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Abstract.  We report the results of theoretical and experimental 
research on spectrum transformation and spatiotemporal distribu-
tion of the femtosecond laser radiation intensity during filamenta-
tion in fused silica. The formation of light bullets with a high power 
density is first observed in a femtosecond laser pulse in the anoma-
lous group velocity dispersion regime at a wavelength of 1800 nm. 
The minimum duration of the light bullet is about two oscillation 
cycles of the light field. 

Keywords: filamentation, femtosecond pulses, anomalous disper-
sion, plasma channels, light bullets. 

1. Introduction 

Filamentation of laser radiation represents spatiotemporal 
localisation of the light field, whose length in air can reach 
tens or hundreds of meters. The localisation of radiation in a 
thin filament is due to the Kerr self-focusing, which causes an 
increase in the intensity and, consequently, an increase in the 
concentration of electrons in laser plasma upon multiphoton 
ionisation in a strong light field of a nonlinear focus [1 – 3]. At 
equal optical powers of a focusing Kerr lens and a defocusing 
nonlinear plasma lens, which increases with time in the pro-
cess of photoionisation, the collapsing growth of intensity in 
a continuous sequence of nonlinear foci forming a filament 
stops [4]. As a result of the dynamic balance of the Kerr and 
plasma nonlinearities, extended filaments with a high power 
density of the light field are produced. Due to the long length 
of the filament, high energy density and femtosecond interac-
tion time of the light field with the medium, nonlinear-optical 
conversion of radiation takes place. ‘Nonlinear optics of fila-
ments’ [5] covers superbroadening of the frequency-angular 
emission spectrum, generation of higher harmonics and THz 
radiation, pulse compression, filament-induced optical 
anisotropy, and other nonlinear optical effects accompanying 
the phenomenon of femtosecond filamentation. 

To date, most experimental and theoretical studies of the 
filamentation phenomenon were performed for radiation of a 

Ti : sapphire laser with a wavelength of l0 = 790 – 810 nm, a 
neodymium laser – with l0 = 1.053 mm, a Cr : forsterite laser 
– with l0 = 1.24 mm, for radiation of their harmonics and for 
a number of different wavelengths in the case of the paramet-
ric conversion. The radiation wavelengths of these sources lie 
in the region of normal group-velocity dispersion (GVD) of 
air. Normal dispersion causes pulse spreading and its splitting 
into subpulses during filamentation, which significantly 
reduces the efficiency of broadband supercontinuum genera-
tion [6, 7], the formation of extended plasma channels [8], the 
transport of high-density laser radiation at kilometre dis-
tances [9, 10]. Spatiotemporal compression of femtosecond 
radiation of a Ti : sapphire laser was observed during filamen-
tation in air [11], in molecular gases [12] and in argon [13 – 16]. 
At present, optical parametric chirped-pulse amplifiers 
(OPCPAs) have been designed for the mid-IR wavelength 
range [17, 18], allowing one to expand the wavelength range 
in research on filamentation into the region of anomalous 
GVD of air. 

Spectroscopic studies of filamentation on extended paths 
in air are associated with great difficulties. However, the sce-
nario of femtosecond laser radiation filamentation is deter-
mined by a combination of factors, such as the Kerr self-
focusing and self-modulation, the light field intensity limita-
tion and defocusing in the laser plasma and, finally, the wave 
diffraction and dispersion processes in the medium. Similarity 
criteria in the initial stage of filamentation (before the laser 
plasma formation) are the diffraction length and the ratio of 
the peak power P to the critical self-focusing power Pcr. 
Scaling the experiment on the basis of similarity criteria opens 
up wide possibilities for laboratory investigation of the fila-
mentation phenomenon. A detailed study of femtosecond 
laser pulse filamentation in a condensed medium in a wide 
spectral range, which includes the region of anomalous GVD, 
allows one to establish the general peculiarities of this phe-
nomenon independently of a particular medium. 

