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Abstract.   The propagation of femtosecond laser pulses in a molec-
ular gaseous medium is studied with the rotational dynamics of 
molecules under the action of these pulses taken into account. 
Based on the simultaneous numerical solution of the wave equation 
describing the laser pulse evolution and the Schrödinger equation 
that determines the quantum state evolution of the medium mole-
cules, the rotational dynamics of molecules in the laser field and the 
laser pulse evolution are analysed with their mutual influence taken 
into account. Efficient dynamic alignment of molecules along the 
direction of laser radiation polarisation is observed, which causes 
variation in the spatiotemporal pulse profile, as well as significant 
broadening and deformation of its spectrum in the course of propa-
gation through the medium. The physical mechanisms of the 
observed phenomena are analysed by using the approximate ana-
lytical solution of the problem, derived for the case of preliminary 
excitation of the medium by a pump pulse (the pump-probe scheme). 

Keywords: ultrashort laser pulses, propagation of radiation, orien-
tational nonlinearity.

1. Introduction

The progress of experimental technique that allowed genera-
tion of record-breaking short  laser pulses offers wide possi-
bilities  for observation of novel  physical  phenomena  in  the 
interaction  of  laser  radiation  with  matter.  Recently,  it  has 
become  clear  that  in  contrast  to  the  standard  hierarchy  of 
characteristic molecular energies [1], in strong fields the rota-
tional dynamics of a molecule can be  faster  than  the vibra-
tional  one  at  the  expense  of  simultaneous  population  of  a 
large number of excited rotational states [2, 3]. In this case the 
interaction  of  the  molecule  with  the  laser  ultrashort  pulse 
(USP) may  induce efficient population of high-energy rota-
tional  states  under  the  action  of  sharp  non-adiabatic  pulse 
fronts.  In addition,  for homonuclear molecules  the popula-
tion  of  vibration-rotational  states  within  the  initial  term  is 
possible  only  by  means  of  lambda-type  transition  via  the 
upper electronic state. Compared with the excitation of vibra-
tional  states,  such  transitions  between  the  rotational  states 
appear to be much more efficient due to the small difference 

between the energies of  the  initial and the final states. As a 
result, the efficient rotational dynamics of excited molecules 
arises under the action of the field, which leads to a specific 
evolution of the polarisation response and optical properties 
of  such molecular media.  The  polarisation  response  of  the 
medium in this case is characterised by the so-called orienta-
tional  nonlinearity  [4,  5],  associated  with  the  process  of 
molecular alignment and its time lag. 

In  the  course  of  laser  pulse  propagation  through  the 
molecular medium of such type, the nonlinear physical phe-
nomena may arise due  to  the mutual  influence of  the pulse 
and the medium, such as self-action and self-focusing of the 
laser radiation, etc. [6]. It is important to note that in the case 
of strong laser fields, when the rotational degrees of freedom 
are efficiently excited, the field power expansion of the polar-
isation response [6, 7] and different perturbation approaches 
(see, e.g., [8]), traditionally used for weak fields, appear to be 
incorrect. In this case the rotational dynamics of the molecule 
should be considered beyond the framework of perturbation 
theory, with the strong filed effects taken into account, and 
the  arising  polarisation  response  should  be  determined 
directly from the solution to the time-dependent Schrodinger 
equation. 

Efficient population of rotational states under the action 
of  the  laser  field was  studied many  times both  theoretically 
and experimentally [2, 9 – 15]. However, the theoretical analy-
sis was usually carried out in the given-field regime, i.e., with 
no account for the medium-induced changes  in the  incident 
laser pulse. 

Thus,  the propagation of  laser  radiation  in  a molecular 
medium in the regime of efficient molecular alignment is an 
important  and  yet  unsolved  problem  that  require  correct 
description  of  the  interaction  between  the  pulse  and  the 
medium beyond  the  framework of perturbation  theory and 
with the mutual influence of the field and the medium prop-
erly taken into account. 

In the present paper the self-consistent problem of femto-
second  laser  pulse  propagation  in  a  molecular  gaseous 
medium  with  orientational  nonlinearity  and  efficient  rota-
tional motion of molecules is solved and the mutual influence 
of  the  spatiotemporal  evolution  of  the  laser  pulse  and  the 
dynamics of the polarisation response is analysed. The results 
are obtained by simultaneously solving numerically the wave 
equation, describing the evolution of the laser pulse, and the 
time-dependent  Schrödinger  equation  that  determines  the 
quantum state evolution of the medium molecules at different 
spatial positions. The temporal dynamics of molecular align-
ment in the laser field is studied, as well as the dispersion of 
the laser pulse and the spatiotemporal evolution of its spec-
trum in the process of propagation. For the propagation of a 
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probe pulse through the medium, initially excited by a pump 
pulse  (the  pump – probe  scheme)  the  analytical  theory  is 
developed,  yielding  an  approximate  solution  that  demon-
strates  good  agreement  with  the  data  of  direct  numerical 
modelling (at moderate penetration depths) and explains the 
arising  physical  effects.  The  obtained  results  are  compared 
with those of [16, 17], based on the concept of time-dependent 
refractive index, the introduction of which is phenomenologi-
cally postulated without any theoretical justification. 

