; 
a(T ) is its heat capacity; r is its density; and Q(r, T ) is the heat 
source,  determined  by  the  quantum  defect    and  absorbed 
pump power. The functions F1(T ), F2(T ) and F3(T ) are deter-
mined by the temperature and sublevel energies in accordance 
with the Boltzmann distribution:
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Figure 1. Geometry  of Yb : YAG  amplifiers with  (a)  a  standard  disk 
GE and (b) a composite GE.
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Here,  E0,  E1,  21 2,, , andE E E E E1 2l ll l ll   are  the  energies  of  the 
corresponding ytterbium ion sublevels [18]: 0, 565, 612, 785, 
10 327, 10 624 and 10 679 cm–1, respectively.

The system is supplemented with a nonlinear heat equa-
tion because, at a high thermal load, the temperature depen-
dence of the lasing characteristics of the GE is essential, espe-
cially  at  cryogenic  temperatures.  The  last  term  in  Eqn  (3) 
represents ASE. The particular  form of  this  term  is  consid-
ered below.

2.2. Amplified spontaneous emission

The effect of ASE is taken into account by the last term in (3). 
It can be written in the form [13]

¶ dN
ASE
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l
¶t
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where gl is the linear gain coefficient at wavelength l and Fl 
is the ASE flux at frequencies from l to l + dl. The ASE flux 
should  be  integrated  with  respect  to  wavelength  using  the 
known  luminescence spectrum and gain cross  section  (mea-
sured by Mukhin et al.  [19]). The ASE flux at wavelength l 
can be found as follows [13]:
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where bl is the spectral distribution of the spontaneous emis-
sion intensity; dW is a solid angle element; st  is the radius vec-
tor of the point for which the ASE flux is sought; s is the vari-
able radius vector in the integration over the GE; and su  is the 
radius vector characterising the amplified emission direction.

The integration limit smax depends on the GE configura-
tion  (disk  or  composite GE).  In  the  case  of  the  disk  (with 
allowance for the back reflection from the disk faces but with 
no allowance for the reflection from the lateral surface, which 
is thought to be perfectly absorbing), this parameter is given 
by [13]
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where R  is  the GE radius; r  is  the  radial distance  from the 
centre of the GE to the point for which the ASE flux is sought; 
and the angles q and j are defined in Fig. 2.

When the ASE intensity in a composite GE is calculated, 
reflection is though to occur only from the bottom face, i.e. 
smax takes a different value. The top face of the GE is not per-
fectly  reflective,  so  the  amplified  spontaneous  emission  can 
leave the GE through this surface.   Its reflectivity was mea-
sured as a function of the angle of incidence and was used in 
ASE intensity calculation.

Spontaneous  emission  can  be  scattered  from  the  lateral 
GE surface back to the pumped region, where it is then fur-
ther  amplified.  This  process  leads  to  radial  ASE  intensity 
oscillations and limits subsequent growth of the stored energy. 
The parasitic lasing threshold was estimated from the condi-
tion that the product of the probability of scattering into the 

pumped  region  with  the  radial  spontaneous  emission  gain 
should  exceed  unity.  We  assumed  that  the  total  internal 
reflection angle was only determined by the refractive index 
of YAG (Yb3+ doping had no effect on its refractive  index) 
and that, on the lateral surface, the light was scattered through 
the 4p solid angle with equal probability. The gain was esti-
mated using averaging over the longitudinal coordinate of the 
GE.

2.3. Numerical simulation

To  compute  the  small-signal  gain  and  stored  energy  in  an 
Yb : YAG disk GE, we  designed  a  program  code  based  on 
spatial  finite differences. Note  that  it  involves no averaging 
over any spatial coordinate, which allows us to use a numeri-
cal model for any cylindrical GE.

In the first step, the incident and reflected pump intensi-
ties are evaluated using Eqns (1) and (2). The population dif-
ference distribution at the initial instant is thought to be uni-
form and to correspond to thermal equilibrium, and the tem-
perature of the system is set equal to the ambient temperature. 
Next, Eqn  (3)  is used  to compute  the change  in population 
difference over one time step using the ASE computed in the 
preceding  step. For  the new population difference distribu-
tion,  the heat  sources, ASE  flux distribution,  stored  energy 
and small-signal gain are computed, along with the tempera-
ture  change  over  one  time  step.  The  program  then  verifies 
whether  the parasitic  lasing condition  is met. If  so, nonuni-
form distributions of GE parameters  are  recomputed using 
the  new  temperature  distribution. Next,  a  transition  to  the 
next time step occurs.

