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Abstract.  Using the rate equations for the density of photons and 
charge carriers, we have studied the amplitude low-frequency noise 
of a fibre Bragg grating semiconductor laser. The calculations rely 
on two versions of the rate equation for the carriers, characterised 
by the presence of the optical confinement coefficient for the term, 
which takes into account the rate of stimulated recombination. It is 
shown that the relative noise intensity, which is calculated by using 
the rate equation for the carriers without optical confinement, 
agrees better with the experimental results. The calculation of the 
amplitude – frequency characteristics (AFCs) has shown that it is 
impossible to give preference to any one of these systems, since the 
AFCs for the two versions of the rate equations for the carriers 
coincide. 

Keywords: semiconductor laser, fibre Bragg grating, low-frequency 
noise, amplitude – frequency characteristic. 

1. Introduction 

Pumping  and  detecting  a  reference  quantum  transition  of 
caesium frequency standards require highly stable single-fre-
quency lasers.

Zhuravleva et al. [1] proposed a special design of a single-
frequency laser with a fibre Bragg grating (FBG). The laser 
diode (LD) and FBG were mounted on two separate thermo-
electric  coolers, which  permitted  independent  tuning  of  the 
wavelength to the D2 line of caesium by changing the LD or 
FBG temperature. Zhuravleva et al. [2] presented a model for 
calculating the FBG LD characteristics, and Ivanov et al. [3] 
calculated the spectral characteristics of this system. 

Zholnerov et al. [4] demonstrated experimentally that the 
discontinuities in the light – current characteristics are corre-
lated with discontinuities in the spectral characteristics upon 
switching radiation both in the modes of the external cavity 
and  in  the modes  of  the LD. Calculations  showed  that  the 
discontinuities in the light – current and spectral characteristics 
can be obtained by taking into account the heating of the active 
region of the LD due to the Joule heat and the output power 
coupled out from the laser cavity. 

One of the main parameters of the laser, which determines 
the signal-to-noise ratio of the atomic beam tube (ABT), is the 
low-frequency amplitude noise of the laser.

The laser noise is studied based on the analysis of the rate 
equations. Thus, if the calculation of the photon density cus-
tomary relies on the use of the gain G multiplied by the optical 
confinement coefficient Ga,  the  rate equation  for  the carrier 
density has two versions, including the term GaGS [5 – 8], or 
the term GS [9, 10] [S is the density of photons in the cavity; 
see  below  equations  (1),  (2a)  and  (2b)].  Since  the  radiation 
power at the LD output is independent of the employed system 
of the rate equations, different forms of the equations for the 
carriers  lead  to a different density of photons  in  the cavity. 
Because the noise is determined by the value of S, it is necessary 
to analyse the behaviour of the noise in accordance with the 
system of the rate equations in question and then to compare 
the results obtained with the experiment. 

Bogatov  [11],  in  the  framework of  the quasi-monochro-
matic field with a slowly varying amplitude and phase, found 
the spectral distribution of the  laser power fluctuations and 
spectral distribution of the electron density fluctuations in the 
active region.

Zholnerov et al. [12] studied experimentally the amplitude 
noise of FBG LDs. The main feature of the plots shown in the 
paper is that the discontinuities in the relative intensity noise 
(RIN) characteristics are correlated with discontinuities in the 
light – current characteristic. In this case, the maximum noise 
is observed for the current varying from 70 to 73 mA (corre-
sponding  to  switching on  the  radiation  in  the modes of  the 
laser  diode)  when  simultaneous  lasing  of  two  modes  with 
approximately equal amplitudes takes place. 

The aim of this paper is to calculate, based on the model [2], 
the FBG LD noise characteristics using the results obtained 
in [5 – 8]. 

2. Design equations 

In accordance with the above provisions, the rate equations 
for the two variants can be written in the form (1) and (2a) or 
(1) and (2b): 
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where S1i  is  the photon density  in  the  ith mode of  the LD 
cavity; na is the carrier density; b is the coefficient taking into 
account the contribution of spontaneous emission to the lasing 
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mode; Fi(t) and Fe(t) are the Langevin noise operators; Anna 
is the rate of nonradiative recombination of the carriers; Va is 
the volume of the active region; and I is the pump current.