2. Mathematical setting of the problem

Consider the interaction of a gaseous medium, consisting of 
light  diatomic  homonuclear  molecules  analogous  to  H2  in 
their properties, with the pulses of a Ti : sapphire laser having 
the duration of a few tens of femtoseconds. In papers [3, 18] it 
was shown that in the field of a low-frequency radiation of the 
Ti : sapphire laser (ћwlas = 1.55 eV) at moderate intensities (up 
to I = 1014 W cm–2) the degree of ionisation of the molecular 
hydrogen ion Н2

+ appears to be negligibly small, and the pop-
ulation of the first excited (‘repulsive’) term of the molecule 
occurs in the regime, corresponding to the perturbation the-
ory. Similarly, in our case at moderate intensities (up to I = 
1014 W cm–2) one can neglect ionisation and dissociation due 
to the transitions to the higher-energy terms of the molecule. 
Besides, the population of bound vibration – rotational states 
from  the  initial  (ground)  term  occurs  at  the  expense  of 
lambda-type transitions via the upper electronic term. In this 
case the smallness of the rotational constant as compared to 
the vibrational quantum leads to much more efficient popula-
tion of rotational states as compared to the vibrational ones 
under  the  action of  laser  field. Therefore,  in our  case  for  a 
selected frequency of the laser field a certain range of intensi-
ties exists, for which the rotational dynamics is determinative, 
while the evolution of other molecular degrees of freedom can 
be neglected.

Within the framework of the Born – Oppenheimer approx-
imation, considering only one (ground) electronic term of the 
molecule  and  averaging  over  the  electron  coordinates,  the 
time-dependent  Schrödinger  equation,  describing  the  rota-
tional dynamics of a homonuclear molecule with the possible 
repopulation of the states via the lambda-type transitions has 
the form
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where Tn = –BDqj is the nuclei kinetic energy operator, related 
to rotations; Da = a|| – a9 is the difference between the longi-
tudinal (along the molecular axis) and transverse polarisabili-
ties of the molecule; B = ћ2/(2mR0

2 ) is the rotational constant; 
m is the reduced mass of the molecule; R0 is the internuclear 
equilibrium distance; and q is the angle between the molecular 
axis and the electric field strength vector E. The second term 
in the right-hand side of Eqn (1) in fact is the effective energy 
of  interaction between  the  field and the  induced dipole and 
may be accurately derived from the set of equations for the 
wave functions of the nuclear subsystem under the conditions 
of small population of excited terms (the perturbation theory 
regime for the electronic subsystem), as it was done in [7] for 
the  case  of  vibrational  states  of  the molecule.  The  validity 
conditions for Eqn (1) include also the narrow localisation of 
the pulse spectrum, i.e., the smallness of the frequency spec-

trum width as compared to the energy separation between the 
electronic  states,  which  in  the  present  case  is  satisfied with 
good reserve of tolerance.

The characteristic relaxation times for a gaseous medium 
under the normal conditions lie in the nanosecond range [9]; 
therefore, up to the subnanosecond range the interaction of 
an individual molecule with the electric field of the laser pulse 
can be considered within the theory based on the time-depen-
dent Schrödinger equation (1) without addressing to the den-
sity matrix formalism. At room and lower temperatures, the 
population of all  rotational  excited  states  can be neglected. 
Therefore, the initial condition for Eqn (1) corresponds to the 
ground rotational state with J = 0.

Equation (1) was solved together with the wave equation 
that  characterises  the  propagation  of  the  laser  pulse  in  the 
molecular  gaseous  medium.  The  input  pulse  was  linearly 
polarised and had a wide (planar) wave front, which excludes 
from consideration the processes of  laser radiation focusing 
and defocusing that should be taken into account for narrow 
laser beams. In this case the wave equation can be written in 
the form
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Here the function E0(t) determines the temporal profile of the 
laser pulse at the medium input; its envelope is expressed as 
e0(t) =  [ /(2 )]sin t qlas

2 w ; wlas  is  the  laser  radiation  frequency; 
and q is the number of optical cycles that determines the abso-
lute duration of the laser pulse. 

The  polarisation  of  the molecular medium  entering  the 
right-hand side of Eqn (2) was calculated as the mean dipole 
moment of a medium volume unit. Within the framework of 
the  single-term  approximation  its  projection  onto  the  field 
direction is

cosP NEE 1
2

1a qDF F= ,  (3)

where N is the concentration of molecules in the medium, and 
the  time-dependent  wave  function  F1  is  determined  by 
Eqn  (1). Thus, the polarisation of the medium P(z, t) is calcu-
lated directly by averaging the operator cos2q over the quan-
tum state of the molecules. Note, that according to expression 
(3), the polarisation of the molecular medium has a nonzero 
value only when the electric  field  is nonzero. Therefore,  the 
present approximation does not account for the effects caused 
by the residual polarisation signal, which may be important in 
the  problem of  propagation of  extremely  short  laser  pulses 
having  the duration of one or  two  field cycles, as  shown  in 
[19]. The  correct  consideration of  the  effects,  related  to  the 
residual  polarisation,  requires  full  account  for  at  least  two 
electronic terms of the molecule. 

