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Coherent light scattering of heterogeneous randomly rough films
and effective medium in the theory of electromagnetic wave
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Abstract. We have developed a general formalism based on Green’s
functions to calculate the coherent electromagnetic field scattered
by a random medium with rough boundaries. The approximate
expression derived makes it possible to determine the effective
permittivity, which is generalised for a layer of an inhomogeneous
random medium with different types of particles and bounded with
randomly rough interfaces. This effective permittivity describes the
coherent propagation of an electromagnetic wave in a random
medium with randomly rough boundaries. We have obtained an
expression, which contains the Maxwell - Garnett formula at the
low-frequency limit, and the Keller formula; the latter has been
proved to be in good agreement with experiments for particles
whose dimensions are larger than a wavelength.
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1. Introduction

The propagation of electromagnetic waves in random media
has been studied extensively in the past decades [1—16]. In most
of works, the basic idea is to calculate the first and second
statistical moments of the electromagnetic field in order to
understand how the waves interact with an inhomogeneous
random medium [8, 11-13,16]. In this paper, we are interested
in the first statistical moment, which represents an average
electric field. Under some assumptions, we can show that this
field propagates as if the medium were homogeneous but with
a renormalised permittivity, the so-called effective permittivity.
The calculation of this parameter has a long history which
dates back to the work of Clausius—Mossotti and Maxwell -
Garnett. Since then, most of the studies are concerned with
a quasi-static limit where the retardation effect is neglected.
In order to take into account scattering effects, the quantum
multiple scattering theory has been transposed to the electro-
magnetic case [6,8, 11-13,16]. However, as a rigorous analyti-
cal answer is unreachable, several approximation schemes have
been developed [6,8,12,13,16]. One of the most advanced
schemes is the quasi-crystalline coherent potential approxima-
tion (QC-CPA), which takes into account correlations between
particles [13, 16].

In this paper we consider the coherent component of the
electromagnetic wave field scattered by random media bounded
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with randomly rough surfaces. To this end, rigorous numerical
methods have been developed, which are computationally
cumbersome or limited to 2D geometries. Most often, the
radiative transfer theory is used for the volumetric scattering.
This method is well suited to compute the scattered intensity
but is based on phenomenological considerations. Thus,
analytical theory has been developed in order to describe the
coupling between a random medium and rough boundaries.
Furutsu [17, 18] formulated the rough surface scattering prob-
lem on the basis of Dyson and Bethe—Salpeter equations, in
which the random medium and rough boundaries are treated
on the same footing. Unfortunately, this approach is formal,
and the relationship between the radiative transfer theory and
the classical rough surface scattering theories is not straight-
forward. Mudaliar [19-21] used integral equations where
the rough boundaries were considered under a perturbative
development. He showed that the scattering intensity is
described by a generalised transport equation. His approach
is more numerically tractable than Furutsu’s, but the expres-
sions derived are determined by the choice of the perturbative
development to describe the scattering by the rough surfaces.
In this paper, we show that we can obtain the general expres-
sion, whatever the choice of the scattering theory used at the
boundaries, by introducing the scattering operators of ran-
domly rough surfaces (see [22] for the expressions of scatter-
ing operators for the small-amplitude perturbation theory).
Furthermore, in separating the surface and the volume scat-
tering contributions with the help of Green’s functions, we
can use analytical theories of waves scattered by an infinite
random medium. We consider the coherent field in the random
medium and study the effect of the rough boundaries of the
inhomogeneous layer on the expression of the effective permit-
tivity. The subject of our interest concerns a random medium
consisting of statistical ensembles of different scattering spe-
cies and artificial material structures developed on the basis
of dielectric or metallic resonant particles or nanoparticles.
The aim of this paper is to derive new propagation equations
for a light wave and new formulas for the effective permittivity
which characterises the coherent part of an electromagnetic
wave propagating inside a random medium with randomly
rough interfaces. The starting point of our theory is the multiple
scattering theory. We present a formal solution for the scat-
tering operator by introducing the T-operator formalism. We
show that the T-operator satisfies the Lippman—Schwinger
equation. Then we introduce the QC-CPA, which takes into
account the correlation between the particles with the help of
the pair distribution function. It is important to define a new
accurate formulation of the effective permittivity and to intro-
duce the roughness of a slab into the expression of the scatter-
ing field for the design of heterogeneous metamaterials [23]
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and the mathematical analysis of wave scattering in these
media. This can provide a physical insight in the fields of wave
physics of heterogeneous metamaterials and non-local disper-
sion. The current interest in these topics is linked to the grow-
ing attention due to ability of such structures to control the
propagation of electromagnetic waves at scales larger and lesser
than the wavelength and due to the elaboration of the stan-
dardised mathematical basis for optimisation of parameters of
such structures. This paper presents some new perspectives:
new formula of the effective permittivity, which contains the
Maxwell-Garnett formula at the low-frequency limit, and the
Keller formula, the contribution of the rough boundaries of
the slab, new expressions of the coherent scattering field taking
into account scattering from randomly rough boundaries
and a random medium with different types of particles. The
operator, which describes the scattering by the randomly
rough boundaries of the slab, can be approximated by using
the usual scattering theories by rough surface like the small-
perturbation, the Kirchhoff or other more sophisticated theories
(small-slope approximation, small-perturbation method at
higher orders).