Such opportunities are exhibited by a broadband femto-
second laser complex of the Centre   of Collective Using 
‘Optical and Spectral Investigations’ at the Institute of 
Spectroscopy, RAS [19] which allows one to carry out 
research in the wavelength range from UV to near IR. With 
this system, a series of experiments have been performed. 

Conical emission (CE) has been compared for a femtosec-
ond laser pulse focused in the volume of a glass by a lens and 
an axicon. As a result, it has been found that the positioning 
of microfilaments arising in the glass has a significantly higher 
reproducibility from pulse to pulse in the case of the axicon. 
Dark rings observed visually in the CE structure have been 
associated with the interference of coherent radiation sources 
of supercontinuum (SC) of the main and re-focused filaments 
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[20]. The frequency-angular distribution of the CE in fused 
silica has been measured with a fibre spectrometer and the 
formation of a set of discrete rings from an angle continuous 
CE spectrum has been observed for the first time during fila-
mentation of femtosecond, transform-limited, collimated 
radiation at a wavelength of 800 nm in silica. The formation 
of discrete rings is explained using a simple interference CE 
formation model, according to which its frequency-angular 
spectrum is the result of interference of radiation of a broad-
band point source moving in the filament [21, 22]. An original 
scheme for CE observation with a fused silica wedge has been 
proposed, which has made it possible to study the transfor-
mation of the angular-frequency spectrum by varying the 
length of the filament at constant pulse parameters. The 
appearance of a fine CE structure has been observed with 
increasing filament length, which is interpreted as the result of 
interference of radiation from several subpulses (into which 
the pulse splits in the filament under conditions of normal 
GVD) moving with different group velocities [23]. Conical 
emission has been studied during filamentation of femtosec-
ond pulses at different GVD in the wavelength range 
400 – 2300 nm. 

To study the interference effects during the CE formation, 
use is made of a scheme with wedge-shaped fused silica sam-
ples, supplemented with a scheme measuring the intensity dis-
tribution of CE in the divergence angle – wavelength plane. 
We found [24] that the interference effects in the emission of 
the SC and GVD of the femtosecond pulse influence signifi-
cantly the frequency-angular CE spectrum. We also studied 
experimentally and analytically the formation of the SC spec-
trum during filamentation in fused silica under conditions of 
zero and anomalous GVD [25, 26]. We analysed numerically 
the effect of the multiphoton order of the ionisation process 
on the anti-Stokes broadening of the SC spectrum for media 
with the model parameters. We found that with increasing 
centre wavelength from 1300 to 2300 nm the spectrum of the 
anti-Stokes SC wing narrows down, shifting to the blue. All 
experimental results were qualitatively confirmed by numeri-
cal simulations. It was shown that the mathematical model of 
femtosecond laser radiation filamentation used in the numer-
ical simulation, and the interference pattern of the CE used in 
analytical calculations [22] adequately reproduce the observed 
behaviour and confirm the coherence of the SC and the CE. 

In this paper we investigate the transformation of the spa-
tiotemporal localisation of laser radiation and a frequency-
angular SC spectrum during filamentation of femtosecond 
pulses in fused silica under conditions of anomalous GVD. It 
is found that the formation of light bullets is directly associ-
ated with superbroadening of the frequency-angular spec-
trum, which is due to the strong self-phase modulation of the 
light field in space and time. 

2. Experiment 

The SC generation during filamentation of femtosecond laser 
pulses of different wavelengths in fused silica was studied 
experimentally using a femtosecond laser complex of the 
Centre of Collective Using at the Institute of Spectroscopy. 
The experimental setup is shown in Fig. 1. The setup com-
prised a source of femtosecond pulses based on a tunable 
optical parametric amplifier TOPAS, combined with a 
Spitfire Pro regenerative amplifier. Pulses from a Tsunami 
femtosecond Ti : sapphire laser pumped by a Millenia Vs 
solid-state laser were fed to the regenerative amplifier pumped 