To get a rigorous solution of the problem of pulse propa-
gation through the molecular medium under study, Eqn (1) 
was solved numerically at each point of  the medium (along 
the z axis) together with the wave equation (2). In this case at 
each point with the coordinate z the value of the field at the 
moment of time t is determined by the time dependence of the 
medium polarisation at all preceding moments of time. Such 
a problem is extremely cumbersome and requires involvement 
of  significant  computer  resources.  Equation  (1)  was  solved 
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using  the  expansion  of  the  function F1  over  the  rotational 
eigenstates (spherical harmonics YJ

(0)):
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This expansion reduces Eqn (1) to an infinite set of ordinary 
differential equations for time-dependent amplitudes of prob-
ability to find the molecule in different rotational eigenstates:
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To solve Eqn (2) we used the finite-difference method with 
a  nine-point  pattern  on  the  basis  of  and  implicit – explicit 
scheme [20]. The parameters of the chosen grid corresponded 
to  discretisation  with  the  step  0.01  of  the  input  radiation 
wavelength in space and 0.001 of the field period in time. To 
reduce to a reasonable level the time resources necessary for 
the  solution  of  the  considered  self-consistent  problem,  we 
developed a  special algorithm, allowing high-precision  inte-
gration  up  to  hundreds  of  initial  radiation  wavelengths  in 
depth at the expense of dynamical adaptation of the compu-
tational domain to the spatio-temporal domain of the actual 
pulse motion. For  the  solution of  the problem we used  the 
following  values  of  parameters:  N  =  3 ́  1019  cm–3,  B  - 
0.015 eV, Da - 5.3 ́  10–24 cm3, which are close to the typical 
ones for the H2 molecule. 

3. Results and discussion

Let us study the behaviour of the polarisation response of the 
molecular medium. Expression  (3)  shows  that  it  is  propor-
tional to the quantity  cos1

2
1qF F . This fact means that the 

polarisation response of such a medium includes a number of 
new frequencies (corresponding to the rotational spectrum of 
the  molecules)  as  compared  to  the  initial  spectrum  of  the 
propagating laser pulse. Hence, in the process of propagation 
the laser pulse spectrum can broaden due to Raman scatter-
ing at the rotational sublevels. The process of the pulse evolu-
tion in the course of propagation will be directly dependent 
on the degree of molecular alignment in the laser field, which 
is characterised just by the quantity  cos2q  [2], the maximal 
alignment  of  the  molecules  along  the  field  direction  corre-
sponding to  cos 12q = .

Figures 1a and 1b present the temporal dynamics of the 
quantity  cos2q  under the excitation of rotational states of 

the H2 molecule in the field of Ti : sapphire laser pulses with 
the duration of 30 optical cycles at different peak intensities. 
It is seen that in the process of laser action, molecules are effi-
ciently aligned along the direction of the field due to populat-
ing a large number of rotational states. The process of align-
ment depends on the intensity of the exciting laser field in a 
complex  nonmonotonic  way,  which  can  lead  to  absolutely 
different  character  of  the  rotational  dynamics  in  the  post-
pulse regime (the moment of the pulse end is labelled with an 
arrow in Fig. 1). During the laser pulse the quantity  cos2q  in 
the  case  of  light  molecules  experiences  a  few  oscillations, 
which means that the characteristic rotational dynamics time 
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Figure 1. Dynamics of the alignment degree ácos2qñ during the laser ac-
tion and in the after-pulse regime for the pulse with peak intensity I = 
(a)  6 ́  1012  and  (b)  7 ́  1012 W  cm–2,  and  the  spectral  intensity  of  the 
pump pulse ( 1 ) and the polarisation signal ( 2 ) at (c) I = 6 ́  1012 W cm–2. 
The moment of the pulse end is marked by an arrow; Tlas = 2p/wlas.
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appears to be smaller than the duration of the laser pulse. But 
at the same time the central frequency of the laser field is sev-
eral times larger than the frequency of the alignment param-
eter variation, so that even for light molecules one can con-
sider the alignment dynamics to be slow in comparison with 
the  period  of  optical  oscillations. Hence,  in  the  considered 
case  a  specific  regime  of  interaction  between  the molecular 
medium and the laser pulse  is  implemented. Figure 1c pres-
ents  the  spectra  of  the  exciting  pulse  and  the  polarisation 
response, excited by it. It is seen that new frequencies are pres-
ent in the spectrum of the medium polarisation, which under 
the conditions of phase matching can provide the process of 
laser  pulse  spectrum  broadening  as  the  pulse  propagates 
through the molecular medium. 

When a high-power  femtosecond  laser pulse propagates 
through a medium the regimes are possible, in which due to 
the inertia of the molecular alignment process the propagat-
ing laser pulse itself has no time to ‘feel’ the influence of the 
thus polarisation  response.  In  these  regimes,  in  spite of  the 
medium  nonlinearity,  the  process  of  spectral  broadening, 
induced by self-action, may appear to be suppressed. In this 
connection  the  problem  of  sequential  propagation  of  two 
pulses (the pump – probe scheme) is of special interest. In such 
a  scheme  the  second  pulse  will  pass  through  a  preliminary 
excited medium, the molecules of which may be characterised 
by a high degree of alignment, independent of the parameters 
of the propagating probing pulse, which may result in larger 
broadening of the spectrum.

