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Synchronisation of self-oscillations in a solid-state ring laser
with pump modulation in the region of parametric resonance
between self-modulation and relaxation oscillations

V.Yu. Dudetskiy, E.G. Lariontsev, S.N. Chekina

Abstract. The synchronisation of the self-modulation oscillation
frequency in a Nd: YAG ring laser by an external periodic signal
modulating the pump power in the region of parametric resonance
between self-modulation and relaxation oscillations is studied theo-
retically and experimentally. The characteristic features of synchro-
nisation processes in lasers operating in the self-modulation regime
of the first kind and in the regime with a doubled self-modulation
period are considered. Two bistable branches of synchronisation of
self-modulation oscillations are found by numerical calculation.
The experimental data agree well with the numerical simulation
results for one of these branches, but the other branch of bistable
self-modulation oscillations was not observed experimentally.

Keywords: solid-state ring laser, self-modulation oscillation regime,
parametric resonance, frequency synchronisation, radiation bista-
bility.

1. Introduction

The synchronisation of self-modulation oscillations (SOs) in
lasers was studied in a number of works (see, for example,
[1-6]). One of the aims of these works was to study synchro-
nisation as a fundamental phenomenon observed in dynamic
systems of different natures [7]. The general case of synchro-
nisation of periodic oscillations of the n/m order, in which the
frequency 2 of synchronised SOs and the external modula-
tion signal frequency w relate as nw = m€, was studied in
[1—4]. The synchronisation of quasi-periodic SOs by an exter-
nal periodic signal was studied in [5, 6]. The other problems
that can be solved by the synchronisation of SOs by an exter-
nal periodic signal are related to the control of oscillation
dynamics and to the improvement of SO stability. Technical
fluctuations (first of all, pump noise and instability of cou-
pling coefficients of counterpropagating waves) lead to insta-
bility of the SO frequency, which can be considerably
decreased by synchronisation of SOs by an external periodic
signal.
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SOs in solid-state ring lasers (SSRLs) are usually excited
as a result of competition of counterpropagating waves. There
is a number of possible self-modulation oscillation regimes
(see review [8] and papers [9—11]), the main and most fre-
quent regime among them being the SOs of the first kind.
Previously, the theory of synchronisation of SOs in SSRLs by
an external periodic signal was developed in [12] and the syn-
chronisation of SOs of the first kind with periodic modulation
of pump power was studied experimentally in [2, 3, 6].

As is known, the self-modulation regime of the first kind
is stable only out of the region of parametric resonance
between self-modulation and relaxation oscillations [13]. In
the parametric resonance region, this regime is changed by a
self-modulation regime with a doubled period of oscillations
and by other regimes. In the case of symmetric coupling of
counterpropagating waves (at identical coupling coefficient
magnitudes, m; = m,), the width of the parametric resonance
region turns to zero. In the case of asymmetric coupling of
counterpropagating waves, the parametric resonance range
considerably extends with increasing difference between the
coupling coefficient magnitudes of the counterpropagating
waves my —m, [13].

Note that the synchronisation was previously studied only
for the self-modulation regime of the first kind. The specific
features of synchronisation for other self-modulation regimes
occurring in the parametric resonance region have not yet
been studied. The aim of the present work is to fill in this gap.
In this work, we theoretically (based on numerical simula-
tion) and experimentally study the synchronisation of SOs by
an external periodic signal modulating the pump power in the
region of parametric resonance between self-modulation and
relaxation oscillations.

2. Experimental setup

The ring chip laser under study was designed as a monoblock
in the form of a prism with one spherical face (radius of cur-
vature 50 mm) and three plane total-internal-reflection faces.
The geometric perimeter of the cavity was 2.8 cm, and the
nonplanarity angle was 80°. The laser was pumped by a semi-
conductor laser diode at a wavelength of 0.810 um. The laser
diode power supply circuit included a generator of periodic
oscillations, which modulated the pump power within the fre-
quency range 50—220 kHz. The monoblock temperature was
controlled by a thermal stabilisation system [6] so that the
ratio of the feedback coefficient magnitudes of the counter-
propagating waves was maximal (m;/m, = 2.).