The lifetime of a photon in the FBG LD cavity is
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where c0 is the speed of light in vacuum. The coefficients Fji 
determine  the  relative distribution of  the photon density  in 
the constituent parts of the laser cavity: F1i = V1S1i /VSSi, F2i = 
V2S2i /VSSi, F3i = V3S3i /VSSi, FBi = VBSBi /VSSi , SFji = 1, VS = 
V1 + V2 + V3 + VB (V1 = Va/Ga, V2, V3 and VB are the volumes 
of the constituent parts of the cavity). The averaged photon 
density Si and volumes V1, V2, V3 and VB are determined by 
formulas  (14)  and  the  coefficients Fji  and  optical  losses ajS 
( j  =  1, 2, 3  and B)  in  the  constituent  parts  of  the  cavity  by 
expressions (18) and (20) from paper [2].

The rate of spontaneous recombination of the carriers is 

Rsp = Bna2 = na/tsp,  (4)

where tsp =  (Bna)–1  is  the carrier  lifetime upon spontaneous 
recombination, and B is a coefficient that is considered con-
stant. 

The  linearisation  of  the  gain  maximum  (22)  from  [2] 
allowed us to obtain an expression for the gain, which depends 
on the carrier density in the active region of the laser: 

Gi = Qi (naDi – na0),  (5)
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dg/dna is the differential gain; Ei = 1.24/li (li is the radiation 
wavelength of  the  ith mode  in micrometres); Eg  is  the band 
gap; DEg = 0.18 eV is the width of the gain spectrum; na0 = 
1.75 ́  1018 cm–3 is the carrier density at which the gain is equal 
to zero. 

For Eg we derive the expression 

Eg = E0 – 5.4 ́  10–4T2/(204 + T) – 2kgna1/3,  (6)

where E0 = 1.63 eV (as determined by the band gap of a bulk 
semiconductor with the quantisation levels in the valence band 
and the conduction band taken into account); and kg is a coef-
ficient which takes account of the change in the band gap due 
to filling by the carriers.

We are interested in the spectral and power characteristics 
of  the  laser when the pump current of  the LD changes at a 
fixed temperature T0 of the contact plate with the LD mounted 
and at a fixed FBG temperature TB (T0 and TB are maintained 
constant through the use of two coolers). 

The temperature of the active region of LD can be written as 

T = T0 + dT.  (7)

Change in the temperature of the active region as a func-
tion of the pump current I flowing through the LD and output 
power P1 coupled from the LD cavity can be represented as [4] 

dT = RT(UpnI + I 2Rd – 2P1),  (8)

where RT is the thermal resistance of the LD; Upn is the voltage 
at  the  p – n  transition;  and Rd  is  the  dynamic  resistance  of 
the LD. 

With T0 >> dT taken into account (we assume that T0 = 
293 K and dT £ 10 K [4]),  the expression for the Di  in for-
mula (5) can be linearised with respect to temperature T0:
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d
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According to (9) and (10), the gain (5) can be represented 
in the form 

Gi (T, na) = Qi {na[Di0(T0, na) + ATi P1] – na0},  (11)

where P1 is the emission power coupled out through the LD 
facet.

When account is taken of the active region heating calcu-
lated using  formula  (8),  the gain depends on  the power P1, 
and we can introduce the nonlinearity coefficient 
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For system (1) and (2a) we have [2] 
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i
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where Apower = hnBugrScs(1  – R1); hnB =  1.24q/lB;  lB  is  the 
Bragg wavelength expressed in micrometres; q is the electron 
charge; ugr  is the group velocity; R1  is the reflectance of the 
LD facet; and Scs is the cross-section area of the active region 
of the LD. 

The refractive index of the active region of the LD can be 
written as 
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where n10 is the refractive index of the active region of the LD 
for l = lB and T = T0. The refractive indices n2 and nB depend 
only on the wavelength and are given by (13) and (14) in [4].