In  this  case,  if  the  second  (probe)  pulse  is  significantly 
weaker than the pump pulse,  it  is possible to assume that it 
practically does not affect the quantum state of the medium 
and propagates through a medium with the polarisation, the 
variation of which in time is determined by the first pulse, so 
that it is possible to provide a specific temporal profile of the 
polarisation  response  by  varying  the  characteristics  of  the 
pump pulse. Then the problem of describing the propagation 
process  is essentially simplified, since the Schrödinger equa-
tion and the wave equation are separated and solving a self-
consistent  problem  is  no  more  necessary.  The  polarisation 
response can be presented in the form P(z, t) = A(z, t) E(z, t), 
where A(z,t) is a given function of coordinates and time that 
includes  cos2q   and  does  not  depend  directly  on  the  field 
strength of the probe pulse. In this sense the polarisation may 
be  referred  to  as  ‘quasi-linear’,  because  it  linearly  increases 
with  increasing  field  strength. At  the  same  time  the consid-
ered  case  is  essentially  different  from  the  linear  one.  As 
already  mentioned,  in  the  spectrum  of  the  polarisation 
response the amplitudes of frequency components are distrib-
uted in a way, different from that of the laser pulse, namely, 
the spectrum of polarisation  is a convolution of  the electric 
field spectrum and the function  cos2q . As a result, in spite of 
the  linear  relation  of  the  spectra,  an  important  role  in  the 
propagation may be played by nonlinear effects related to the 
frequency change.

The similarity between this case and the linear one makes 
it possible to expect the presence of analogous physical mech-
anisms, responsible for propagation of pulses in linear media 
and in the medium under study. In particular, if the function 
A(z,  t)  slowly varies  in  time and  space  (as  compared  to  the 
pulse  duration),  then  one  can  say  that  the  polarisation 
response  is  practically  linear.  Such  an  analogy  allows  the 
introduction of  the quantity  ( , ) 1 4 ( , )n z t A z tp= + , analo-
gous to the refractive index of the medium and varying in time 
at each point of the space. However, there are no reasons to 

expect that the effect of such a ‘refractive index’ on the propa-
gation process will be the change in the group velocity of the 
pulse as a whole and  the  spatiotemporal modulation of  the 
phase velocities of different spectral components that deter-
mine the pulse shape {such an assumption was made in [16] 
without taking the spatial variation of n(z, t) into account}. 
Such  problems  as  the  physical  meaning  of  the  introduced 
quantity and  its  role  in  the observed evolution of  the pulse 
during its propagation require a separate study.

To  solve  these problems  let us  seek  for  an approximate 
solution of Eqn (4) describing the propagation of the probe 
pulse  through  the  medium,  whose  rotational  dynamics  is 
determined by the effect of the given pump pulse. Neglecting 
the transverse effects in propagation and considering linearly 
polarised  laser  pulses,  let  us  make  use  of  the  slow-varying 
amplitude equation [6] analogue, namely, let us seek for the 
solution  of  the  wave  equation  in  the  form Е(z, t)  =  e(z, t) ́  
exp{i[k(z, t)z – wt]}, where the wavenumber k(z, t) can depend 
both on the coordinate along the propagation axis, and on the 
time, while  the  envelope  e(z, t)  varies  slowly  in  comparison 
with the optical cycle corresponding to the pulse central fre-
quency. 

The substitution of this expansion into the wave equation 
(2)  makes  it  possible  to  neglect  some  of  the  arising  terms. 
First, the selection of fast-oscillating part in the expression for 
the laser pulse electric field strength assures the smallness of 
the second derivatives of  the envelope both  in  time and the 
spatial coordinate. Second, in the equation the terms are pres-
ent having the order of magnitude, determined directly by the 
function  ( , ) cosA z t N 1

2
1a qD F F= . Indeed, at the concen-

trations  and  characteristics  of  the Н2
+ molecule,  typical  for 

gaseous media, the order of magnitude of A(z, t) may be esti-
mated as 10–4 – 10–5 << 1. As a result, the expression for the 
‘refractive  index’  can  be  also  approximately  written  in  the 
form n(z, t) - 1 + 2pA(z, t), which illustrates the smallness of 
its  variation.  Third,  as  already  mentioned,  the  change  of 
A(z, t) in time is described by the temporal dependence of the 
function  cos1

2
1qF F ,  and  the  maximal  frequency  of  its 

variation is directly related to the number of rotational states, 
excited by the pulse. With the difference between the charac-
teristic rotational energy and the energy of a quantum at the 
central  frequency  of  radiation  from  the  Ti : sapphire 
laser  ( /( ) 10B las

2& ?w - )  taken into account,  it  is possible to 
assume that the function A(z, t) is also slightly varying during 
one cycle of the laser field, if the maximal number of a popu-
lated  rotational  state does not  exceed  ten. For heavy mole-
cules this limitation is much more liberal than in the case con-
sidered. These facts allow simplification of the wave equation 
by omitting the terms, proportional to A2, to higher orders of 
partial derivatives of the slowly varying functions, as well as 
to  their  products  (taking  the  fact  that  ∂A/∂t >  ∂e0/∂t)  into 
account).