In the experiments, we measured the temporal and spec-
tral characteristics of the intensity of counterpropagating
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waves depending on the pump power excess over the thresh-
old »,, as well as on the frequency and amplitude of the signal
modulating the pump power. The signals were recorded using
a 20-12-PCI ADC and a broadband Tektronix TDS 2014
digital oscilloscope.

3. Theoretical model and laser parameters

The numerical simulation in this work was performed using a
vector model of an SSRL [8, 14]. In this model the polarisa-
tion of counterpropagating waves is assumed to be given and
determined by the unit vectors e, for opposite directions.
The initial system of equations of the vector model has the
form

aEl,z =— 2312 El,z + i%El,z + %fhl,zEz.l
+%(NOEI,2 + N.Ery),
79N _ N (1) = No— Noa(| B +] D) 1
T w(1 4+ 1) — No— Noa(|Er|” +| Ex | (1
—N+aE15;—N_aEr52,
e _ N N (|E P +| EsP) = BNyaET E
g =~ Ne = Nea( B[ +] B2 ) = BNoakr By

Here, w./Q, , are the cavity bandwidths; Q, , are the cavity
Q factors for counterpropagating waves (hereinafter we take
Q1= 0,=Q); T= Llcis the round-trip time for a cavity with
the length L; T; is the longitudinal relaxation time; / is the
active element length; ¢ = Tjco/(8hwm) is the saturation
parameter; o is the laser transition cross section; Q= w; —w,
is the frequency nonreciprocity of the cavity; w; and w, are
the cavity eigenfrequencies for the counterpropagating waves;
the pump rate is represented in the form Ny (1 + n)/T; Ny, is
the threshold inverse population; n = P/Py,—1 is the pump
power excess over the threshold; Em(t) = Eyexp(ip; ») are
the complex amplitudes of the fields of counterpropagating
waves; and N, N are the spatial harmonics of the inverse
population N, which are determined by the expressions

Ny = %LLNdz, N, = %LLel*ezNexp(i i2kz)dz. ()

The system of equations (1) differs from the equations of the
standard SSRL model [1] only by the presence of the polarisa-
tion factor

B = (ee,)* = cosy, (©)

where y is the angle between the unit vectors e ;.

The linear coupling of counterpropagating waves is deter-
mined by the phenomenologically introduced complex cou-
pling coefficients

iy = mexp(id), 1, = myexp(—idh), 4)
where ¢, , are the phases of the coupling coefficients m, .

In the case of pump modulation, the pump power excess
over the threshold is

n(t) = no + hsin(2nfy1), ©)

where 7, is the pump excess over the threshold in the absence
of modulation, while /2 and f,, are the pump modulation depth
and frequency.

The numerical simulation was performed at the laser
parameters close to the experimentally measured parameters
of a Nd: Y AG ring chip laser [10]. The relaxation time was
T; = 240 ps, and the cavity bandwidth was determined by
the relaxation frequency o, =+/nw./QT. In the studied
laser, the main relaxation frequency at n, = 0.2 is w, /21 =
98.5 kHz, which yields w/Q =4.37 x 10® s~!. Similar to [14],
the polarisation parameter g = 0.75 was determined by the
experimentally measured dependence of the additional
relaxation frequency w,; on the frequency nonreciprocity of
the cavity Q.

As was shown in [6], the ratio m;/m, in a ring chip laser
can be changed by changing the monoblock temperature. For
numerical simulation, we chose m; = 1986400 s™' and m, =
861378 s7'. At these m; and m,, the SO frequencies and the
ratio of average intensities of the counterpropagating waves
are close to the experimentally measured values. The phase
difference of the complex coupling coefficients 7  is difficult
to estimate from the SO characteristics. For simplicity, the
phase difference ¢}, — ¢, was taken to be zero. It was also
assumed that the ring cavity has no frequency and amplitude
nonreciprocities (2= 0, A = 0 /20, — w /20, = 0).