The paper is organised as follows. In Section 2, we intro-
duce the multiple scattering formalism for a random layer
with randomly rough surfaces and consider the Lippman-—
Schwinger equation. In Section 3, we derive a system of equa-
tions verified by the effective permittivity under the QC-CPA
approach. Then, in Section 4, we introduce the formulation
of the effective permittivity for Rayleigh scatterers, and in
Section 5, we present some numerical examples for dielectric
or metallic nanoparticles embedded in a dielectric medium.

2. Lippman—Schwinger equations
and scattered field

In the following we consider harmonic waves with the fre-
quency w. The structure (Fig. 1) in question consists of a first
semi-infinite medium (medium 0) with a permittivity &, a
random layer (medium 1) with a permittivity &;(w) bounded by
rough interfaces and another semi-infinite medium (medium 2)
with a permittivity &,(w). The layer has discrete randomly dis-
tributed scatterers. To calculate the scattered field we intro-
duce Green’s functions associated with the different media.
With a source inside medium 1, Green’s functions satisfy the
propagation equations:

VXVXG(1, 1) = £0(0) K3, GSY(r,70) = 0, (1

VXVXGlslv(rr Vo) - Sv(l’, w)KeaCGlslv(ra rO) = 6(" - V())I, (2)

Vo, & k
z=I(x)
Randomly
Ve g rough surfaces
z=-H+ ]’lz(x)
Vo, &,

Random medium

Figure 1. Definition of the random volume with rough boundaries.

VXVXGE(r, 1) = £2(0) K3, GRV(r, ) = 0. 3)

Here, the superscripts indicate the receiver and source locations
in media 0, 1 and 2, respectively; the subscript SV shows that
Green’s function takes into account the interactions between
the random volume and the rough interfaces; K,,. = w/c; and
¢ is the speed of light in vacuum. Inside the medium with the
permittivity €;(w), we consider a set of N scatterers which are
assumed spherical with a radius ry and a permittivity ey(w).
In the following we consider two types of scatterers with dif-
ferent radii r and permittivities ¢ denoted by a and b, respec-
tively. The formulas can be generalised to N types of particles.
The permittivity ey for the layer is given by

Na
ev(r,w) = &1(@) + D [e(0) —e1(0)]Oyfr — 1,)
a=1
N,
+ D [en(@) = e(@)]Oy(r — 1), “4)
b=1

where rq, ..., ry are the positions of the centres of the particles,
N, + N, = Nis the total number of particles, and 6, , describes
the shape of the particles. Note that the results can be gener-
alised to non-spherical particles. For ©,, we have:

Lat ||| < rp,

Oat||r||> rs, ©)

@a,b(") = {

where r,;, are the radii of the particles. We impose boundary
conditions on the two rough surfaces. For the upper rough
surface, we obtain:

;'sl'gl(w)Glslv("a ro) = it51~go(a))Gg1V(r,r0), (6)
g X Gy (r, 1) = i X Gy (1, o), (7)
i1 [VX GV (r,10)] = gy [VX G (1, 1), ®)
g X [VX Gy (1, 1)] = gy X [VX G (1, 1), ©)

and for the lower rough surface, we derive:

iy £1(@) G&V(r, 1) = iy €2(0) G3Y (1, o), (10)
X Gy (r,10) = A X G(r, o), (1)
iy [VX GE(r,10)] = iy [VX GV (1, 1), (12)
o X [VXGY(r,r0)] = i X [VX Gy (1, ro)], (13)

where ng and ng, are the exterior normals to the two rough
surfaces. The solutions of the propagation equations are
unique if we impose the radiation condition at infinity for
media 0 and 2. In order to separate the contribution from
the rough surfaces and the random medium, we introduce the
dyadic Green’s functions GL!, G, G%l, which describe scat-
tering by a layer with rough boundaries but without a random
medium taken into account. These functions satisfy similar
propagation equations and boundary conditions as Green’s
functions Ggy, where the permittivity ey(w) due to the random
medium is replaced by the effective permittivity e.(w) in the
equations, with this assumption the layer is considered homo-
geneous. In the following sections, we will determine this
effective permittivity. Let us now find the potential function,
which describes the interaction between the wave and the par-
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ticles and then present the expression for Green’s functions.
The system of differential equations with boundary conditions
and radiative condition at infinity can be transformed into
integral equations. For the source in medium 1, the system
of integral equations related to the potential function has the
form:

Gl = GY + GY-V1LGY, (14
Gy =G + G{- V-G, (15)
Gi = GY + GI-V'-GYY. (16)

Here use is made of the following operator notation:
[4-B](r1, 1) = J; a3 A(r, 1) B(ry, 1) (17)

1

and the potential function can be written as:

V”(l’, VOa(U) = 6(}"—}’0)[/1(}’), (18)
Vir,0) = Kiydev(r,0) —ew)] 1. 19)

A direct demonstration of these equations involves integral
theorems, but it is easier to use the uniqueness of the solution
and verify a posteriori that the integral equations satisfy the
propagation equations and the boundary conditions.