In studying the noise characteristics we linearised the rate 
equation for the carrier density relative to the stationary value 
of nar , by assuming that na = nar  + Dna. Therefore, we linearise 
the expression for Di, which enters the gain (5): 

Di (T, na) = Di (T, nar ) + Agi Dna 

  = Di0 (T, nar ) + ATi P1 + Agi Dna,  (15)
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The gain (5 ) with Eqn (15) taken into account can be written 
in the form 

Gi (T, na) = Gi (T, nar ) + DGi (T, nar ),  (16)

where Gi = Gi (T, nar ) = Qi{ nar [Di0(T0, nar ) + ATiP1]  –  n 0ar } 
and DGi (T, nar ) = Qi [Di0(T0, nar ) + ATiP1 + Agi nar ]Dn. 

3. Calculation of the noise characteristics  
in the case of a single mode 

By substituting na =  nar  + Dna and S1p = S p1  + DS1p in equa-
tions (1) and (2a) or (2b), we obtain the equations for stationary 
values and increments. The values of  nar  and S p1  were calcu-
lated from the combined solution of stationary equations (1), 
(2a)  or  (2b)  and  characteristic  equation  (6)  from  [2]. For  a 
given pump current we determined the set of the modes that 
can propagate through the FBG LD system. For each mode 
we calculated the photon density, selected the maximum value 
to which the subscript p (S p1 ) is assigned. The radiation power 
was calculated using formula (13).

For the increments we obtain the expressions [5 – 8]

jwDna(w) = A1pDna(w) + A2pDS1p(w) + Fe , 
(17)

jwDS1p(w) = A3pDna(w) + A4pDS1p(w) + Fp ,

S1p(t) = S p1  + DS1p(t) = S p1  +  ( ) ( )exp j dS t tp1T w w
3-

3
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3
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Expressions (17) allow us to determine DS1p(w) for system (1) 
and (2a) in the form 

DS1p(w) = Tp(w)Fp + Te(w)Fe,  (18)

where Tp(w) = ( jw – A1p)/Y(w) and Te(w) = A3p /Y(w), Y(w) = 
( jw – A1p)( jw – A4p) – A2pA3p, 

A1p = –An – 2Bnar  – QpS p1 (Dp0 + ATpP1 + Agp nar ),

A2p = –Qp[nar (Dp0 + ATpP1) – na0], 
(19)

A3p = F1p bB2nar  + F1pQpS p1 (Dp0 + ATpP1 + Agp nar ),

A4p = –F1p bBna
2r /S p1 .

The  relative  intensity  noise  (RIN)  in  a  single  frequency 
band may be written in the form 
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where DS*1p is the complex conjugate value. 
The rms noise power in a single frequency band is defined as 

2 ( ) ( ) .P A S Snoise power p p1 1 1T Tw w= = *PT   (21)

For system (1) and (2b) in the expressions for the coeffi-
cients A1p and A2p  (19), we should replace Qp by Qp /Ga and 
multiply the value of Apower in formula (21) by 1/Ga.

For  Langevin  noise  sources we will  use  the  expressions 
obtained in [6]. For the system of equations (1) and (2a) they 
can be written in the form 
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For  the  system  of  equations  (1)  and  (2b)  formulas  (22) 
and (24) will remain unchanged, and in equation (23) Qp should 
be replaced by Qp /Ga. 

The coefficients necessary for the calculations are borrowed 
from papers  [2, 4]. The dependences  shown  in Figs 1 – 4 are 
calculated for RT = 38 K W–1, and in Fig. 5 – for RT = 50 K W–1. 
The dependences calculated for the system of equations (1) and 
(2b) are shown in Figs 1a – c, and for system (1) and (2a) – in 
Figs 1d, e. It is found that the P1(I ) dependences for the two 
systems are identical and the S1p(I ) dependences are qualita-
tively similar but differ in magnitude by about two of magnitude 
[S1p for system (1) and (2a) varies in the range (0 – 8) ́  1016 cm–3 
(the curve is not shown) and system (1) and (2b) – in the range 
(0 – 8) ́  1014 cm–3]. The graphs for the relative intensity noise 
differ from each other. For example, at I = 60 mA for system 
(1) and (2b) RIN = –150 dB Hz–1 (Fig. 1b), and for system (1) 
and  (2a) RIN =  –165  dB Hz–1  (Fig.  1d). Different  is  the 
behaviour of  the Pnoise(I ) dependences presented  in Figs 1c 
and 1e. By comparing the dependences for RIN and Pnoise in 
Figs 1b and 1c with the experimental curves in Figs 2 and 3 
from  [12],  we  see  that  plots  for  RIN  and Pnoise  in  Figs  1b 
and 1c, by the nature of changes and the absolute value, are 
closer to the experimental curves than similar dependences in 
Figs 1d and 1e. 