4. Periodic and quasi-periodic
synchronisation regimes

The self-contained ring chip lasers in a wide range of laser
parameters (outside the parametric resonance region) can
operate in the self-modulation regime of the first kind, which
is characterised by a sinusoidal counter-phase modulation of
the intensities of counterpropagating waves. This regime is
stable only outside the parametric resonance region, between
self-modulation and relaxation oscillations [10, 13]. In the
parametric resonance region, the SO frequency is close to the
doubled relaxation frequency (w,, ~ 2w, = 2y now/QT)).

In this work, we varied the pump excess over the threshold
N0, as well as the pump power modulation depth / and fre-
quency f,. If the frequency f;, is close to the SO frequency fp,,
synchronisation of SOs in a SSRL can occur, and the self-
modulation frequency in this case is locked by the external
signal: f,, = f,. It is this synchronisation region that we con-
sider. The synchronisation is also possible when the modula-
tion frequencies f}, are close to fi,/2, as well as in the region of
frequencies f, = 2f;,. These synchronisation regions will be
studied separately.

The experimental investigations and the numerical simu-
lation were performed at several values of the pump excess
over the threshold 7,. A change in 7, leads to a change in the
relaxation frequency w,. If the frequency 2w, approaches the
SO frequency w,,, there appear some nonlinear effects related
to the parametric interaction of self-modulation and relax-
ation oscillations (parametric resonance). In the region of
parametric resonance, the self-modulation regime of the first
kind becomes unstable and a SO period doubling bifurcation
arises [10].

The modulation frequency f;, and depth / were varied at
each 7,. It is found that, inside the parametric resonance
region, variation of the controlling parameters 7, and f, can
lead to several synchronisation regimes.
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4.1. Numerical simulation results

In the absence of pump modulation, the self-modulation
regime of the first kind is unstable and is transformed into
the periodic self-modulation regime with a doubled modula-
tion period in the pump excess region 0.23 < 77, < 0.35. Let
us first consider the range 0.17 < 5, < 0.23, which is rather
close to the instability boundary and in which the self-mod-
ulation regime of the first kind is still stable in the absence of
modulation (7 = 0). Numerical simulation showed that the
synchronisation of SOs in this region can occur in two
regimes, periodic and quasi-periodic. The SO frequency at
7o = 0.15 was 214.5 kHz. The synchronisation of SOs
appears in the frequency region /- < f,, < f, where f/_ and /%
are the lower and upper boundaries of the synchronisation
range. The periodic synchronisation regime exists in the fre-
quency region near the upper synchronisation region bound-
ary f, while the quasi-periodic regime exists near the lower
boundary /.

Figure 1 shows the typical radiation intensity spectra for
the periodic and quasi-periodic synchronisation of SOs. In
the first case (Fig. 1a), as well as in the self-modulation regime
of the first kind, the radiation spectra show only one spectral
component, which corresponds to f,, i.e., locking of the SO
frequency takes place (f,, = fp). In the quasi-periodic regime
(Fig. 1b), the synchronisation of SOs manifests itself in the
locking of the peak at f;,, by the modulating signal frequency
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Figure 1. Numerically simulated radiation intensity spectra for the pe-
riodic (f, = 210 kHz) (a) and quasi-periodic (f, = 204 kHz) (b) regimes
of synchronisation of SOs at y=0.17 and & = 0.25.

fp- In addition, two more components appear in the spectrum
at the frequency f; close to f; and at the combination fre-
quency f, — fi.

Figure 2 shows the regions of existence of the periodic and
quasi-periodic synchronisation regimes at 77, = 0.15 and 0.17
(pump modulation depth & = 0.25). For the quasi-periodic
synchronisation regime, Fig. 2 presents two curves, one of
them corresponding to the frequency f,, = f, and the second
corresponding to the frequency f;, which, inside the synchro-
nisation region, linearly depends on f,. As is seen from
Fig. 2a, at o = 0.15 the quasi-periodic regime only begins to
arise, and the region of its existence occupies only a small part
of the total synchronisation range. With increasing 7, the
existence region of the quasi-periodic synchronisation

extends.
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Figure 2. Existence regions of the periodic and quasi-periodic synchro-
nisation regions found by numerical simulation at the pump excess
over the threshold 7y = 0.15 (a) and 0.17 (b); the modulation depth is
h=0.25.

