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On the potential of mid-IR lasers for generating high harmonics
with subnanometer wavelengths in gases

M.Yu. Emelin, M.Yu. Ryabikin

Abstract. The influence of the magnetic field of a laser pulse and
the depletion of bound levels of working-medium atoms on the gen-
eration of high harmonics of mid-IR laser radiation in gases is
investigated using numerical quantum-mechanical calculations.
The maximum attainable spectral widths of high harmonics are
estimated for model atoms with different ionisation potentials tak-
ing into account the aforementioned limiting effects. It is shown
(within a two-dimensional model) that high harmonics with wave-
lengths to several angstroms can be generated by irradiating helium
atoms with high-power femtosecond pulses of a laser [5] with a cen-
tre wavelength of 3.9 um. The possibility of observing experimen-
tally relativistic effects using modern desktop mid-IR laser sources
is demonstrated.

Keywords: mid-IR lasers, atoms, ionisation, high-harmonic genera-
tion, X rays, relativistic effects.

1. Introduction

Until recently, the main experimental tool in physics of super-
strong light fields was the Ti:sapphire laser — a source of
high-power femtosecond radiation with a centre wavelength
near 800 nm. However, significant progress has been achieved
in the development of high-power femtosecond parametric
near- and mid-IR laser sources in the last few years. Sources
of different types have been designed, which generate ultra-
short (few-cycle) pulses with a pulse energy on the order or
more than 1 mJ; their working wavelengths are in the range
from 1.5 to 4 um [1-6]. The development of these sources
opens new ways to study the interaction of high-intensity
laser radiation with matter [7].

An important characteristic of various processes related
to ionisation of gases by intense laser radiation is the average
energy of electron oscillations in an ac electric field with an
amplitude E and a frequency o (ponderomotive energy):

e’ E? 2
U, = - J/ (1)

where e is the elementary charge, m is the electron mass, 7 is
the laser radiation intensity, and A is the lasing wavelength.
The U, value determines, in particular, the energy character-
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istics of the free electrons and photons generated at tunnel
ionisation of atoms and molecules. In particular, the position
of the high-energy edge of the plateau-like distribution [8, 9]
in the spectrum of high-order harmonic generation (HHG) in
gases is determined by the universal expression [10, 11]

hQuax ~ I + 317U, ©)

where I; is the atomic ionisation potential, and the high-
energy cutoff in the spectrum of free electrons at high-order
above-threshold ionisation is given by [12, 13]

ESa~ 10U, 3)

The proportionality of the ponderomotive electron energy
to the squared laser wavelength (1) is one the most important
factors determining the advantages of long-wavelength
sources in generation of high-energy photons and electrons.
This feature, in particular, makes it possible to expand sig-
nificantly the plateau in the HHG spectrum to higher fre-
quencies, which was experimentally demonstrated for the first
time in [14]. According to (1), the input intensity can be taken
even lower than in the case of a shorter-wavelength source.
This circumstance is attractive for reducing the undesirable
influence of the effects that are related to intense gas ionisa-
tion and lead both to a decrease in the number of neutral
atoms involved in generation of harmonics and to a phase
mismatch of atomic oscillators and laser beam defocusing due
to the increase in the plasma density.

In turn, easier achievement of phase matching in a macro-
scopic volume of a gas medium using long-wavelength sources
[15, 16] allows one to operate with denser gases and, corre-
spondingly, significantly compensate for the fast decrease
(proportional to A — A7°[17-19]) in the efficiency of har-
monic generation by individual atoms with an increase in 1.
This approach was successfully demonstrated in the recent
experiment [20], where HHG of high-power femtosecond
pulsed radiation [5] with a centre wavelength of 3.9 um,
interacting with helium atoms in a capillary at a high (to 35
atm) pressure, was used to obtain a coherent broadband
supercontinuum with a maximum photon energy up to 1.6
keV. The X-ray brightness near 1 keV, obtained in [20] using
a radiation source with A = 3.9 um at a peak intensity of 3.3 x
10" W cm2, exceeded by four to five orders of magnitude
that observed in [21] as a result of expose of helium and neon
in gas cells at low (0.5 atm) pressure to light with A = 0.8 pm
and peak intensity of 2 x 10'® W cm™2.