Our aim in this paper is to find a system of equations, with
which we can calculate the effective permittivity. In solving
equation (15) by iteration, we obtain that:

GY, = GL + GLVILGL + GLLyIL.GL-V-GL + .. (20)

We can rewrite the Lippmann—Schwinger equation (15) by
introducing the transition operator (T-operator) T8\, which
is defined by:

GY, =G+ GL-TL,-GY. (21)
Using definition (21) and equation (15) we can express the
operator T&, in terms of V1!

Ty, = v+ pi.gil-Tl, (22)

TS = V' + TG -V, (23)
The transition operator T4y contains all the scattering pro-
cesses occurring in a random medium. If we know this operator,
then we can calculate all the electromagnetic fields in different
media by using the Lippman—Schwinger equations.

3. Coherent potential approximation
and effective medium theory

3.1. Definition of ensemble averages

To calculate the coherent field scattering in a random layer,
we first define the averaging procedure. The symbols (...)g
and (...)y denote respectively the ensemble average over the
surface and volume disorder. We suppose that the rough
surfaces and the random medium properties are statistically
independent. The ensemble average over a random medium
is defined by:

<f>v = J-V d3l"l d3VNf(l‘1, ...,VN)p(Vl, ...,I’N), (24)

where rq, ..., ry are the positions of the particles and p(r, ..., #y)
is the probability density function of finding the N particles at
positions rq,...,ry in the layer. We will use the expansion of
this density function over conditional probabilities:

(25)

DL ¥N) = D) P oy Fiy ooy Py 1),

Pissry) = P p(ri 1) pF1s oy Py oy By s | 13 1), (26)
where the cap * indicates the terms that are not taken into
account. The function p(r;) defines the density probability
to find a particle at point r;. The quantity p(r;|r;) is the condi-
tional probability to find a particle at point r; at a given par-
ticle at point r;. If the particles are uniformly distributed
inside the random medium V1, then the single particle density
function is p(r;) = 1/V,, where V' is the value of the volume V1.
We also define the pair distribution function as g(||r; - rl|) =
p(r;|r))/p(r;). This function only depends on the distance between
two particles if we suppose that the distributions of the particles
are statistically homogeneous and isotropic. The normalisation
factor V| is chosen so that the particles are far away from
each others, and their positions are considered uncorrelated.
By using these conditional probability functions, we can define
the conditional averages:

<f>Vr, = fyd3r1 d3y,* ...d3l’Nf(V1,...,V[,...,VN)

Xp(rli"'rﬁb"-ar]\/lri)’ (27)

3 -3~ -3~ 3
<f>Vl‘i,l‘/ = J.V d’l’] od Fi... d r; ...d’VN
1
X1 e Fiyeoes By aes I PPy ey Py ooy By Py | 13y 7). (28)

3.2. Coherent potential approximation

The previously defined T-operator is useful to calculate the
average field over the volume disorder (GL,)y. We obtain
the Dyson equation in which the potential operator is replaced
by the mass operator containing all irreducible diagrams in the
Feynman representation. The mass operator can be expressed
by (T4,)y. The averaged electric field satisfies the Dyson equa-
tion with the mass operator related to the effective dielectric
permittivity of a homogenised structure. To determine &.(w)
we use the coherent potential approximation (CPA), which is
defined by:

Gy =G§. (29)
With (21) taken into account, we can demonstrate that (29) is
equivalent to the equality

(T§)y =0, (30)

Where
11 !/ l/ 11 11
TSV .GS 'TS\/'

Equations (30) and (22) give a finite closed system of equations
where the unknown is the quantity &.(w).
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3.3. Expression of the scattering operator 7!

We express (22) in terms of the scattering operator #}! for
a particle with a permittivity € located at point r; inside an
infinite homogeneous medium. This scattering operator is
given by:

il =[1-v}-GP1 ol 31

or the following different expressions:

A1 =l + ol G gl (32)
til=vll +oll-GPoll +oll-GPoll- Gl + L (33)
1 (r,1o) = v;.(r) 8(r — 1)

+fd3V1U3i(")' GP(r, 1) 1,1 (ry, 7). (34)

Here, G7° is Green’s function in an unbounded homogeneous
medium characterised by the effective permittivity .. The scat-

tering potential v! is given by
v, (r, 1) = (2m)*8(r — ro) vy, (r), (35)
’U}’,(V) :Kgac(gsi_gl) @s(r_ri)l' (36)

3.4. Introduction of the transition operator T W

To rewrite equation (22) trough the operators #.!, we will use
the formula

Vi(r,r) = (2m)° 8(r — o) Kiaclev(r) — o) I (37)
and define the following operators:

T4 =T + 08y (38)
for

o =W+ WIGI-TY, (39)
where

Wi(r,rg) = 2n)?8(r — ro) K2,o(ee — 1) 1, (40)

plt=yi+wi, (41)

With (35)—-(37), (40) and (41) taken into account, we obtain

pi = va + Zv,,,

a=1

(42)

From (22) and (41), using definitions (38) and (39), we obtain
the expressions:

T Vl] +V11 Gll Tll (43)
=P+ GYTY - 0l @
With (42) and (44) taken into account, we represent T, in the

form:

Z CSV Iy

a=1

(45)

Np
11
Z CSV,rhs
h=1
where

QM—M+wc(zqm+zqw

a=1

sv), (46)

and finally obtain a similar expression for Célv .