Thus, we can assume that  the results of calculations  for 
system (1) and (2b) correspond better to the experiment than 
those for system (1) and (2a). 

4. Calculation of the noise characteristics in the 
case of two modes 

For the system of equations (1) and (2a), the radiation power 
at the LD output in the case of two modes may be written in 
the form 

P1 = Apower(S1p + S1q),  (25)
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where S1p and S1q are photon densities in the modes p and q 
[for  system  (1) and  (2b)  into  the  right-hand  side of  (25) we 
should add the factor 1/Ga]. As in the case of a single mode, 
for a given pump current we determined the set of the modes 
that can propagate through the FBG LD system, calculated 
the density of photons  in the modes, selected the maximum 
photon density to which the subscript p is assigned. Then for 
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Figure 1. (a) Radiation power P1 ( 1 ) and photon density S1p  ( 2 ),  (b) 
relative intensity noise RIN and (c) Pnoise, calculated with formula (8) 
taken into account for one mode by using the system of equations (1) 
and (2b), as well as by using the system of equations (1) and (2a) – (d) 
RIN, (e) Pnoise vs. pump current. RIN and Pnoise values are given in a 
single frequency band.
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Figure 2. (a) Radiation power P1 ( 1 ) and photon density in the p mode 
S1p ( 2 ), (b) photon density in the q mode S1q, (c) relative intensity noise 
RIN and (d) Pnoise, calculated with formula (8) taken into account for 
two modes by using the system of equations (1) and (2b), as well as by 
using the system of equations (1) and (2a) – (e) RIN, (f) Pnoise vs. pump 
current. RIN and Pnoise values are given in a single frequency band.
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the modes i ¹ p we found the maximum value of the photon 
density  to  which  the  subscript  q  is  assigned.  The  radiation 
power was calculated using formula (25).

Similarly to the previous case, for the two modes we can 
obtain 

jwDna(w) = A1Dna(w) + A2pDS1p(w) + A2qDS1q(w) + Fe , 

(26)
jwDS1i (w) = A3Dna(w) + A4iDS1i(w) + Fi ,  i = p, q.
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Figure 3. Pump current dependences calculated with formula (32) taken 
into account for one mode by using the system of (a – c) equations (1) 
and (2b) and (d, e) (1) and (2a). Notations are the same as in Fig. 1. 
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Figure 4. Pump current dependences calculated with formula (32) taken 
into account for two modes by using the system of (a – d) equations (1) 
and (2b) and (e, f) (1) and (2a). Notations are the same as in Fig. 2. 
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Expressions (26) allow us to determine DS1p(w) in the form 

DS1p(w) = Tpp(w)Fp + Tpq(w)Fq + Tpe(w)Fe ,  (27)

where
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Y1(w) = ( jw – A1)( jw – A4p)( jw – A4q) 
(28)

  – A2p A3p( jw – A4q) – A2q A3q( jw – A4p).

For DS1q we obtained an equality analogous to (27) by replacing 
the subscript p by q. This also applies to the coefficients Tqq(w), 
Tqp(w) and Tqe(w).

The coefficients in (28) have the form: 

A1 = –An – 2Bnar  – Qp (Dp0 + ATpP1 + Agp nar )S p1

  – Qq(Dq0 + ATq P1 + Agq nar )S p1 ,

A2p = –Qp [nar (Dp0 + ATp P1) – na0],

A2q = –Qq [nar (Dq0 + ATq P1) – na0],  (29)

A3p = F1p Qp (Dp0 + ATp P1 + Agp nar ) + F1p bB2nar ,

A3q = F1q Qq (Dq0 + ATq P1 + Agq nar ) + F1q bB2nar ,

A4p = –F1p bBna
2r /S p1 ,  A4q = –F1q  bBna

2r /S q1 . 