by an Empower 30 solid-state laser. Femtosecond laser pulses 
from the amplifier output were focused by a thin quartz lens 
with a focal length of 50 cm to the front face of the sample. At 
a wavelength of 1800 nm, the pulse full width at half maxi-
mum was 50 fs, the beam diameter at the waist was equal to 
~100 mm, and the energy was varied from 1 to 10 mJ. The 
recombination radiation of the laser plasma filament and CE, 
scattered in the sample, was recorded through its side face by 
a Canon EOS 450 digital camera. It made it possible to deter-
mine the length and location of the plasma channels and to 
estimate the concentration of electrons in them by the bright-
ness of the filament, thereby obtaining information about the 
localisation of the regions of most high intensity of the light 
field in the filament and, therefore, the regions of generation 
of SC emission. 

To measure the frequency-angular CE spectrum in the 
divergence angle – wavelength plane, we used an achromatic 
lens with a focal length of 5 cm and a Solar-Tii MS2004 
monochromator, whose entrance slit is located in the focal 
plane of the lens. Thus, the lens performed the Fourier trans-
form of radiation in space, and the dispersion grating of the 
monochromator performed the Fourier transform of radia-
tion in time. The resulting distribution of the intensity of the 
spectral components of radiation Sexp(q, l) was recorded with 
a Videoskan-285-USB CCD-camera. In autocorrelation mea-
surements of the duration of a light bullet, the paraxial part of 
the filament, where its formation took place, was separated 
by a diaphragm mounted at the output face of the sample and 
was collected by a parabolic mirror at the entrance window of 
the ASF-20 autocorrelator (Fig. 1). 

The autocorrelation functions (ACFs) ( )J texp
corr  of the light 

bullet, measured at a sample thickness of 2 and 1 cm are 
shown in Fig. 2 along with the ACFs of the input pulse 
(Fig. 2a) by solid curves; the dependences in Fig. 2b corre-
spond to a light bullet, formed directly at the output face of 
the sample. In this case, the length of the plasma channel, and 
therefore, the length of the SC radiation generation region do 
not exceed 0.1 mm. By increasing pulse energy the light bullet 
is formed inside the sample. In the process of propagation to 
the output face the bullet becomes delocalised, and its dura-
tion increases. To this end, the light bullet is shifted toward 
the tail of the pulse, and a new bullet emerges at its centre near 
the output face of the sample [27]. When the first light bullet 
is overlapped by the second one, the pulse at the output of the 
sample has a double-humped shape, and the ACF ( )J texp

corr  – a 
characteristic three-humped shape (Fig. 2c). Since the cross 
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Figure 1.  Experimental setup. 
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section of the first bullet during its propagation to the output 
face of the sample increases, its overlap with the second bullet 
is reliably recorded by using a larger diameter aperture and 
higher energy pulses. 

3. Numerical simulation 

The formation of a sequence of light bullets along the fila-
ment in fused silica was predicted in [27], based on the results 
of a numerical study of propagation of femtosecond laser 
radiation at different wavelengths. It was found that the light 
bullets are formed in the radiation with the centre wavelength 
related to the region of anomalous GVD in the medium. 
Bullets are formed as a result of the spatial compression of 
radiation in the central region of the pulse, into which (in the 
case of anomalous GVD) optical power is transferred from its 
front. According to the estimates the peak intensity of the 
light bullet is 5 ´ 1013 W cm–2, its diameter is 20 mm, and the 
duration is about 10 fs. With increasing pulse energy, the 
number of light pulses in the sequence increases, and the dis-
tance between them is reduced. 

The formation of light bullets in the experiment was 
numerically simulated using the slowly varying envelope 
approximation [28]. The mathematical model describes the 
diffraction of the pulse, its dispersion in accordance with the 
Sellmeier formula, self-phase modulation of the light field, 
the steepening of the envelope front, the Kerr nonlinearity, 
the plasma generation under multiphoton and avalanche ion-
isation in silica. The slowly evolving wave approximation [28] 
significantly extends the frequency range reproduced by the 
slowly varying envelope approximation, which is necessary 
for an adequate description of the broadening of the pulse 
spectrum and the formation of shock waves at the tail of the 
pulse during filamentation. Therefore, this model can be used 
to describe the propagation (in a medium with a cubic nonlin-
earity) of pulsed radiation, the spectral width of which is com-
parable with the carrier frequency, and duration – with one 
and a half cycle of optical oscillations [28, 29]. 