3.5. Definition of the scattering operator tlsf,’

for a particle in a random medium
If we subtract v} G§!-C4y, ,, from the two members of equa-

tion (46), we obtain

(I—U}:'G ) CSV ra

—v“+v,lulG”(chv.a+zcsv.b— élv), 47)
a =1

a +a

which can be written as

iy, =il + 14l -Gl ( > Cll + chv ., sv), (48)
by
where
té},ﬂ [Z- v“ G“] (49)
=vll +oll-G§ 1y, (50)

The operator #§!,, is the scattering operator for a particle
located at point r, inside the layer, and this operator takes
into account the interactions of the field with the rough sur-
faces. In writing G4'in the form

G§' = G+ 5GY, (51
where 8G{' is Green’s function describing the wave interac-

tions with the rough boundaries of the effective medium,
expression (50) can be written in the form

[I-v! G118, = v} +v}!-8GE 14, (52)
Whence, we find
18, =0+ 418Gy 1!, (53)

where #]! is defined in (31).

3.6. Renormalisation of the particle potential

The operator t}! describes the scattering of a particle in an
infinite homogeneous medium (Fig. 2). If we want the operator
t! to describe the scattering of a particle with the permittivity
&, inside a medium with the permittivity &, it is convenient to
renormalise the permittivity of the particle by introducing the
permittivity € = e,; — (g; — &¢). This yields

vll’i(r) = K%ac(‘gsi -

€1) Or—r)1 (54)

= K%ac(gs_se) @s(r_ri)l- (55)
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8]

11
trl (I’., l’o)
ro

86
ri

r

8}

11
€0 tS,r, (V, "0)

5]

1
€0 Csy . (r, 1))

Ee

&€

Figure 2. Representations of the operators tr Ll » and C. élv,,.,.

It is obvious that ]! is the scattering operator for a particle
with the permittivity & inside a medium with the permittivity
€. (see Fig. 2). In other words, the operator té},./. describes the
scattering of a particle located at point r; inside the layer V1
taking into account the interactions with the rough boundaries
(Fig. 2). Iterating equation (53) we obtain

tll, = 111+ 1]1-5GY

, A L SGULSGL e 4 L (56)
Note that the first term describes the scattering process of one
particle and the following terms represent the interactions
between a particle and rough boundaries because the operator
3GL! involves the interactions of the waves with the rough
boundaries of the effective medium (Fig. 2). Equation (48)
represents the multiple scattering process inside the layer

bounded by rough surfaces:

N
— 11 11, (11
CSVn tS: + Z:lts,n GS tSJ‘j
Jj=1
J#i
S S 11, .11
+ Z ZtSnG ‘1, Gs tsl, +
i4i

(57)

»R‘

ke

S~

The quantity Csv « represents the field scattered by particles
located at point r; and takes into account the interactions with
other particles and rough boundaries. Due to the introduc-
tion of the effective medium &.(w) in the expression for G4,
we find that in equation (48) the contributions of multiple scat-
tering are damped by the term QL%

3.7. Determination of the effective permittivity

Averaging equation (38) according to definitions (39) and (40)
and under the CPA assumption (30), we have

(Zn)z 8(" - VO)SeK%acI

= Q)2 8(r — ro) & Koo L + (T & (1, 10))v. (58)
Taking into account the definitions of the conditional averages,
from (47) we obtain

T&)y = Z (C8y v + Z (C8.m)v

a=1 b=1

-y J, Erapr) (€8 v+ > |, Erpe) (€,

a=1 b=1

=, [ ErC v, + m | Ery(CHn v, (59)
4 4

where n; = N;/V7 defines the density of the particles of type
a or b. In (59), we used the propriety (C8V . v, = (C§V.,, v,
for i # j, and the assumption of a random medium, which is
statistically homogeneous. We average equation (48) following
the definition of the conditional average (...)y,,, and using (29)
we obtain (i = a or b)

<CSV WV = (t]s,lr,->v,',v
+ zf d3 /p(r |V)ts h <CSV l/>Vr,’,r/
]#t
- <tS ri él'Qél\/>Vrr (60)

Note that t11 is the scattering operator for a particle
located at point r,, which is independent of the variable r; for
j # i. It follows that the process of averaging (...)y,, does not
affect the expression for #§',. Moreover, the averaging of
equation (38) leads to the fact that

(@ )vr, =W+ WG (T, (61)
This equation can be simplified by using the CPA approxima-
tion, (T44)y = 0 and can be written as

| @ Tion, =0 (62)