It  is  natural  to  write  the  equation  for  slowly  varying 
amplitudes  in  the  accompanying  coordinate  frame  and 
assume that k(z, t) = wn(z, t)/c, which should hold under a con-
tinuous transition from the case of weak dependence of A(z, t) 
on the coordinate and time to the case of linear medium. Then 
the accompanying coordinates will be defined by the expres-
sions

x = z,  t = t – zn/c. (5)

Up to now we did not discuss the dependence of the func-
tion A(z, t) on the spatial coordinate. Consider the situation 
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when  a  femtosecond  pump  pulse  propagates  through  an 
unexcited molecular medium, which due to the inertia of the 
molecular alignment process has no time to essentially change 
its  initial  structure.  In  this case one can assume that all  the 
influence  of  the  medium  on  the  pump  pulse  is  reduced  to 
affecting the velocity of its propagation. For the pump pulse 
the medium appears to be linear, and the refractive index n0 
can be found from the expression for n(z, t) by replacing the 
mean  value  of  the  squared  cosine  of  the  alignment  angle q 
with the value 1/3, which corresponds to the unaligned state 
of the molecular medium. At different points of the medium 
such a pump pulse will provide similar time dependences of 
the function A, and the spatial dependence will be reduced to 
the effect of delay, i.e., A(z, t) = A(t – zn0/c). In this case up to 
the terms of the order A2 one can write A(z, t) - A(t – zn/c), 
i.e., n – n0 - 2pA – const ~ A.

Let us rewrite the wave equation using the accompanying 
coordinates,  taking  the described  smallness parameters  into 
account and omitting the higher-order terms. Then the wave 
equation takes the form

¶
¶

¶
¶

¶
¶2 ( )i ik c

k n
c

A2 4
2 2

2pt
x
e

t t
e= - +c m .  (6)

Equation (6), in which A(t) and n(t) are functions of the 
only  variable  t,  has  a  limited  domain  of  applicability  with 
respect to the laser pulse propagation depth, since in the pro-
cess  of  its  derivation  among  the  omitted  terms  there  were 
those that grow proportionally to different powers of z. The 
last term, proportional to the second derivative of A(t), was 
intentionally left in the equation, because, on the one hand, it 
is the largest among the terms that determine the real part of 
the equation at small depths of penetration into the medium, 
and, on the other hand, this term can be significant in the case 
of populating a large number of rotational states in light mol-
ecules, when the dynamics of  the quantity  cos1

2
1qF F   is 

fast. 
The  right-hand  side  of Eqn  (6)  does  not  depend on  the 

variable x, so that it is not difficult to write its solution, which 
is an approximate solution of the initial problem:

¶
¶

¶
¶( , ) ( )

( )
exp expi iE z t c

n
kc

A1 2
0 2 2

2pe t wt x
t
t

t
= - - -] g ; E,  (7)

where e0(t) is the initial envelope of the laser pulse. To obtain 
the electric filed strength one has to take the real part of solu-
tion (7). This solution describes several effects related to the 
influence  of  the  spatiotemporal  dynamics  of  the  medium 
‘refractive  index’ on the process of  laser beam propagation. 
First, the solution predicts deceleration of the entire pulse in 
the medium related to the motion of the pulse envelope e0(t) 
with  a  certain  ‘group velocity’. The  ‘group velocity’  can be 
defined as the velocity of the front edge or maximum of the 
pulse. Second, solution (7) characterises the phase velocity uph 
= c/n(t) [the second factor in (7)] and its dependence on the 
spatial  and  temporal  coordinates  via  the  dependence  on  t. 
The stronger the molecular alignment, the larger the decelera-
tion of the appropriate parts of the laser pulse, and vice versa 
– the alignment of molecules ‘against’ the field leads to accel-
eration of  the  spectral  components. The modulation of  the 
phase velocity causes generation of higher and lower frequen-
cies at the expense of the relation ¶ ¶ ¶ ¶/ /nph ?u t t- , the sign 
of ¶ ¶/n t  being determined by the temporal dependence of the 

quantity  cos2q  (particularly, its time derivative) during the 
action of the laser pulse.

Third, the analytical solution predicts the existence of one 
more important phenomenon, affecting the laser pulse evolu-
tion,  namely,  the  process  of  modulated  absorption  of  the 
pulse energy by the medium, which gives rise to redistribution 
of  the  contributions  from  different  frequency  components 
and determines  the  shape  of  the  laser  pulse  spatiotemporal 
profile. When a large number of rotational states are excited, 
one should also account for the fast dynamics of the quantity 
cos2q , which can in this case yield a correction to the value 
of  n(t)  at  the  moments  of  efficient  molecular  alignment. 
Hence,  the  evolution  of  the  pulse  in  the medium  is mainly 
determined by the dependence n(t), and by choosing the delay 
of  the  probe  pulse  it  appears  possible  to  create  a  specific 
regime of the probe pulse propagation, the energy and spec-
trum of which will vary in a controllable way.