For the relative intensity noise of the mode p we have 

( )

( ) ( )
lgRIN

S S

S S
10 p p

2
1 1T Tw w

=
+

*

p q1 1

  = 10 lg{[Fp
2|Tpp|2 + Fq

2|Tpq|2 + Fe2|Tpe|2 

  + 2FpFe Re(TppT*
pe) + 2Fq Fe Re(TpqT*

pe)] /(S p1  + S q1 )2}.  (30)

Langevin noise sources for Fp
2 and FpFe obey relationships 

(22) and (24). Expressions Fq
2 and FqFe are found from (22) 

and (24) by replacing the subscript p by q. The expression for 
Fe2 takes the form 

2
p0[ ( ) ]F V eV

I A n Bn Q n D A P n S1
e

a a
n a a a T ap p

2
1 0= + + + + + p1r)

  0[ ( ) ] .Q n D A P n Sa T aq q q 1 0+ + + q1r 3   (31)

In the case of two modes the calculated dependences  for 
system (1) and (2b) are presented in Figs 2a – d, and for sys-
tem (1) and (2a) –  in Figs 2e and 2f. The calculation shows 
that the P1(I) dependences for systems (1) and (2b) and (1) and 
(2a) coincide. The photon density  in  the mode p  for system 
(1) and (2a) is two orders of magnitude greater than for sys-
tem (1) and (2b), whereas the photon densities in the mode q 
are approximately equal to each other. The relative intensity 

noise of system (1) and (2b) is significantly higher than that 
of (1) and (2a). Thus, for the 60-mA current the RIN in the 
first case  is –150 dB Hz–1  (Fig. 2c), and  in  the second case, 
RIN = –165 dB Hz–1 (Fig. 2e) (as in the case of a single mode). 
The  value  of Pnoise  in  Fig.  2f  is  significantly  lower  than  in 
Fig. 2d. This is explained by the fact that the density of photons 
in  the p mode S1p  for  system  (1) and  (2a)  is  two orders of 
magnitude greater than for system (1) and (2b), whereas the 
photon densities  in the q mode S1q are approximately equal 
to each other.

The  density  of  photons  in  the  p  mode S1p  is  nonlinear 
and  increases with  increasing pump current. The density of 
photons in the q mode S1q decreases with increasing I, which 
leads to a decrease in the amplitude noise. For a current cor-
responding  to  switching  on  from  one  mode  of  the  LD  or 
FBG to  the other,  it  is  impossible  to obtain  in  calculations 
approximately  equal  amplitudes  S1p  and  S1q.  Thus,  taking 
into account the heating of the active region of the LD defined 
by  formula  (8),  the  ‘strong’ mode p  suppresses  the  ‘weak’ 
mode q, and generation of  these modes with approximately 
equal amplitudes is impossible.

5. Characteristics of FBG LDs without taken 
into account the radiation power coupled out 
of the laser cavity 

To take account of the heating of the active region of the LD, 
Eliseev [13] proposed to use the expression

dT = RT[UpnI(1 – h) + I 2Rg],  (32)

which differs  from (8) by the absence of  the term 2P1 –  the 
radiation power coupled out of the LD cavity. Reduced heating 
of the active region in this case is taken into account by intro-
ducing a constant efficiency coefficient h. In the calculations 
we assumed h = 0.25.

The same dependences for a single mode as in Fig. 1, cal-
culated with  formula  (32)  taken  into account, are  shown  in 
Fig. 3. 

One  can  see  that  the  P1(I )  and  S1p(I)  dependences  in 
Fig. 3a do not have discontinuities  inherent  in these depen-
dences (Fig. 1a). The absence of discontinuities is inherent in 
other characteristics, shown in Fig. 3. The plots of the RIN(I ) 
dependences  for  both  systems  differ  from  each  other.  For 
example, at I = 58 mA the RIN for system (1) and (2b) is 15 dB 
less  than  for  system  (1) and  (2a). The Pnoise(I ) dependences 
(Figs 3c and 3e) differ not only in magnitude but also in form. 