4.2. Experimental results

Let us now consider our experimental results. Figure 3 pres-
ents a typical intensity spectrum of one of the waves in the
vicinity of the SO frequency (at 7y = 0.15) in the absence of
pump modulation (4 = 0), which shows that the SO frequency
in the studied chip laser is unstable and exhibits fluctuations
(spectral width about 5 kHz). In the synchronisation regimes,
the width of the spectral component locked by the external
signal (f,, = /) decreases by more than an order of magnitude
(Fig. 3b).
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Figure 3. Line profile in the experimentally measured radiation spectra
at 7y = 0.15 in the absence of pump modulation (a) and in the periodic
synchronisation regime at f, = 210.4 kHz and / = 0.25 (b).
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Figure 4. Experimentally measured radiation intensity spectra at 1, =
0.15 for the periodic (f, = 210.4 kHz) (a) and quasi-periodic (f, =
194 kHz) (b) synchronisation regimes.

The typical experimentally measured radiation intensity
spectra for the periodic and quasi-periodic regimes of syn-
chronisation of SOs are shown in Fig. 4. In agreement with
the numerical calculation results (see Fig. 1), the intensity
spectra in the case of the periodic synchronisation regime
(Fig. 4a) contain only one spectral component, which corre-
sponds to the locked OS frequency (fy, = fp). In the quasi-
period regime (Fig. 4b), the radiation spectrum contains the
main peak at the locked SO frequency and two small addi-
tional peaks, at the frequency f; (left peak) and at the combi-
nations frequency f, - f; (right peak).

Figure 5 shows the experimentally measured existence
regions of the periodic and quasi-periodic synchronisation
regimes at o =0.15 and 0.17 and the pump modulation depth
h = 0.25. The presented experimental results qualitatively
agree with the numerical simulation results (see Fig. 2): (1) the
periodic regime is observed in the frequency region near f,
while the quasi-periodic region exists near f°; (2) the region of
the quasi-periodic regime becomes wider with increasing
pump excess over the threshold 7; and (3) the experimentally
measured frequencies of additional peaks f; are close to the
corresponding peaks found by numerical simulation.
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Figure 5. Experimentally measured existence regions of the periodic
and quasi-periodic synchronisation regimes at the pump excess over the
threshold 775 = 0.15 (a) and 0.17 (b); the modulation depth is 4 = 0.25.

5. Synchronisation regime with a doubled period

5.1. Numerical simulation results

In the region of the pump excess over the threshold 0.2 < 5,
< 0.22 in the absence of pump modulation (4 = 0), the self-
modulation regime of the first kind still remains stable. At
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h # 0, we numerically found in this region two branches of
bistable stabilisation of SOs. The periodic and quasi-periodic
synchronisation regimes considered in Section 4 exist in the
first branch, while, near the upper boundary of the existence
region of the quasi-periodic synchronisation regime in a nar-
row (~1 kHz) range of the modulation signal frequencies f,,
one observes the synchronisation regime with a doubled mod-
ulation period (regime I) with the following characteristic fea-
tures: the SO frequency is locked by the external signal (f,, =
/p) and an additional spectral component at the subharmonic
frequency f,/2 appears in the intensity spectrum. The radia-
tion intensity spectrum in the synchronisation regime I is
shown in Fig. 6a.
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Figure 6. Numerically simulated radiation intensity spectra at 7, = 0.2
and & = 0.25 for two branches of bistable synchronisation regimes with
a double modulation period: the first branch (regime I), f, = 217 kHz (a)
and the second branch (regime II), f,, = 200 kHz (b).

Another synchronisation regime with a doubled period
(regime II) is observed in the second branch at 0.2 < 5, <0.22
and the pump modulation depth # = 0.25 in the entire syn-
chronisation range (from /= = 184 kHz to f, = 220 kHz). In
this regime, several additional spectral components appear in
the radiation intensity spectrum at the subharmonic fre-
quency f,/2 and multiple frequencies kf,/2 (k = 1,2,3...). A
typical intensity spectrum in regime II at f, = 200 kHz is
shown in Fig. 6b.