Figure 2 represents the results of numerical calculation of 
the variation  in  the  temporal profile and  the  spectrum of a 
probe pulse having the duration of 30 optical cycles with the 
peak  intensity  I  =  1010  W  cm–2,  propagating  through  the 
molecular medium, excited by the pulse with I = 6 ́  1012 W cm–2 
(the  evolution  of  molecular  alignment  being  presented  in 
Fig.  1a),  as well  as  the analytical  solution  (7). At  relatively 
small duration of the probe pulse (~75 fs) the present case is 
the case of a ‘long’ pulse, in the sense that during the action of 
the  laser  pulse  the  molecules  have  time  to  reorient  several 
times. As a result, different parts of the pulse ‘feel’ different 
values of the ‘refractive index’, which leads to strong modula-
tion of the pulse structure. Figure 2a shows the time depen-
dences  of  the  laser  pulse  electric  field  strength  (rigorous 
numerical and analytical approximate solutions) for the pen-
etration depth 150llas (llas = 2pc/wlas), as well as the profile of 
the quantity  cos2q , characterising the dynamics of molecu-
lar  alignment,  induced  by  the  pump  pulse.  The  obtained 
results demonstrate perfect agreement (practically exact coin-
cidence) of the analytical approximation (7) with the rigorous 
direct solution of the problem. Hence, at the considered pen-
etration depths the analytical solution correctly describes the 
basic mechanisms responsible for the laser pulse propagation. 

The major contribution to the change in the laser radia-
tion  frequency  in  the course of  its propagation comes  from 
the quantity
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n z t
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wt
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characterising the time derivative of the pulse phase [the sec-
ond  factor  in  the  solution  (7)].  In  this  case,  as  mentioned 
above, the direction of the spectrum broadening depends on 
the  sign  of  the  derivative  ∂n(z, t)/∂t:  the  higher  frequencies 
arise during the time intervals when the derivative ∂ cos2q /∂t 
< 0 and vice versa. One can see from Fig. 2a the correlations 
between the sign of the derivative of the mean value of squared 
cosine  of  the  molecular  alignment  angle  and  the  increase/
decrease in the laser radiation frequency, which corresponds 
to the analytical solution.

In addition, in spite of its apparent smallness, the factor 
exp[– xc–1∂n(t)/∂t] also contributes considerably to the varia-
tion of the laser pulse profile, describing the redistribution of 
energy within the pulse and determining the additional tem-
poral modulation. The analytical solution obtained by omit-
ting the mentioned exponential factor, is presented in Fig. 2b 
and demonstrates its insufficiency as compared to the rigor-
ous solution. Therefore, the influence of the time-dependent 
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‘refractive  index’ on  the probe pulse propagation process  is 
not reduced to the change of the phase velocity of frequency 
components. An effect that appears to be essential here is also 
the modulated absorption, the relation of which to the deriva-
tive of  the  ‘refractive  index’ also  clearly manifests  itself  in  the 
pulse envelope shape, presented in Fig. 2a. As a result, the fac-
tor n(z, t) has a wider physical meaning than merely a refractive 
index of the medium in its traditional understanding.

The analytical solution also correctly describes the dynam-
ics of the pulse spectrum (Fig. 2c); the broadening in this case 

occurs towards both lower and higher frequencies. The spe-
cific shape of the resulting spectrum is determined by the fact 
that similar frequencies are generated in different part of the 
laser pulse (see Fig. 2a), as a result of which the interference 
irregularity  of  the  spectrum  is  observed.  The  neglect  of 
absorption  in  the  consideration  of  the  spectrum  evolution 
results  in  underestimation  of  the  spectrum  in  the  high-fre-
quency region due to the neglected interrelation between the 
absorption and the  frequency change.  In  this case  the spec-
trum broadening weakly depends on  the delay between  the 
probe pulse and the pump pulse, because ‘long’ pulses experi-
ence several oscillations of the quantity  cos2q , and the sum-
mary  effect  is  practically  independent  of  the  initial  phase. 
However, the presence of modulated absorption can give rise 
to  considerable  difference  in  the  temporal  profile  of  such 
pulses.

More  interesting  is  the  case of  ‘short’  pulses, when  it  is 
possible to implement the situation of only one chosen maxi-
mum of the quantity  cos2q , affecting the pulse evolution. In 
this case at definite values of the delay the sign of the deriva-
tive of the function n(z, t) may remain unchanged during the 
entire pulse, thus providing one-side broadening of the spec-
trum  (towards  either  high  or  low  frequencies).  The  phase 
velocity will change monotonically during the pulse, provid-
ing  a  monotonically  chirped  pulse  (a  similar  effect  was 
described in [16, 17] for pulses of large (picosecond) duration 
in the case of slow molecular dynamics of heavy molecules).