The situation changes dramatically when two modes are 
considered (Fig. 4). The plots of P1(I ) are the same for both 
systems. The density of photons in the mode p(q) for system 
(1) and (2a) is almost two orders of magnitude (one order of 
magnitude) higher than that for system (1) and (2b). 

Comparison of P1(I) and S1p(I) dependences in Fig. 4a with 
similar dependences in Fig. 2a shows that in the case of two 
modes these characteristics have no discontinuities. The S1q(I ) 
dependence (Fig. 4b) has no discontinuities and increases with 
increasing pump current (in contrast to the behaviour of S1q(I ) 
in Fig. 2b). A similar behaviour pattern is inherent in the RIN(I) 
and Pnoise(I ) dependences  (Figs 4c, e and Figs 4d, f )  – noise 
increases with increasing pump current.

The  difference  in  the  behaviour  of  the  characteristics  is 
due to the fact that when formula (32) is used in calculations, 
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there can simultaneously exist two modes with approximately 
equal amplitudes; however, this is impossible when use is made 
of formula (8). 

6. Calculation of the RIN for the FBG LD 
system in the low-frequency region 

Calculations show that at low frequencies (down to 60 kHz) 
it  is  impossible  to  achieve  the  coincidence  of  experimental 
and theoretical RIN dependences, obtained from formulas (20) 
or (30). Therefore, usually Hooge’s hypothesis [14] is used in 
considering low-frequency noises. Garmash et al.  [15] noted 
that the presence of such noise as 1/f changes the correlation 
ratio for Fe2 so that the low-frequency component of the spectral 
noise density for the system of rate equations (1) and (2b) can 
be written in the form 

2F V eV
I A n Bn1

e
a a

n a a
2

= + +)

  p0[ ( ) ] .Q n D A P n S n1
a

a T a
e

H a
p p 1 0 2wt

a
G+ + + +p1r 3   (33)

In  this  case,  relations  (22)  and  (24)  remain  unchanged. 
Here aH is the Hooge constant, and te = (An + Bna)–1 is the 
carrier  lifetime  in  view  of  non-radiative  and  spontaneous 
recombination. Calculations  show  that  for  theoretical  and 
experimental dependences to coincide we should have aH = 0.8. 

To match the calculated and experimental results, we will 
take into account that in a single frequency band 

2

2

10 10lg lgRIN
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S

S
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p

1
2

1
2

1

1T T
= = c m

  = 20 ,lg
Hz
dB

U
Unoise

0
= c m   (34)

where U0 = hpdRpdP1; Unoise =  Unoise
2T  = hpdRpd

2P1T ; 
hpd is the photodiode sensitivity; and Rpd is the load resistance 
in the photodiode circuit [16]. The theoretical curves shown in 
Fig. 5 are calculated at hpd = 0.6 A W–1 and Rpd = 1 kW.

Figure  5a  shows  the  dependence  of  the  voltage U0  and 
RIN on the pump current at f = 60 kHz for a single mode of 
system (1) and (2b) [the RIN(I) dependence is calculated using 
formula (34)]. Figures 5b and c present similar dependences 
for  the  frequencies  f =  1  and  0.167  kHz. One  can  see  that 
the theoretical and experimental dependences coincide in the 
order of magnitude. However, the calculations do not show 
a sharp increase in the noise level in the current range from 
70 to 73 mA, corresponding to switching on the radiation in 
the  LD modes,  and  an  increase  in  the  noise  in  the  current 
range from 80 to 95 mA. 

7. Calculation of the amplitude – frequency 
characteristics 

Consider two systems of rate equations (1), (2a) and (1), (2b) 
with the active heating region of the LD taken into account 
which  is  defined  by  formula  (8)  (excluding  Langevin  noise 
operators). We  assume  that  the  pump  current  I  has  a  con-
stant, Ir, and a variable component, Di(w), 

I = Ir + Di(w) exp(jwt),  (35)

which leads to modulation of both the carrier density and the 
photon density: 

na = nar  + Dna(w) exp(jwt),   
(36)

S1p = S p1  + DS1p(w) exp(jwt),

where w is the modulation frequency; and nar , S p1  are the con-
stants of the carrier and photons densities.