Progress in implementing generation of short-pulse coher-
ent X rays using HHG of radiation of compact near- and
mid-IR sources is important for developing high-time-resolu-
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tion spectroscopy in the energy range from several tenths to
several units of keV. Wide energy distributions of electrons
and photons, obtained in correspondence with (1)—(3) upon
ionisation of gases by long-wavelength radiation of relatively
low intensity, have some advantages for methods of extract-
ing dynamic structural information about atoms and mole-
cules [22] based on the analysis of HHG and above-threshold
ionisation spectra. These are higher spatial resolution, attenu-
ation of some undesirable minor effects, possibility of work
with easily ionised materials, etc. [23-25].

The large spectral width of coherent (quasi) supercontin-
uum, produced at HHG of mid-IR radiation, in principle
makes it possible to form pulses with widths from several
attoseconds to several tenths of attosecond. An important cir-
cumstance is that, according to the semiclassical HHG model,
the group-delay dispersion (‘attochirp’) of high harmonics
should decrease with the pump wavelength as 1/4, which is
confirmed by the experimental data of [26]; thus, attochirp
can be more easily compensated for in order to shorten atto-
second pulses. Concerning the generation of single attosec-
ond pulses, it is important that, when the pump wavelength A
increases, the repetition period of attosecond pulses rises pro-
portionally to A, while the threshold ellipticity (defined as the
laser pump ellipticity at which the harmonic generation effi-
ciency is half the sum of that for linearly polarised pump)
decreases as 1/4 [27]. This leads to less strict requirements to
the response speed of polarisation gate [28] for selecting a
single pulse and increases its efficiency in the case of mid-IR
sources.

Thus, femtosecond mid-IR range sources are of undoubted
interest as new promising tools for studies in physics of strong
fields and attosecond physics. In this context, it is important
to determine their ultimate possibilities in the applications
where shorter wavelength sources are widely used and reveal
radically new potentialities. Here, these problems are consid-
ered as applied to high-harmonic generation.

Phase mismatch of elementary oscillators within a medium
(which is related to spatial dispersion) is known to be one of
the main factors limiting the spectral width of experimentally
observed harmonics. Specifically due to the violation of
phase-matching conditions for higher harmonics the width of
experimental HHG spectra is often much smaller than that
predicted by formula (2) for the high-frequency cutoff energy.
Possible ways to solve the phase matching problem in the case
of HHG in the mid-IR radiation field were discussed in a
number of studies. In this context, we should note different
versions of implementing quasi-phase-matching conditions
that are widely considered in the literature. These questions
are beyond the scope of our study; the corresponding discus-
sions can be found, e.g., in [15, 16].

The emphasis of our study is on the factors limiting the
ultimate attainable energies of higher harmonics and their
generation efficiency, which are determined by the specific
features of the response of elementary atomic oscillators. One
of these factors is the influence of the magnetic field of high-
intensity laser radiation on the dynamics of free electrons.
This influence manifests itself in a deviation of the paths of
electrons moving with subrelativistic velocities from straight
lines and, as a consequence [29, 30], in a reduced efficiency of
high-harmonic generation, which is based on recollisions of
electrons with parent ions. When visible or near-IR radiation
interacts with neutral atoms, this factor is insignificant,
because atoms are ionised at radiation intensities much lower
than those at which such relativistic effects may manifest

themselves. However, one should expect that, when using
long-wavelength sources, this factor may be important even
at moderate laser-pulse peak intensities in view of scaling (1).

Another important limiting factor is the depletion of
bound levels of working-medium atoms. Since the emission of
high-energy photons in the HHG regime under consideration
is primarily due to free-bound transitions, the necessary con-
dition for the existence of high-frequency induced polarisa-
tion is nonzero population of both free and bound states. In
this context, fast depletion of bound levels at laser intensities
corresponding to the occurrence of above-barrier ionisation
leads to HHG suppression [31, 32]. Joint consideration of the
aforementioned factors is important both for determining
their relative role during high-harmonic generation under dif-
ferent conditions and for formulating the general conclusions
on the limiting possibilities of generating high-energy pho-
tons by means of HHG in the mid-IR laser radiation field in
gases.