Due to such broadening of the spectrum, the presence of 
the chirp in the laser pulse allows simple implementation of its 
further compression procedure. Figure 3 illustrates the results 
of  numerical  calculations  for  the  case  of  propagation  of  a 
short pulse with the duration of five optical cycles under the 
same conditions of the molecular medium excitation, and at 
different delays of the probe pulse with respect to the pump 
pulse. The results of rigorous numerical calculation confirm 
the above considerations. Thus, at the delay dt = 6.5Tlas (Tlas 
=  2p/wlas)  (Figs  3a,  c)  the  probe  pulse  presumably  falls  on 
region of the increasing quantity n(z, t), which corresponds to 
phase velocity decreasing towards the pulse tail. Due to this 
fact the descending part of the pulse expands, thus increasing 
the  pulse  duration,  and  the  spectrum  broadens  mainly 
towards  lower  frequencies. When  the  delay  corresponds  to 
the opposite phase of the quantity  cos2q , the opposite effect 
is observed (Figs 3b, d, delay dt = 32.5Tlas): the frequency of 
the pulse increases towards the tail and the spectrum is shifted 
to the blue. Hence, choosing the delay between the pump and 
probe pulses one can control the direction of spectrum broad-
ening of the probe pulse, as well as the chirp sign. Moreover, 
the  quantity  cos2q   is  itself  of  importance.  In  the  case  of 
large values of the molecular alignment parameter during the 
probe pulse,  the  ‘group velocity’ of  the pulse appears  to be 
smaller. As a result in Fig. 3b one can see noticeable retarda-
tion of the pulse with respect to the one propagating through 
a non-oriented medium,  in contrast  to Fig. 3a,  in which no 
retardation is observed. Note also that the analytical solution 
in the case of ‘short’ pulses correctly predicts their evolution; 
however,  the  exact  coincidence with  the numerical  solution 
(at the propagation depths considered) takes place only for dt 
= 6.5Tlas. The reasons for that are discussed below.

Of  special  interest  is  the  optimisation  of  the  spectrum 
broadening procedure at the expense of a special choice of the 
delay between the pump pulse and the probe one. The idea is 
reasonable only for the case of ‘short’ pulses with the dura-
tion that allows experiencing the effect of a single oscillation 
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Figure 2. (a) Temporal profiles of the probe laser pulse with the dura-
tion of 30 optical cycles at the penetration depth 150llas, obtained by 
( 1 ) rigorous numerical solution and ( 2 ) approximate analytical solu-
tion of Eqn (7), and ( 3 ) the profile of the quantity ácos2qñ; (b) the ana-
lytical solution with no absorption taken into account, and (c) the laser 
pulse spectra at the same penetration depth, obtained by rigorous ( 1 ) 
numerical and ( 2 ) analytical solution.
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of the  cos2q  profile. The analytical solution (7) predicts that 
the maximal broadening of  the spectrum can be achieved  if 
the probe pulse is situated in the region of monotonicity of the 
function n(z, t). In this case the shift of the pulse spectrum will 
occur towards one side. Hence, for the exciting pulse consid-
ered, increasing the delay of the probe pulse five cycles long 
up  to dt =  34.4Tlas  one  can  expect  the  efficiency  growth  in 
generating high-frequency  components  at  the output of  the 
medium. 

The above considerations are  illustrated  in Fig. 4: when 
the delay between the pulses is increased up to dt = 34.4Tlas, 
the  laser  pulse  completely  covers  the  region  in  which  the 
derivative  of  n(z, t)  is  negative,  the  pulse  maximum  corre-
sponding to lager value of the derivative than for the delay dt 
= 32.5Tlas. Figure 4b presents the spectra of the probe pulse 
calculated  using  the  analytical  formula  at  the  penetration 
depth of 150llas for two values of the probe pulse delay men-
tioned above. In this case the rigorous solution essentially dif-
fers  from  the  result  of  calculation  using  the  analytical  for-
mula. From the rigorous solution (Fig. 4c) it is seen that the 
resulting spectra in the two cases differ insignificantly. Thus, 
there  is  a  disagreement  between  the  results  of  the  rigorous 
solution and the analytical one for dt = 32.5Tlas.

This  is  due  to  the  fact  that  the  approximate  analytical 
equation  (6) was derived  assuming  that  at  all  points  of  the 
medium the probe pulse experiences the influence of the same 
function A(t)  (the  right-hand  side of  the  equation does not 
depend on the variable x). Really the applicability of such an 

assumption is limited. As we have seen above, the propaga-
tion of a  laser pulse  can be characterised by a considerable 
decrease in the group velocity as compared to the velocity of 
the  pump pulse  at  the  expense  of  coincidence  of  the  probe 
pulse with the maximum of the ‘refractive index’ (see Fig. 3b). 
As a result, with increasing penetration depth the probe pulse 
‘drifts’ with respect to the temporal profile n(t), and just the 
spatiotemporal dependence n(z, t) becomes essential, because 
at different points of the medium the pulse ‘meets’ different 
phases of the ‘refractive index’. The capture of the laser pulse 
and its locking to the temporal dependence n(t) are, therefore, 
possible  only  near  its  minimum  (this  case  is  illustrated  in 
Fig.  3a), which corresponds to the motion of the probe signal 
with  the velocity of  the pump pulse. The derived analytical 
expression  correctly  describes  the  deceleration  of  the  pulse 
front edge, but cannot describe the effect related to the ‘drift’ 
of the pulse to the minimum of the quantity  cos2q , charac-
terised by  a  low degree of molecular  alignment. This  effect 
manifests itself in the broadening of the spectrum towards the 
short-wavelength  region  and  demonstrates  the  necessity  of 
the rigorous numerical solution of the problem in the case of 
‘short’ laser pulses. 