The  temperature  is  computed  for  a  system  of  coaxial 
cylindrical  bodies  of  the  same diameter:  a  copper  heatsink, 
gain element and undoped YAG in the case of the composite 
GE. At a high thermal load, the problem of heat conduction 
is nonlinear because of the nonuniform temperature distribu-
tion.  The  calculation  takes  into  account  the  temperature 
dependences of the lasing and thermo-optical characteristics 
of the GE: the upper laser level lifetime, spectra of the stimu-
lated  emission  and  absorption  cross  sections  [20],  thermal 
conductivity  [19]  and  heat  capacity  [21]  of  Yb : YAG. 
Temperature-dependent gain and luminescence spectra were 
reported by Mukhin et al. [20]. The upper laser level lifetime 

R

z

r

j

q

s̃

ŝ

smax

Figure 2. Local coordinate system and determination of the integration 
limits for a disk in ASE calculation.
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is a strong function of the quality of the material, so this life-
time was measured for each sample.

The ASE  flux  is  computed as  follows: A  local  spherical 
coordinate system is introduced at each point of the computa-
tional mesh (Fig. 2). With such a coordinate system, the inte-
gral in the expression for the amplified spontaneous emission 
flux has no singularity, but it adds complexity to the integra-
tion  limit. Next,  Eqn  (8)  is  used  to  compute  the ASE  flux 
arriving at a given point  st  of the GE in a given direction and 
the  result  is  integrated  over  all  directions.  In  addition,  the 
ASE flux  is summed over wavelengths using measured gain 
and luminescence spectra [21].

3. Experimental investigation of an Yb : YAG 
disk GE

To verify simulation results, we carried out a series of experi-
ments in which the gain coefficient in different GEs was mea-
sured  under  various  pumping  conditions.  We  studied  disk 
and composite GEs with an Yb : YAG disk 0.06 cm in thick-
ness and 1 cm in diameter. A dielectric mirror was deposited 
on  one  face  of  the  samples,  and  an  antireflection  dielectric 
coating, on  the other  (Fig.  1). The GEs were pumped by a 
beam with a nonuniform intensity profile, constant average 
power  and  effective  radius  r.  We  used  two  pump  modes: 
pulsed, with a pulse duration of 2 ms and repetition rate of 
200 Hz, and continuous. In the former mode, one can mea-
sure energy deposition dynamics and check simulation results 
for low heat generation rates, where heating of the GE can be 
neglected. The  latter mode can be used to check simulation 
results for high heat generation rates. Since some of the pump 
light  left  the  GE,  in  what  follows  we  deal  only  with  the 
absorbed pump power. The small-signal gain was measured 
using weak light with a centre wavelength of 1029.3 nm and 
linewidth of 0.8 nm, which passed through the centre of the 
pumped region of the GE and was amplified.

The maximum gain  in  the  cross  section  of  the  disk GE 
measured as a function of pump energy is shown in Fig. 3a. 
The measurements were made at different pump beam diam-
eters. The numerical simulation results are seen to agree well 
with the experimental data. Starting at some energy, the gain 
stops increasing. Numerical calculation indicates that, at this 
energy, parasitic lasing occurs, i.e. the estimated parasitic las-
ing threshold agrees with experimental data.

Vinokurov  [22]  derived  a  relation  between  the  volume-
averaged gain coefficient with allowance for ASE (g) and that 
with no allowance for ASE (g0) for a geometry in which the 
population inversion zone has the form of a sphere of diame-
ter D:

3 eD D
D

1 1 1
2
1D

0 2g g
g

= + - -
g ^

^
h

h
7 A( 2.  (10)

According to his results, ASE has very similar effects on 
the population inversion in a cylinder and sphere with identi-
cal volumes of the inversion zone. Thus, the effect of ASE can 
be  evaluated  for  almost  any GE geometry  using  the  rather 
simple relation (10). At a uniform pump intensity profile, the 
present simulation results and the results obtained using Eqn 
(10) differ very little (Fig. 3a) up to the pump energy at which 
parasitic  lasing  begins.  At  the  same  time,  at  nonuniform 
pump  intensity  and population  inversion profiles, Eqn  (10) 
slightly overestimates the stored energy (Fig. 3b).