Identity (62) is valid for any volume V. Thus, we have
(T )y, = 0. Accordingly, from equation (61) we obtain

Q& )y =W (63)
Taking into account definitions (38), (39) and the coherent
potential approximation, we can write the expressions:

@)y =W+ WGy (T8 (64)
=wh, (65)

and
(T&)v =(T§)y +(Q&)y (66)
= (8 (67)

Taking into account expressions (63), (65), (67) and (59), we
obtain for i € [1, N;]
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<Qé{/ Wi = <Té{/>v (68)
- 11
=nf dr(Clv, (69)
Then, equation (60) is written in the form
<CISIV,I‘,' \' té,lri + nité]l‘i : G]S]
x [, el = nlXC v, ~(Cdval (T0)

where we used the approximation n; ~ (N; —
valid for a large number of particles (N >> 1).

Following the same procedure, we can dverdge equation
(48) with {...)y, ,;» obtain an equatlon for (C%Y, 1)V rir;» Which
depends on the function (Csv eV, @nd iterate this pro-
cedure. We generate a system of equations for the unknown
functions <Cé{/,r[>Vr/a <Cél\/,r/>Vn,r/a <Cé1\/,rk>Vn’,r/,rk’ ... We can
close this infinite system by using the QCA, which requires
the fulfilment of the condition

1)/¥,, which is

<CSV l,>Vr,‘,l] <CSV r,)Vrj- (7])
This approximation is strictly met when the particles have fixed
positions, as in a crystal. The quasi-crystalline approximation
consists in neglecting the fluctuation of the electromagnetic
field interacting with a particle located at point r;, due to a
deviation of a particle located at point r; from its average posi-
tion. With this approximation and equation (58) taken into
account, the effective permittivity e.(w) satisfies the system of

equations

(2m)*8(r — ro)ee Kiuel = (20)*8(r — ro) ) Ky I

11 11
+ naJ-V d3ra <CSV, ra(ra rO))Vr[, + nbfV d3"b <CSV, rb(ra VO))VW,’ (72)
1 i
+ n; t S ¥i Gé]

<CSV V,)Vl,

fd* LeCllr =il

- 1] <CSV r,>Vlf,'~ (73)

The function g(||r; — r;]|) is the pair distribution function
defined by

g(llry=rilD) = pl 1 )lpre). (74)

This is one of the main results of this paper. Equations (72)
and (73) can be simplified if we assume that, in the expression
Gi' = G + 3G, the contribution 8§G! of the rough surface
scattering can be neglected when the condition KI'H >> 1
with K!'= Im K is satisfied. We define the extinction length
as [, = 1/(2K!"). This condition means that the layer thickness
must be greater than the extinction length In this condition
we replace in (73) Green’s function G&' by G° and the operator
ti!, by t}l. Then, we obtain

11 — 411 11, 7o
<CSV,V,'>V|‘,' - tr,‘ + nitr,' Gl

SV t,)Vr, (75)

Xfmd"‘rf[g(llw— DRI

In this procedure we neglect the surface effects in calculat-
ing the effective permittivity. To express (75) in Fourier space,
we use the definition

fko = [ Sr 4

In Fourier space, the translation invariance of the operator
t!! can be expressed as

exp (—ikr + ikyry) f(r, ry). (76)

ty, (klko) = exp [-i(k — ko)r/] 25 (K ko), (77)
where #!'(k|ko) = t}_(k|ko) is the scattering operator for a
particle located at the coordinate origin. Using (77) and equa-
tion (75), we show that (Célv’ +(k|ko))v,, has a similar property:
exp[-i(k — ko)r;] Clo(klko).

(Csy(Klko)yy, = (78)

Here, C!! = (Csv ri=0(kko))v =0 Substituting (77) and (78)
into equations (72) and (75), we obtain
e Kiacd = &1 Kool + Cy'(Klky), (79)
Co'(klko) = ntlo(klko) + nyt bo(klko)
[ b=kl k1) + e k)
(k) C3 (ke ko), (80)
where (i = a or b)
tho =vip + v G 1, (81)
v, r0) = 8(r = ) v]o(r), (82)
V1o(r) = Kiaeli — £) O5 (1)1, (83)
hk —ky) = fd3rexp [-ik —kprllg(lrlD) - 11, (84)
G2 (k) = f d3rexp[-ikr] G2(r). (85)

4. Effective medium theory for Rayleigh
scatterers

4.1. Rayleigh scatterers

In this section we calculate the effective permittivity according
to equations (79) and (80) in the case of Rayleigh scatterers.
We consider spheres whose radii are small compared to the
incident wavelength (ry << 1). We define ¢4 as the permittivity
of the Rayleigh scatterers, which behave as dipoles polarised
by the incident field. To characterise a dipole located at the
coordinate origin in a medium with the permittivity e., we
introduce its polarisability a%ml, which is related to the dipolar
moment pg;, and the electrical field E'(r) interacting with the
dipole by the relation

Pdip = Evac® i)olE”(O)- (86)