Single-mode approximation. By substituting (35) and (36) into 
the system of equations (1) and (2a), we obtain the equation 
for  the stationary values and  increments. As previously, we 
use the p mode, for which the photon density is maximal. The 
wavelength lp corresponds to this mode. The radiation power 
was calculated using formula (13).

For increments we obtain the equations: 

jwDna(w) = 
( )
eV
i
a

T w
 + A1p Dna(w) + A2pDS1p(w) , 

(37)

jwDS1p (w) = A3p Dna(w) + A4pDS1p(w),
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Figure 5. Pump current vs. relative intensity noise ( 1 ) and voltage U0 ( 2 ) 
proportional to the LD radiation power for frequencies f = (a) 60, (b) 1 
and  (c)  0.167 kHz  in  the  case of  a  single mode. The  calculations  are 
performed for the system of equations (1) and (2b). The experimental 
dependences are given by empty circles and triangles. 
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which allow one to define the relationship 
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where  the  coefficient Y(w)  and  its  coefficients A1p, A2p, A3p 
and A4p are determined by expressions (19). 

In view of (38) the normalised AFC can be written in the 
form 
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w0
2 = A1p A4p – A2p A3p,  m = –(A1p + A4p).  (40)

Figure  6  shows  the dependences of  the  radiation power 
P1, wavelength lp, photon lifetime tp and relaxation oscilla-
tion frequency w0

2 on the pump current for the lengths of FBG 
fibres L2 = 7.6 and 1.0 mm. The photon lifetime was calculated 
using  formula  (3).  It  can be  seen  that all  the characteristics 
have discontinuities that correlate with discontinuities in the 
light – current  and  spectral  characteristics. A  comparison of 
the curves shown in Figs 6a and b shows that a decrease  in 
the  fibre  length  from 7.6  to 1.0 mm increases  the  range of 
continuous  tuning  of  the  radiation  power  and  wavelength, 
decreases the photon lifetime and increases the frequency w0

2. 
According  to  the calculations  for a given pump current  the 
AFCs coincide (with an error of less than 3 %) for both sys-
tems. The  coincidence  of  the AFCs  can be  explained  if  in 

formula  (40)  we  write  the  expressions  for  the  coefficients 
A1p, A2p, A3p and A4p in the form of (19). Then, we obtain 
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Calculations  show  that  in  the  developed  generation 
regime,  the  last  term in (41) can be neglected;  therefore, w0  is 
determined by the radiation power P1, which, in turn, is inde-
pendent of the chosen system (1), (2a) or (1), (2b). 

The dependence w0
2(I) (Fig. 6a), as the dependences of P1(I) 

and  l(I),  has  discontinuities  and  hence  the  performance  of 
the  FBG  LD  depends  on  the  selected  operating  point  and 
may decrease with  increasing I  [points A and B on curve ( 4 ); 
Fig. 6a). 

Two-mode approximation. Following the procedure described 
in Section 4, we selected  the modes with subscripts p and q 
(with wavelengths lp  and lq). The  radiation power was cal-
culated using formula (25); P1 and radiation wavelengths lp 
and lq are shown in Fig. 7.

For the increments we obtain 

jwDna(w) = 
( )
eV
i
a

T w
 + A1 Dna(w) + A2pDS1p(w) + A2q DS1q (w) , 

(42)
jwDS1i (w) = A3 Dna(w) + A4iDS1i(w),  i = p, q.

Expressions (42) allow us to determine the ratio 
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Figure 6. Pump current for a single mode of the FBG LD vs. radiation power P1 ( 1 ), radiation wavelength ( 2 ), lifetime of the photons in the cav-
ity ( 3 ) and frequency of the relaxation oscillations ( 4 ) for the fibre lengths L2 = (a) 7.6 and (b) 1.0 mm. 
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where Y1(w) is defined by equality (28) and its coefficients – 
by equality (29). 