Figure  4a  shows  the  small-signal  gain  as  a  function  of 
pump energy for the composite and disk GEs at a pump beam 

diameter of 4 mm. In the composite GE, the small-signal gain 
is considerably higher and, hence, more energy is stored. The 
reason for this is that spontaneous emission does not experi-
ence  multiple  reflection  from  the  GE  faces  to  the  pumped 
region. This leads as well to a large increase in parasitic lasing 
threshold.  In  particular,  Fig.  4a  demonstrates  that,  at  an 
absorbed pump  energy of  388 mJ,  the  energy  stored  in  the 
composite  GE  reaches  87  mJ,  whereas  only  63  mJ  can  be 
stored  in  the disk under  similar conditions. We measured a 
time-dependent gain during a pump pulse  in  the  composite 
GE at an absorbed pump energy of 388 mJ. The calculated 
time-dependent gain coefficient is in excellent agreement with 
experimental data (Fig. 4b).

A particularly important point is to check numerical sim-
ulation results for high thermal loads. Under cw pumping, the 
small-signal  gain was measured  in  both  the  composite  and 
disk GEs.  The  numerical  simulation  results  agree  with  the 
experimental data (Fig. 5) for both GE configurations. Note 
that,  at  high  heat  generation  rates,  the  difference  in  small-
signal  gain  between  the  two  GEs  is  rather  small.  Heating 
reduces  the  gain  cross  section,  but,  as  a  consequence,  the 
effect of ASE also decreases, so the gain difference between 
the composite and disk GEs is smaller at high heat generation 
rates.
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Figure 3. (a) Maximum small-signal gain in the cross section of a GE 
vs.  pump energy at pump beam diameters of 2.7 (■), 3.4 (♦), 4.0 (▲) and 
6.0 (●) mm [the solid lines represent simulation results and the dashed 
lines represent estimates using (10)]. (b) Analogous data for a uniform 
population distribution in the pumped region at the same pump beam 
diameters as  in panel  (a)  [the dashed  lines represent calculation using 
Eqn (10) and the solid lines represent results obtained in the model pre-
sented in this study].
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4. Conclusions

We have constructed a theoretical model for the population 
inversion in Yb : YAG disk GEs and designed a program code 
for  solving  a  system  of  balance  equations  and  a  nonlinear 
heat  equation  with  allowance  for  amplified  spontaneous 
emission,  temperature-dependent  GE  parameters  and  the 
population distribution over the energy sublevels of the ytter-
bium ion. This allows a numerical model to be used in a wide 
temperature range (80 to 400 K) and for a highly nonuniform 
heat generation in GEs.

Several  features  of  amplification  in disk GEs  are worth 
noting.  Intense  transverse ASE  and  parasitic  lasing  signifi-
cantly  limit  the energy stored  in such GEs. The problem of 
increasing the stored energy can be partially solved by using 
composite  GEs  and  by  reducing  the  pump  power  density. 
Effective cooling of disk GEs and the associated significant 
improvement  of  their  thermo-optical  characteristics  enable 
operation at higher average powers, leading to a highly non-
uniform temperature profile across the GE and, accordingly, 
influencing the stored energy and gain coefficient. This must 
be  taken  into account  in gain  coefficient  and  stored  energy 
calculations. In particular, a strong temperature dependence 
of thermal conductivity leads to a necessity to solve a nonlin-
ear heat equation. The ability  to  find the  three-dimensional 
ASE intensity markedly improves the accuracy in gain coef-
ficient and stored energy calculations. A highly nonuniform 
temperature profile across a GE leads to a necessity to take 
into  account  temperature-dependent  bulk  characteristics  of 
the lasing medium.

The present numerical simulation results agree well with 
rough theoretical estimates for a uniform pump intensity dis-
tribution [21]. Also, there is good agreement between simula-
tion results and experimental data,  in particular  in parasitic 
lasing  threshold  estimates.  In  all  cases,  the  stored  energy  is 
severely  limited by ASE and parasitic  lasing. An  important 
point is that there is good agreement between theoretical pre-
dictions and experimental data at high thermal loads, because 
the temperature difference in a crystal may reach tens of kel-
vins, which would lead to a highly nonuniform distribution of 
material characteristics in the bulk of the GE.

We  have  compared  Yb : YAG  disk  and  composite  gain 
elements as  to  the effect of amplified  spontaneous emission 
on  the  stored  energy  under  cw  and  pulsed  pumping.  The 
results demonstrate that the use of composite GEs allows one 
to markedly reduce the negative influence of these effects and 
store considerably more energy at a given pump power, which 
is  of  special  importance  because  of  the  high  cost  of  diode 
pumping.
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