To calculate a},ol we consider the polarisability ok, which does
not take into account the medium surrounding the sphere:
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Pdip = svaca%BEllocal(O)‘ (87)

Here, El,., is the local field, which acts on the dipole. Then,
the following relation

E}ocal(r = O) ~ AilorEli(O) (88)
is valid, where
_ &t 2¢
ALor 381 (89)

is the Lorentz depolarisation factor.
The polarisability of a Rayleigh scatterer in a medium is
given by the relation

1
381&3
&4+ 2¢°

| -
apol_

(90)

We express ak as a function of the permittivity of the medium
and the scatterers. In the case of particles with a radius smaller
than the wavelength, the polarisability pg;, can be written in
terms of the polarisation vector P(r):

pap= [ErP(), o1
For a sphere with a radius ry with the permittivity &4 in the
medium with the permittivity £}, the polarisation vector is given by

P(") = evac(gr - gl)Ellocal(V)a (92)
where ¢, is the relative permittivity of the scatterer or the

medium surrounding the scatterer. This permittivity is defined
by the relation:

e =&+ (eq—€1)Oq(r). 93)
The polarisation vector P(r) is given by
P(") = Svac(gd - 81)@d(r)Ellocal(r)~ (94)

Using (93), the polarisability of the sphere is written in the
form

Paip = Evalea = 1) [ & Oy Eloea(1). (95)
Since the scatterer is small compared to the wavelength, we
assume that the field El,., interacting with the sphere is uni-
form, i.e., Eloey(r) ~ E}y(0), and therefore

Pdaip = evac(gd - 81) VdEllocal(r = O), (96)
where V4 = 4mr}/3 is the scatterer volume. Comparing this
expression with definition (87) for ak, we obtain the relation:

ap=(eqa—e)Va 7
Thus, the expression of the polarisability ), of a Rayleigh
scatterer can be defined as a function of the permittivity:

&4 —¢&

1 —
Ao = 361V, .
pol 1Wd e+ 2¢

(98)

Note that the approximation for the polarisation vector (98)
can be written as

P(V) = evac(gd - 81) Vd 8(V)Ellocal("')- (99)

The Rayleigh scatterer approximation can be expressed
mathematically by the relation:

O4(r) = Vad(r). (100)

4.2. Expression of the transition operator for Rayleigh
scatterers

In previous sections we defined the transition operator (34)
13} (r, 1) = v;,(r) 8(r — rg) +fd3r1v},.(r)- GP(r, ) 1 (ry, 1)
and the scattering potential (36)
1) = Kloolegi—€1) O(r 1) 1.

The operator G{°(r,r;) has a singularity at r = r;. To calculate
the integral in expression (34), we define it as

G (rry) = PVAGE(rm)) = 5 8= & (101)
1

where P.V. is the principal value of the generalised function,
8(r—ry)is the singularity of the operator G°, and K3 =&, K2,..
This singularity is the mathematical formulation of the notion
of excluded volume introduced by Lorentz to calculate the
depolarisation factor (89). Substituting (101) into equation (34)
and using the expressions for the Rayleigh scatterers, we obtain

— ol
tt]',-l (V, Vo) - vLorr,-(r) 8(1" - rO)

+ f B0l o, () [PVAGE (i)} 61 (r1rg),  (102)
where
1 =11 v}‘l(r) - 1 103
vLorr,-(r) + 3K2 ’U,.,.(V) ( )
1

= Khue3e1 . pe Oun)] (104)

Oq4(r
= Koaby 40 1 (105)

and alpol is given by equation (98). The potential vlLor,.,.(r) is
expressed as a function of the polarisability 0!{301 of each dipole
contained in the particles whose geometrical shape is given by
the factor ©@4(r). Thus, the integral equation (102) describes
all the scattering processes for each dipole of polarisability
@}, contained in the particle. Using approximation (100) for
the Rayleigh scatterers, the potential vlLor,,.(r)) can be written
in the form

v}‘orr,-(r) ~ K%acalpols(y) L (106)

The Dirac distribution &(r) allows us to calculate analyti-
cally the transition operator ¢} with the help of (102):

13/ (r1,) = 8(r; — 1) 8(ry) 1 (w), (107)
t'(w) = Kiyealyy, (108)
alray = alpol [I_ K%acalpolp-v~{Gloo(r = 0)}]71 (109)
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Here, we took into account the fact that the free-space Green’s
function is translation-invariant G{°(r,ry) = G{°(r — ry). The
calculation shows that

1
uru =0 6TEIIVII

PV.GE(r = IK‘ +O(IrIh|L.

0)} = (110)

The first term diverges as 6!, which is due to the use of the
approximation of the punctual scatterer. We regularise this
term by putting

P.VAGP(r = 0)} = —+ IKI]I (111)

where A is a parameter that we must fix with the same order
of magnitude as 1/r4. The introduction of the parameter At can
be very useful, because the scatterer can present a resonance.
Thus, the addition of this term provides a broader model of
point scatterers. In the following we only keep the second
term of expression (111) because we only consider Rayleigh
scatterers. The transition operator for a punctual scatterer
is defined by replacing the permittivity &4 of the scatterer by
the permittivity &4 = ¢4 — €1 + ¢, and the permittivity of the
medium &; by the effective permittivity ¢, (Fig. 2). The coherent
potential approximation involves the notion of an effective
medium in the formulation of the transition operators t}el)o.