2. Details of numerical calculations

The problem of ionisation of an atom by a femtosecond laser
pulse and high-harmonic generation was solved by numerical
integration of the time-dependent Schrodinger equation in
the single-electron approximation. To study the influence of
the laser-pulse magnetic field on the HHG efficiency, we com-
pared the results of the calculations carried out within the
electric-dipole approximation and beyond it. In the first case
we solved the Schrodinger equation in which the vector poten-
tial of the electromagnetic field is assumed to be only time-
dependent (hereinafter, we use mainly atomic units):

0% _ 1

2
17_§p+@] Ui V(nw, 4
where p is the electron momentum operator, c is the speed of
light in vacuum, V(r) is the interaction potential of electron
and parent ion, and A4() is the laser-field vector potential.

Beyond the framework of the electric-dipole approxima-
tion we took into account the smallness of the localisation
scale of the electron wave packet in comparison with the laser
wavelength and used expansion of the vector potential in spa-
tial coordinates, restricting ourselves to the linear expansion
term in the coordinate z (which was chosen to be directed
along the propagation direction of laser beam, linearly polar-
ised along the x axis):

A(z,1) = e[ Ao(t) + B(1)z] = eu| Ao(1) — %%z .

After a unitary transformation the initial equation is reduced
to the form [29], which differs from the equation in the elec-
tric-dipole approximation by an additional term: —iv_(0 ¥/0z).
This term describes the motion of electron along the z axis
under the magnetic field of laser radiation. Here, v, = (1/2¢)x
[4o(?)/c]? is the z component of the classical electron velocity,
calculated in the lower order with respect to v/c.

The laser field was set in the form of a Gaussian pulse with
an FWHM equal to six field periods. The laser wavelength
was assumed to be 3.9 um and the intensity was varied in the
range from 10" to 2 x 10> W cm™2.

The nonlinear atomic response to the laser field was calcu-
lated using the Ehrenfest theorem, according to which the sec-
ond derivative of the atomic dipole moment can be found as
[33]
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() = - :11:2<r> - <'P(r, 0| 220 4w, z)>
= E()) + R(1), (5)
where
R() = [19(r.0) PG dr ©)

is the nonlinear part of atomic response. The Schrodinger
equation was integrated by the split operator method using
fast Fourier transform [34]. The probability for electron to
remain in the bound state after the end of the laser pulse was
calculated as the norm of the wave function over a region
with a size exceeding the Bohr radius by a factor of 100.

To perform correct numerical description of the dynam-
ics of atomic electron in a high-intensity laser field and
determine its high-frequency response, a number of condi-
tions must be satisfied. First, since the high-frequency
atomic polarisation response is a consequence of interfer-
ence of the de Broglie waves corresponding to the bound
electron and the electron returning to the parent ion under
the ac laser field (according to the quantum-mechanical the-
ory of high-harmonic generation in the tunnel-ionisation
regime [35]), all parts of the electron wave packet that may
return (after leaving the atom) to the small vicinity of the
parent ion, should not go beyond the calculation region.
This condition limits the sizes of the calculation region from
below. Second, the entire wavelength spectrum of the de
Broglie waves arising as a result of acceleration of the elec-
tron wave packet by the laser pulse field should be resolved
well on the coordinate grid. This condition imposes limita-
tions on the maximum allowable grid step in the coordinate
space. Third, all frequencies that may arise in the atomic
polarisation response as a result of interaction between the
atom and the laser field should also be adequately resolved.
This condition limits the maximum allowable time step
when calculating the evolution of the wave function.

Combination of all these factors results in the following:
the computational resources required for calculating the
atomic polarisation response in a strong field increase with
the laser wavelength as A°. If HHG in radiation fields of a
Ti:sapphire laser or some other visible or near-IR source is
simulated, three-dimensional quantum-mechanical calcula-
tions can be fairly easily implemented. However, when pass-
ing to mid-IR sources, the calculation time and number of
computation steps become so large that three-dimensional
calculations can hardly be performed. In this context, we
restrict ourselves to numerical calculations within the two-
dimensional model. The approach based on the use of low-
dimensionality models is widely applied in problems of the
physics of strong fields (see [36] and references therein).
Numerous examples described in the literature prove ade-
quacy (at least qualitative) of this approach as applied to pro-
cesses occurring in strong fields, if the set of coordinates used
for simulation includes all coordinates that are of fundamen-
tal importance for the physical problem under study. In our
case such physically important coordinates are those describ-
ing the motion of a classical electron in the plane formed by
the electric field direction and the wave vector of the incident
electromagnetic wave (hereinafter, coordinates x and y,
respectively).