The use of a rigorous solution is also necessary when con-
sidering the problem of the pulse self-action in the process of 
its propagation. In the study of self-action one cannot sepa-
rate  the  spatiotemporal  evolution  of  the  laser  pulse  profile 
and the medium dynamics, so that the derivation of an ana-
lytical approximation is hardly possible. Figure 5 presents the 

0.5 1.0 1.5 w/wlas0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

0.5 1.0 1.5 w/wlas0

0.2

0.4

0.6

0.8

1.0

1.2

1.4
 z = 0
 z = 50llas
 z = 100llas 
 z = 150llas 

 z = 0
 z = 50llas
 z = 100llas 
 z = 150llas 

150 152 154 156 158 t/Tlas

–1.5

–1.0

–0.5

0

0.5

1.0

1.5

150 152 154 156

1

2

1

2

158 t/Tlas

–1.0

–0.8

–0.6

–0.4

–0.2

0

0.2

0.4

0.6

0.8

1.0

S
p

ec
tr

al
 in

te
n

si
ty

 (
ar

b
. u

n
it

s)
E

 (
ar

b
. u

n
it

s)
, á

co
s2 q

ñ

S
p

ec
tr

al
 in

te
n

si
ty

 (
ar

b
. u

n
it

s)
E

 (
ar

b
. u

n
it

s)
, á

co
s2 q

ñ

a

c

b

d

Figure 3. ( 1) Temporal profiles of the probe laser pulse five optical cycles long at the penetration depth of 150llas and ( 2 ) the profile of the quan-
tity ácos2qñ (a, b), as well as the evolution of the pulse spectrum (c, d) with the growth of propagation depth z for the probe pulse delays with respect 
to the pump pulse dt = 6.5Tlas (a, c) and 32.5Tlas (b, d). 
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results of  the rigorous numerical solution of the self-consis-
tent  problem  for  the  pulse  having  the  peak  intensity  I  = 
3 ́  1012 W cm–2. The wave equation, describing the transfor-
mation of  the  laser pulse,  and  the  set of Schrödinger  equa-
tions  that  determine  the  quantum  state  dynamics  of  the 
medium molecules were solved together. It is seen that in the 
process of self-action the effects that have been already dis-
cussed manifest themselves. The temporal profile of the pulse 
experiences  strong  deformations  (Fig.  5a)  and  its  spectrum 
essentially  broadens  (Fig.  5b).  This  is  accompanied  with 

strong modulation of the resulting spectrum, giving rise to a 
large set of new dominating frequencies. 

4. Conclusions

In the present paper the process of propagation of short laser 
pulses through the molecular medium, characterised by orien-
tational nonlinearity,  is  studied  in detail. A numerical  solu-
tion of the self-consistent system, consisting of the wave equa-
tion  that  characterises  the  spatiotemporal  evolution  of  the 
pulse, and the Schrödinger equation, describing the dynamics 
of the rotational state of the medium molecules, was obtained. 
The developed approach allows a correct description of  the 
quantum state of the medium molecules and an ab initio cal-
culation of polarisation response, beyond the frameworks of 
approximate phenomenological concepts.

The evolution of the temporal profile and the spectrum of 
the probe pulse, propagating through the molecular medium, 
preliminarily  excited  by  a  pump  pulse,  are  analysed.  The 
scheme  is promising  from  the point of  view of  controllable 
broadening of the probe pulse spectrum and wide possibilities 
for optimisation of  this process. An approximate analytical 
solution  of  the  present  problem  is  found  that  correctly 
describes  the basic  features of  the probe pulse propagation, 
allows understanding of physical mechanisms of the observed 
effects, and demonstrates the limited nature of their descrip-
tion using phenomenologically introduced refractive index of 
the medium. For ‘short’ probing pulses the rigorous solution 
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Figure 4. Illustration of the pulse ( 1 ) position with respect to the tem-
poral profile of ácos2qñ ( 2 ) at two delays of the probe pulse with respect 
to the pump pulse (the arrows show the position of the beginning, the 
maximum, and the end of  the pulse)  (a) and the spectra of  the probe 
laser pulse five optical cycles long at the penetration depth 150Tlas for dt 
= 32.5Tlas ( 1 ) and 34.4Tlas ( 2 ), obtained by analytical (b) and rigorous 
numerical (c) solution.
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Figure 5. (a) Temporal profile of the laser pulse 50 optical cycles long 
with the peak intensity I = 3 ́  1012 W cm–2 and (b) the spectra of this 
pulse at its propagation through the molecular medium at the penetra-
tion depth z = 150llas and at the medium input (z = 0).
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reveals the possibility of controllable directed broadening of 
the pulse spectrum, accompanied by the definite pulse chirp-
ing, which is of great interest from the point of view of obtain-
ing  self-compressing  pulses.  In  addition,  the  effect  of  laser 
pulse  ‘drift’  with  respect  to  the  profile  of  time-dependent 
refractive  index  of  the  medium  towards  the  region  with 
smaller degree of molecular alignment was found, which can 
give rise to a tendency of pulse self-splitting for pulses having 
large duration. All the effects manifest themselves even stron-
ger in the process of single pulse propagation under the condi-
tions of mutual influence of the pulse and the medium. 
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