1'(w) = K3y @ray

1

1K;
aray o ] 1

=alpol[1 _K%acai)ol (112)

3¢ Vd—

Aot = e (113)

According to (107), the transition operator #.! has the fol-
lowing form in Fourier space:

ik = [ 45

= ') 8(k — ko) I.

dl"o

- exp (—ikr + ikoro) 11(r,rg) (114)

(115)

4.3. Expression of the operator C!!

Using the results obtained in the previous sections, we can
write the operator C.! (80) in the form

Cy' (klko) = 1t 4(@) + nyt j(o)

4’k
(2m)’

“GT(ky) - Cy (k| k).

h(k = k)[n (@) + nyt j(o)]

(116)

Hence, we obtain the expression:

d’k
()’

[nata(@) + nyti()]-

Cé‘(klko)=[1— 525 e = k) nats (@) + mth@)) G (kl)]

(117)

Using the classical relationship between the convolution
product of the two functions and the product of their Fourier
transform, we write

f CR e, — k) G (k) = f drexp(iko)h(r) G2(r). (118)
(2m)? "H1 R0 Gk 0 1(r).

Substituting the expansion G7°(k;) into equation (118) and
taking into account the fact that the range of the correlation
function for Rayleigh scatterers is very small:

h(r;—r)) ~ 8(r;— 1)) f Brhr), (119)
we obtain:
k) 6T k)
1O) + pViGEE = 0 i), (120)

e

Using approximation (111) with At = 0 in (120), according
to (117), we obtain
C(klko) = [nyt () + nyti(@)] 1

119

5 [nata(w) + nyt(w)]
+%Ud3rh,,(r)nat},(w) + fd3rhb(r)nbt},(a))])}71

(121)

By using the Percus—Yevick pair distribution, we can calcu-
late the integral of the function /(r):

n; f Brhy(r) =—1 + w;, (122)

where

i N4

o (=Ll (123)
(1 + 2f30)

n; is the number of the particles of type i, V; is their volume

and fi = n;V;is the their volume fraction.

Using the definition A(r) = g(r) — 1, we can deduce that
h(0) = -1, because g(r) is the correlation function of two scat-
terers. Indeed, g(0) = 0 because two different scatterers cannot
be located at the same point. Taking into account the previous
results, the expression for #}(w) is given by (i = a or b for the
two type of scatterers):

til(w) = 3K%ac£e V,—(E,- 781)

1

{(sl 81)[1 _ ‘3K—K . V,-] + 386}_ , (124)

where K2 = e.K2,..

4.4. Equation for the effective permittivity
According to equations (121) and (122), equation (79) of the

effective permittivity can be rewritten in the form

ge=e1+ —5—[n,t4(w) + nyty()]

vac

« {1 _<ﬁ[nnt},(a}) + mth ()]
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-1
+ .

iK,
= (125)

o 0= i) + (my = Deh(@)] )}
If we put a = b and n, + n, = n, we obtain the equation for
identical particles. Equation (125) is a nonlinear equation
relating the effective permittivity &, to the permittivities of the
layer ¢, and the scatterers ¢, and ¢,. This equation can be
generalised to N types of Rayleigh scatterers.

5. Applications and numerical estimates
of the effective permittivity for a random
medium with nanoparticles

In this section, we consider different examples of media con-
sisting of statistical ensembles of different scattering species
and artificial material structures developed on the basis of
dielectric or metallic nanoparticles. The incident laser wave-
length is A = 800 nm. Let us now examine the procedure to
solve the nonlinear equation (125) for &,, which gives a new
formulation of the effective permittivity for two types of par-
ticles. By writing equation (125) for one type of scatterers, we
obtain the expression, which is a generalised Maxwell—Garnett
formula:

+ 3(&q — €D €efvol
(5d - 81)(1 _.fvol - %i(Kvac"d)B‘gg/z W) + 386

=& . (126)

Here, w is the Percus—Yevick pair distribution function.
If we expand the denominator in (126) to the first order, we
obtain

ei(ea — &) (1 = fio) + 3e18c + 3(ea — €1) & frol
('Sd - 81)(1 _ﬁol) + 38&

E.=¢& T

: (Kvacrd)S(‘Ed — gl)zwfvong/2
+ 2i 5
[(ea — &) (1 = fio)) + 3&]

(127)

Equation (127) is the usual low-frequency limit of the QC-CPA
approach obtained by Tsang et al. [13, 16]. Note that in the
static case, the imaginary part in equation (127) is equal to
zero, and if we replace the effective permittivity ¢, by €; in
the right-hand side of the equation, we recover the classical
Maxwell-Garnett formula. Consider now an approximate
solution to (127) for &; and &4 taking real values. If we assume
that the real part of ¢, is larger than its imaginary part, we
obtain an approximate solution for the real part of (127):