5.2. Comparison with experiment

Experiments in the range of pump excess over the threshold
0.2 < 59 < 0.22 showed the existence of the periodic and

quasi-periodic synchronisation regimes, while the synchroni-
sation regime with a doubled period exists only in a narrow
(~1 kHz) range of modulation frequencies f},.

Figure 7 presents the experimentally measured radiation
intensity spectrum for the synchronisation regime with a dou-
bled period at f, = 214.5 kHz, 5y = 0.2, and h = 0.25.
Comparing this spectrum with Fig. 2, one can see that the
spectral shape is similar to that obtained by numerical simula-
tion for the synchronisation regime I (the first branch of
bistable synchronisation regimes). Unfortunately, we failed
to experimentally observe the second branch of bistable
regimes simulated numerically.
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Figure 7. Experimentally measured radiation intensity spectrum for the
synchronisation regime with a doubled period at f, = 214.5 kHz, 5y =
0.2, and 1 = 0.25.

6. Synchronisation of SOs with a doubled period

6.1. Numerical simulation results

At 5o = 0.22, the self-modulation regime of the first kind in
self-contained SSRLs becomes unstable and is replaced by a
periodic self-modulation regime with a doubled period of
oscillations of counterpropagating waves. Synchronisation of
SOs by an external signal in this regime has not been previ-
ously studied. The numerical simulation performed in this
study showed that, in the case of periodic pump modulation,
the self-modulation regime with a doubled period can have
two bistable branches of synchronisation of SOs. The first
branch exhibits the periodic and quasi-periodic synchronisa-
tion regimes considered in Section 4. Figure 8 shows the radi-
ation intensity spectra simulated for the first branch at n, =
0.23 in the absence of pump modulation and in the periodic
synchronisation regime. At 4 = 0, the radiation intensity spec-
trum contains the spectral component at the f,,/2 subhar-
monic of the SO frequency, i.e., doubling of the oscillation
period takes place (Fig. 8a). The first branch in the periodic
synchronisation regime (Fig. 8b) shows only the spectral com-
ponent at f;,, while the f,,/2 harmonic is absent. This indicates
that the synchronisation in this case leads both to locking of
the SO frequency and to a twofold decrease in the oscillation
period. In the second branch, the spectral component at the
subharmonic frequency f,/2 exists in the entire synchronisa-
tion range and is close in amplitude to the main spectral com-
ponent at f,,. Thus, the initial (existing before synchronisa-
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Figure 8. Numerically simulated radiation intensity spectra at 7, = 0.23
in the absence of pump modulation (a) and in the periodic synchronisa-
tion regime in the first branch at f,, = 230 kHz and / = 0.25 (b).

tion) doubling of the OS period is retained upon synchronisa-
tion in the second branch.

6.2. Comparison with experiment

Let us consider the experimental results obtained at 5y =
0.23. Figure 9 shows the experimentally measured radiation
intensity spectra in the absence of pump modulation and in
the periodic synchronisation regime. In the first case, the
laser operates in the self-modulation regime with a doubled
period. Comparing the experimental data with the numeri-
cal simulation results, one can conclude that the experimen-
tally observed synchronisation regimes belong to the first
branch of the bistable regimes found by numerical simula-
tion.

7. Conclusions

Thus, we studied frequency synchronisation for two self-
modulation oscillation regimes (the regime of the first kind
and the regime with a doubled period) existing in the para-
metric resonance region in the case of pump modulation by
an external periodic signal. The comparison of the experimen-
tal and calculated results allows us to conclude that the vector
model of an SSRL [8—14] is not completely adequate, since
the experimental data qualitatively agree with the numerical
simulation results only for one branch of bistable oscillation
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Figure 9. Experimentally measured radiation intensity spectra at 1, =
0.23 in the absence of pump modulation (a) and in the periodic synchro-
nisation regime at f, = 209 kHz and & = 0.25 (b).

regimes. Synchronisation regimes for the other branch were
not observed experimentally.
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