The numerical solution of the equations for the light field 
amplitude and the electron concentration in the laser-induced 
plasma made it possible to determine the spatiotemporal dis-
tribution of the intensity I(r, t) in a femtosecond pulse at the 
output face of a silica sample in the experiment. In the auto-
correlation measurements, radiation averaged over the cross 
section of the diaphragm was studied. Therefore, to compare 

the numerical results with the experimental ones we deter-
mined the effective form of the light bullet áI(t)ñD, obtained by 
averaging over the aperture diaphragm of diameter D: 

( ) ( , ) /dI t I r t r r D8
/

D

D 2

0

2
G H = y .	 (1)

The analysis shows that the near-axial region of the beam 
in the filament, which has the smallest duration, is much 
smaller than the aperture of the diaphragms used in the exper-
iment. As the diameter of the aperture increases, the contribu-
tion of the beam periphery increases, in which time compres-
sion of the pulse is small, and the duration of an effective 
form of the bullet increases. The ACFs ( )J tcorr

comp , calculated 
from the numerically obtained effective form of the light bul-
let áI(t)ñD are shown in Fig. 2 by a dashed curve. One can see 
that for an initial pulse and a light bullet, they coincide with 
the measured ACFs ( )J texp

corr  (Figs 2a, b). In the case of a 
superposition of two bullets the numerical ACF with a pro-
nounced three-humped structure (Fig. 2c) is quite different 
from the measured one. This discrepancy is explained by the 
fact that the measurements are based on averaging over a 
large series of light bullets. When the pulse energies fluctuate, 
the distance, at which the light bullets are generated, and 
thus, their duration at the output of the sample change. 
Therefore, the tree-humped structure of the measured ACF is 
blurred. The effective form of the light bullet áI(t)ñD, obtained 
numerically, and the ACF ( )J tcorr

comp , calculated from this form 
are shown in Figs 3a, b, as functions of the distance z travelled 
in the medium. The duration and width of the ACF of the 
light bullet are minimal in the plane of its formation z = 0.75 
cm (Fig. 3c). When propagating the bullet is delocalised, its 
duration and the ACF width increase. The formation of a 
sequence of light bullets reflects the periodic change in the 
ACF width with distance z. As can be seen from the results of 
numerical simulations (Fig. 3), the re-reduction of the ACF 
width and, therefore, the duration of radiation are possible 
when the second light bullet is formed at a distance of 0.9 cm. 
In this case the width of the measured ACF exp

corrt  was 34 fs. 
The diverging lines from the regions of the formation of light 
bullets in a plane of the ACF transformation with distance z 
illustrate the appearance of a three-humped ACF when the 
bullets overlap each other, i.e., their simultaneous existence at 
a distance z in the sample (Fig. 3b). The evolution of each 
light bullet in a medium with anomalous GVD represents 
its shift to the pulse tail due to a decrease in the bullet speed 
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Figure 2.  Measured ACFs of a light bullet during filamentation of 1800-nm, 50-fs radiation in silica [ ( )J texp
corr   – solid lines in all panels] and the 

ACFs obtained by numerical simulation [ ( )J tcorr
comp  – dashed lines in all panels] for the radiation entering the medium (the ACF width of 70 fs) (a), 

for a light bullet (aperture diameter of 50 mm, pulse energy of 2.7mJ, silica sample thickness of 2 cm) (b) and two light bullets (aperture diameter of 
100 mm, pulse energy of 9.5 mJ, silica sample thickness of 1 cm) (c). 
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without a significantly change in the shape (as long as the 
light bullet does not leave the reservoir of energy), which is 
similar to the behaviour of Raman solitons in anomalous 
GVD fibres [30]. 