Ree = "s[~{(ea—e)(1 —fio) =381 = 3ea—e ) frol} + A1, (128)
where
A={[(eqg—e)(1 ~fio) = 3e1 + 3ea—e1)froll®
+12¢4(eq —&1) (1 = fyo)-

Substituting this solution of Reeg, into the third term of (127),
we obtain an approximate value for Ime.:

(Kuac?a)* (g4 — €)*w fig Reel”
[(ea — &) (1 — fio) + 3Ree]*

Ime, =2 (129)

We have derived these formulas to give an explicit approx-
imate expression for the effective permittivity in the case of
real permittivities for the layer and the scatterers. The general
numerical process of solution of (125) consists in the following:

(i) we express equation (125), which is a function of &, in
a complex form (g, and &4 are real or complex numbers);

(i) we assume that the real part of ¢, is larger than its
imaginary part and numerically seek a solution to Ree,;

(iii) we numerically solve the equation for Ime, by using
the previous value of Ree,;

(iv) these two solutions are the initial values of the iterative
procedure to solve (125) and we fix numerical convergence
criteria to obtain a solution to the nonlinear equation.

With this procedure, we can derive a numerical tractable
solution for the effective permittivity in the case of the
QC-CPA approach.

Table 1 presents some numerical results for the solution to
the nonlinear equation (125). We can compare the results for
one and two types of scatterers at different permittivities of
the layer. Note that an increase in the volume fraction £,
by a factor 100 results in an increase in three orders of magni-
tude of the imaginary part of the permittivity (line 3), and the
real part is also affected by the multiple scattering. Adding
an imaginary part to the permittivity &4, has the effect of
increasing Ime, by three orders of magnitude. Nanoscatterers
introduce an imagery part in the permittivity, which can be
significant (especially for metallic nanoparticles, line 5). The
presence of second type scatterers in the layer with different
permittivities or radii is shown in lines 8—12. Let us analyse
the influence of the nanoparticles on the effective permittivity.
One of the principal effects of dielectric nanoparticles with a
low concentration is the introduction of an imaginary part in
the permittivity. The results of this analysis show that we
must take into account the scattering by nanoparticles at a

Table 1. Effective permittivity €. for scatterers of type 1 (rgy, fyor1> €41) and type 2 (rga, fyos €42) and the permittivity €, of the layer.

Ne rq1 Jeoll &q1 ra2 Jvol2 €42 €] Ee

1 0.0351 1x10* 2.0 - - - 1.2 12+il.1x10°8
2 0.0704 1x10 2.0 - - - 1.2 1.2+i8.87x1077
3 0.0354 1x1072 2.0 - - - 1.2 1.207+11.03x10°5
4 0.0354 1x10 5.0 - - - 1.2 1.2+i8.84x1077
5 0.0354 1x10* ioo - - - 2.0 2.0+i1.2x10°°
6 0.0354 1x10™ 5.0+10.5 - - - 2.0 2.0+i2.35x107
7 0.0354 1x10* 5.0 - - - 2.0+i0.5 2.0+10.49

8 0.0351 5%107 2.0 0.0704 5%107° 2.0 1.2 1.2+i4.98x1077
9 0.0351 5%107 2.0 0.0354 5%107° 5.0 1.2 1.2+i4.97x107
10 0.0351 5%107 2.0 0.0354 5%107° 5.0+i0.5 2.0 2.0+i1.17x107
11 0.0354 9x1073 2.0 0.0354 1x1073 5.0 1.2 1.2+i1.79x107
12 0.0354 5%107 2.0 0.0354 5%1075 5.0+i0.5 2.0+i5x107 2.0+i6.17x107




1064

G. Berginc

low concentration in a medium especially when we design
optical components, which can transmit or scatter the optical
field with specified angular, spatial or spectral properties.

6. Conclusions

The theory of the effective permittivity has been extended to
random media (bounded by rough surfaces) with different
types of particles. The expression of the scattered coherent
field can be obtained using the transition operators defined in
this paper. We have derived a new formula for the effective
permittivity, which characterises the coherent part of an elec-
tromagnetic wave propagating in a random medium. The
starting point of our theory has been the quasi-crystalline
coherent potential approximation which takes into account
the correlation between the particles. Our formulation con-
tains the corrections to the effective permittivity due to the
randomly rough surfaces. We express these corrections by
Green’s functions of the rough surface scattering. The accu-
racy of the effective permittivity is greatly improved under the
CPA-QCA approach since an approximate formula can be
derived from the multiple scattering theory, which is a gener-
alisation of the conventional Maxwell-Garnett formula.
Numerical calculations of the effective permittivity under the
QC-CPA approach can be performed for a thin layer. One can
also obtain an approximate formula for the effective permit-
tivity, which at the same time contains the Maxwell - Garnett
formula and the Keller approximation [23]. The Keller formula
can be obtained in considering the QC-CPA approach in the
scalar case [13, 16]. The equations are identical to the equa-
tions obtained previously under conditions that the dyadic
Green’s function is replaced by the scalar Green’s function.
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