The normalised AFC can be written as 

( )
( ) ( / ) ( )

[ ( / ) ]
,lgM

A
b a

10
1

2
1
2 2 2 2

2
2 2 2

1
4 2

w
w w w w w

w w
=

- + -

+

S
) 3   (44)

where

w1
2 = (1/AS)[(A1A4p – A2p A3p)A4q – A2q A3q A4p],

a = –(A3p A4q + A3q A4p),  b = A3p + A3q , 
(45)

w2
2 = A1p A4p – A2p A3p + A4q (A1 + A4p) – A2q A3q ,

AS = A1p + A4p + A4q .

Figure 7 shows the pump current as a function of the radi-
ation power P1, wavelengths lp and lq, and relaxation oscilla-
tion frequencies w1

2 and w2
2 calculated by using formulas (45) 

for the fibre lengths L2 = 7.6 and 1.0 mm. 
The results of AFC calculations conducted using formula 

(44) for the pump current of 60 mA and the fibre lengths of 
L2 = 7.6 and 1.0 mm showed their complete agreement with 
the results of calculations for the single-mode approximation 
by formula (39). Therefore, to simplify the AFC calculations 
it is reasonable to use formula (39).

8. Discussion of the results and conclusions 

Comparison of  the  calculated dependences with  the  experi-
mental plots from [12] for single-mode lasing shows that sys-
tem (1) and (2b), in which the rate equation for the carriers 
does not make use of Ga, better describes the experiment than 

system  (1)  and  (2a).  In  the  two-mode  case,  both  systems 
in adequately describe the experiment. 

The FBG LD characteristics calculated for a single mode 
using formula (32), which does not take into account the radi-
ation power coupled output of the cavity, have no disconti-
nuities inherent in characteristics obtained with P1 taken into 
account. The characteristics in the two-mode case also have 
no discontinuities, but  the noise  levels  for both  systems are 
much greater than the noise level obtained by taking P1 into 
account and increase with increasing pump current. 

The  nonlinearity  coefficient  (12)  varies  in  the  range 
(3 – 4) ́  10–17  cm3  for  system  (1)  and  (2a)  and  in  the  range 
(3 – 4) ́  10–15 cm3 for system (1) and (2b). 

Expression (20) for RIN can be transformed into formula 
(115)  from paper  [5]. Calculations performed by using both 
formulas gave the same results. 

Expression (30) can be transformed into formula (22) from 
paper  [17]. Calculations  performed  by  using  both  formulas 
gave the same results (in this case, Fq should be equal to Fp). 

Using Hooge’s hypothesis for RIN allowed the theoretical 
curves to agree with the experimental curves from [12], except 
for RIN(I ) at  the pump current  ranging  from 70  to 73 and 
from  80  to  95  mA.  The  reason  for  the  discrepancy  is  the 
inability to obtain in theory simultaneous lasing of two modes 
with approximately equal amplitudes in the calculations based 
on formula (8), while  in the experiment simultaneous lasing 
of  two modes  is  possible. This may be due  to  the  fact  that 
we do not take into account the reflection of  light from the 
lens,  which  falls  onto  the  LD,  causing  additional  noise  [in 
the experiment we used an AR-coated (R < 0.5 %) two-lens 
objective and two AR-coated protective glass plates). In addi-
tion  to  the nonlinearity of  the  gain  (12),  it  is  necessary  to 
take into account the nonlinearity associated with the spectral 
burning of  the carriers and carrier  transport  [9, 10]. We did 
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Figure 7. Pump current for two modes of the FBG LD vs. radiation power P1 ( 1 ), radiation wavelength lp ( 2 ), radiation wavelength lq ( 3 ), fre-
quency of the relaxation oscillations w22 ( 4 ) and frequency of the relaxation oscillations w12 ( 5 ) for the fibre lengths L2 = (a) 7.6 and (b) 1.0 mm.
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not consider the heating of the LD cavity mirrors associated 
with the radiation absorption in the near-surface region of the 
crystal, causing local heating of the mirror and the reduction 
in  the  band  gap,  which  leads  to  a  further  increase  in  the 
absorption and the LD crystal temperature rise. 

Both systems of the rate equations for the specified current 
yield identical AFCs in the case of one and two modes. 

Shortening the length of the fibre leads to the broadening 
of the range of continuous tuning of the radiation power and 
wavelength, to reduction of the photon lifetime in the cavity 
and to an increase in the resonance frequency. 
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