We use a two-dimensional model in which the interaction
potential of the electron and parent ion is set by the expres-
sion

Z

\/a2+x2+y2’

where Z is the effective charge of the atomic nucleus and a is
the smoothing parameter of Coulomb singularity. The calcu-
lations were performed for a = 0.8 and Z = 1 and 2. Model
potential (7) is a two-dimensional generalisation [37] of the
smoothed Coulomb potential proposed in [38]. In a certain
sense, taking into account the asymptotics of potential (7) at r
— oo, one can say that the model set by this potential is a two-
dimensional analogue of hydrogen atom and singly charged
helium ion at Z = 1 and 2, respectively. Moreover, at Z = 1
and a chosen value of the smoothing parameter, the ground-
state energy in potential (7) is equal to the ionisation potential
of hydrogen atom (/; ~ 13.6 eV).

However, we should note the following: it is of fundamen-
tal importance to describe adequately the ionisation probabil-
ity of atoms in order to solve the problem stated. It is known
[36] that low-dimensionality models yield much higher ionisa-
tion rates than their three-dimensional analogues for the same
I; value. Our study showed that, as applied to neutral atoms
of noble gases, model (7) describes most adequately (with
regard to the ionisation rate) xenon and helium at Z = 1 and
2, respectively. In the more general form, one can state that
the two cases considered in this study correspond to atoms
with low (at Z = 1) and high (at Z = 2) ionisation potentials.

V() = Vx,y) =- (N

3. Calculation results

The results of numerical calculations are presented in
Figs 1-4.

Figures 1 and 2 show the nonlinear polarisation response
spectra calculated for model atoms with Z =1 and Z =2 at
different laser-pulse peak intensities. The spectra presented in
Figs la and 2a correspond to peak intensities much lower
than the ionisation saturation intensity. There are hardly any
signs of depletion of bound levels in these cases; the spectra
have a smooth plateau-like profile with a pronounced cutoff
at energies that are well consistent with classical expression
(2). The cutoff is followed by a sharp drop (by seven to eight
orders of magnitude) of the nonlinear response spectral
intensity.

Note that in the case Z = 1, even at a relatively low pulse
peak intensity (10'* W cm™2), the large part of the plateau-like
distribution (cutoff energy of about 465 e¢V) falls in the range
that is important for many applications: the so-called water
window (282.1-530.4 ¢V). When Z = 2 (a case corresponding
to an atom with an ionisation potential exceeding that
for Z = 1 by a factor of about 2.5), at an intensity of 6 x
10'* W cm2, which only slightly exceeds the ionisation thresh-
old (at this intensity the ionisation probability during the
entire pulse is less than 0.25%), the high-frequency plateau
edge is located at about 2.7 keV (which corresponds to a
wavelength 0.46 nm). Concerning the influence of the mag-
netic field at the aforementioned intensities, it is practically
absent for Z = 1, whereas for Z = 2 it suppresses harmonic
generation by a factor of more than 3.

The change in the role of the effects limiting the harmonic
generation efficiency for the model atoms under consider-



214

M.Yu. Emelin, M.Yu. Ryabikin

100 ...... ...... ...... .......

10—10 ....... ...... ...... .......

10720

Spectral intensities (rel. units)

10730 . . . . .
0 0.5 1.0 1.5 2.0 2.5 3.0
Photon energy/keV

100 ...... ...... ...... .......

10_]0 ....... e

ook S

Spectral intensities (rel. units)

100 ; ; ; ;
0 0.5 1.0 1.5 2.0 2.5 3.0

Photon energy/keV

Figure 1. Spectra of nonlinear polarisation response for a model atom
with Z = 1. The peak intensity of a laser pulse with a centre wavelength
of 3.9 um and a width of 78 fs is (a) 10'* and (b) 5 x 10'* W cm2. The
spectra calculated disregarding and taking into account the laser pulse
magnetic field are shown by black and grey, respectively.

ation with an increase in the pulse peak intensity is clearly
illustrated by Figs 3 and 4.

Figure 3 shows the calculated (for a model atom with
Z = 1) dependences on the laser-pulse peak intensity for the
following parameters: the total intensity W of nonlinear
polarisation response in the energy range above the low-fre-
quency boundary of the water window (282.1 eV), calculated
disregarding (W @) and taking into account (W ) the laser-
pulse magnetic field, the ratio W @9/ @ and the bound-
state population after the end of the pulse.