4. Duration of a light bullet 

The effective form of the light bullet áI(t)ñD, obtained numeri-
cally, is presented in normalised form in Fig. 4b at D = 50 mm. 
One can see that it is qualitatively different from the depen-
dences that are typically used to approximate the shape of the 
laser pulse. In contrast to the Gaussian pulse, in the light 
bullet large wings are combined with a sharper leading edge 
and a shock front at the tail, arising due to the self-steepening 
effect as a result of laser-induced plasma defocusing (Fig. 4a). 
In this case, the temporal shape of the bullet áI(t)ñD depends 
on the aperture averaging. The smaller the diameter D of the 
selective aperture, the shorter the bullet duration     compt /1 2 , 
defined at the 0.5 level. The ACF ( )J tcorr

comp , calculated from 
the numerically obtained effective form of the light bullet 
áI(t)ñD with increasing distance z travelled in the medium is 
shown in Fig. 3b. The minimum width of the calculated 
ACF corr

compt , determined by the 0.5 level, at D = 50 mm is 
19.8  fs, which corresponds to the bullet duration 1/

comp
2t  = 

10.6 fs; when D = 100 mm the minimum width of the second 
light bullet is corr

compt  = 30 fs, which corresponds to 1/
comp
2t  = 

14.8  fs. Summarising the results of numerical simulations, we 
can show that the ratio //

comp
corr
comp

1 2t t  is in the range 0.44 – 0.7, 

where 0.7 corresponds to a Gaussian pulse shape at the 
entrance to the medium. 

Using the numerical ratio between the bullet duration t1/2 
and the ACF width tcorr, we can obtain an estimate of the 
duration of the experimentally recorded light bullets:  

1 202/
exp
1 2t = -  fs. The minimum duration of the experimen-
tally recorded light bullet is 11.8 – 13.5 fs, i.e., about two oscil-
lation cycles of the light field for the centre wavelength of the 
pulse experiencing filamentation. 

The formation of a light bullet with a high localisation of 
radiation in space and time is inextricably associated with the 
broadening of the frequency-angular spectrum. Figure 5 
shows a tone image of the intensity of the frequency-angular 
spectrum components S(q, l) in a logarithmic scale. The spec-
trum is considered at a distance z, where the light bullet has 
the shortest duration. It is seen that in the vicinity of the cen-
tre wavelength the spectrum is uniformly broadened both in 
angle and wavelength. In addition, there is CE in the anti-
Stokes wing of the SC with a low intensity of the spectral 
components [25, 26]. Processing of the spectrum makes it pos-
sible to evaluate whether the emission of light bullet is trans-
form-limited. To do this, under the assumption of the phase 
synchronism of all the components of the spectrum we calcu-
lated the spatiotemporal intensity distribution and the corre-
sponding effective form of the bullet áImod(t)ñD by formula (1) 
(Figs 4c, d). One can see that in this case the duration and the 
localisation region of the light field in a transform-limited 
light bullet are less than in a bullet formed in the filament. In 
the case of a transform-limited bullet 5.4compt =/ mod1 2  fs. 

5. Conclusions 

During femtosecond laser radiation filamentation in fused 
silica under conditions of anomalous GVD, a sequence of 
light bullets is generated with the light field intensity of 5 ´ 
1013 W cm–2. Based on the analysis of the form of the light 
bullet we have found that the ratio of its duration compt /1 2  to the 
ACF width corr

compt  is 0.44 – 0.5 in the region of existence of a 
light bullet whose shape differs significantly from the 
Gaussian. To this end, we have estimated the duration of the 
light bullet, which at a minimum width of the measured ACF   
exp
corrt  = 27 fs is 11.8 – 13.5 fs for the selecting aperture 50 mm in 
diameter. In this case, complete phase synchronism of spec-
tral SC components is not achieved in the filament and the 
emission of the light bullet is not transform-limited.
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