It can be seen that in the case Z = 1 the maximum level of
high-harmonic suppression induced by the magnetic field is
only about 30%; however, even this effect can hardly be
observed, because it arises at laser intensities at which the
bound-state population decreases by more than three orders
of magnitude. Thus, the depletion of bound levels for Z = 1is
the main factor limiting the high-harmonic generation. The
character of its influence on the harmonic spectrum can be
seen well in Fig. 1b. In this case, the spectrum is a set of short
plateau-like portions with cutoffs at energies equal to the
maximum energies of electrons returning to the parent ion
during the corresponding half-periods of laser-pulse electric
field oscillations. At photon energies above 1 keV, the yield of
harmonics between neighbouring plateau-like portions drops
by three orders of magnitude. This drop is due to the sharp
increase in the ionisation rate when passing through the laser
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Figure 2. The same as in Fig.1 but for a model atom with Z = 2 at laser-
pulse peak intensities of (a) 6 x 1014 and (b) 2 x 101 W cm™2,

pulse front; it confirms the well-known fact that, under the
ionisation saturation conditions, the time interval corre-
sponding to the most efficient harmonic generation shifts to
earlier times with respect to the pulse envelope peak with an
increase in the pulse intensity.

The dependences calculated for the model atom with
Z = 2 (Fig.4) are similar to those shown in Fig. 3. The W
value was calculated as the total intensity of the nonlinear
polarisation response in the energy range above 1.24 keV,
which corresponds to wavelengths shorter than 1 nm.

The results presented in Fig. 4 differ significantly from
the data on Z = 1. With the magnetic field neglected, the
higher-harmonic generation efficiency is maximum at a
peak intensity of 1.2 x 1015 W cm™. Due to the effect of the
magnetic field, the optimal intensity is reduced to 1015 W
cm™2; in this case, higher harmonics are suppressed by a
factor of about 10. It should be noted that the decrease in
the bound-state population is only about 10%; i.e., the
effect of the magnetic field is pronounced and plays a key
role. At higher intensities the relative role of bound-state
depletion increases. At intensities of about 1.5 x 1015 W cm™>
each of these two factors reduces the harmonic yield near
the high-frequency cutoff by more than an order of magni-
tude; the cutoff energy is about 7 keV, which corresponds
to a wavelength of about 0.18 nm. At even higher intensi-
ties the factor of bound-state depletion becomes dominant.
For example, in the high-frequency region of the spectrum
in Fig. 2b, which was calculated for a peak intensity 7 = 2 x
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Figure 3. A model atom with Z = 1. Calculated dependences on the la-
ser-pulse peak intensity: (a) the total nonlinear response intensity in the
energy range above the low-frequency boundary of the water window
[the solid and dashed curves correspond to the integral harmonic yields
calculated disregarding (W¥)) and taking into account (W %)) the la-
ser-pulse magnetic field], (b) the W®/W@ratio, and (c) the bound-
state population after the end of the pulse.

10" W cm™, one can clearly see several short plateau-like
portions; the drop of harmonic yield between each pair of
neighbouring portions is approximately an order of magni-
tude.

4. Conclusions

The results of our numerical calculations make it possible to
reveal the role of the factors related to the influence of laser-
pulse magnetic field and depletion of bound levels of work-
ing-medium atoms in the case of HHG of mid-IR laser radia-
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Figure 4. The same as in Fig. 3 but for a model atom with Z = 2. The
total nonlinear response intensity corresponds to the energy range of
harmonics with wavelengths less than 1 nm.

tion in gases. The relative role of these factors is determined
to a great extent by the ionisation potential of the atoms of
the medium. Under irradiation of atoms with a low (below 12
eV) ionisation potential by high-intensity femtosecond
pulses with a centre wavelength of 3.9 um, one should expect
generation of harmonics with energies to about 1 keV; in this
case, the main limiting factor is the bound-state depletion.
Irradiation of atoms with a high (above 20 eV) ionisation
potential is expected to yield much higher harmonics with
wavelengths less than 2A. Here, the laser radiation magnetic
field is the main factor of harmonic suppression in a wide
range of laser-pulse peak intensities. The latter circumstance
is of independent interest for experimental observation of
relativistic effects using desktop mid-IR lasers.
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