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Abstract.  An equivalent circuit-level model of terahertz (THz) 
quantum cascade lasers (QCLs) is developed by using rate equa-
tions. This model can be employed to investigate the characteristics 
of THz QCLs accurately and to improve their design. We use the 
circuit-level model to analyse a new active structure, which can 
improve the performance of THz QCLs by means of enhancing car-
rier injection. The simulation result shows that THz QCLs with the 
new active structure have a much higher performance compared 
with conventional THz QCLs. The high-performance THz QCLs 
are expected to be operated at higher temperatures.
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1. Introduction

The invention of QCLs in 1994 by Faist et al. [1] made it pos-
sible to manufacture a powerful and compact solid source of 
far-IR  radiation.  Since  then,  their  performances  have  been 
continuously improved and nowadays their spectral range is 
now extending from the mid-IR down to THz. 

The THz frequency range is  located between microwave 
and IR regions and ranges from 0.1 THz to 10 THz, respec-
tively.  This  range  is  fitted  for  many  applications,  such  as 
material  characterisation,  medical  imaging  and  biological 
sensing. Due to the novel properties and unique  interaction 
with many materials, THz radiation has become a hot topic 
of research for the past few years, and is still a going concern 
[2, 3]. The lack of compact, high power THz sources has lim-
ited their practical utilisation. The THz QCLs have emerged 
as the most powerful semiconductor THz sources in the fre-
quency range of 2 – 5 THz.

However, the operation of THz QCLs is restricted to low 
temperature (below 200 K) [4]. In order to improve the opera-
tional  temperature,  many  methods  are  proposed,  such  as 
double-phonon  resonance  [5],  which  can  improve  carrier 
extraction. Nevertheless, such a technique cannot drastically 
improve performance. However, Sekine and Hosako [6] put 
forward a new design with a new active structure, which can 
reduce the threshold pump rate corresponding to the thresh-
old current and increase the slope efficiency, thereby making 
this design advantageous for the high-temperature operation 

of THz QCLs. Compared to conventional THz QCLs, QCLs 
with the new active structure have a higher performance.

Modelling  the  behaviour  of QCLs  is  an  important  step 
toward the prediction of performances of such semiconductor 
sources. Through modelling, we can investigate the underly-
ing physical processes, study the characteristics of QCLs and 
find out  the critical  factors. We can use  the model  to  judge 
whether this design is effective or not, thus saving both time 
and money in improving the design. 

The approaches of modelling include the nonequilibrium 
Green’s function formalism [7], the Monte Carlo simulation 
[8]  and  the model  of  self-consistent  rate  equations  [9].  The 
first two approaches are very computationally cumbersome, 
which makes  them unsuitable  for  optimising  the  design.  In 
contrast, the model of self-consistent rate equations is precise 
and fast, which makes it suitable for designing and optimis-
ing.  Thus,  in  this  paper,  we  adopt  the  third  approach. We 
build the model  for the conventional and high-performance 
THz  QCLs.  Then,  we  obtain  their  equivalent  circuits  and 
study their characteristics in detail. 

2. Modelling of conventional THz QCLs 

Analysis of conventional THz QCLs. We consider  the active 
region of conventional THz QCLs as a three-level system [10], 
which is depicted in Fig. 1 for one stage of the active region. 

The discrete energy levels are labelled 1, 2 and 3. Levels 3, 
2, 1 stand for the upper laser state, the lower laser state and 
the  carrier-extraction  laser  state.  The  lasing  transition  is 
between levels 3 and 2, including spontaneous emission and 
stimulated emission.

The carriers are injected from the injector region into level 
3  [11],  by  resonant  tunnelling. There are  also  some  carriers 
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Figure 1. Schematic energy diagram and charge carrier transfer for one 
stage of the active region of conventional THz QCLs. 
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scattering from the injector region directly into levels 2 and 1, 
bypassing  level  3.  Because  the  carriers  scattering  from  the 
injector region directly into the 1st level are few, in this paper 
we neglect this scattering in order to simplify the calculation. 
After the radiative transition from level 3 to level 2, the carri-
ers  relax  into  level  1  by  emitting  longitudinal-optical  (LO) 
phonons and then escaping into the next injector region.

Thus, the rate equations can be written in the form 
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where h  is  the  injection efficiency; I  is  the  injection current; 
N3, N2  and N1 are, respectively, the instantaneous numbers of 
electrons in 3rd, 2nd and 1st levels; G = gGc/(neff LW)  is the 
rate of induced transitions; g is the differential gain; G is the 
optical confinement; c is the speed of light in vacuum; neff is 
the group refractive index; L is the cavity length; W is the cav-
ity width; Nph  is  the number of photons  in  cavity; N  is  the 
number of QCL stages; tij is the nonradiative relaxation time 
from the ith state to the jth state; tg is the spontaneous relax-
ation time; 1/t3 = 1/t32 + 1/t31 + 1/tg; tout is the electron escape 
time; 1/tout is the rate of the escape of electrons between two 
adjacent stages; tph is the photon lifetime in the cavity; and b 
is the coefficient of spontaneous emission. 

The relationship between the optical output power P and 
the number of photon Nph can be written as 

lnP
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where ug = c/neff  is  the  speed of  light  in  the  cavity; h  is  the 
Planck constant; n is the lasing frequency; and r is the reflect-
ing power of the facet. 

Circuit-level model. In order to improve the convergence, 
the  quantities N3, N2, N1, Nph  and  P  [system  (1) – (4)]  are 
related to the circuit variables V3, V2, V1, Vph and Vlaser. We 
assume N3 = V3, N2 = V2, N1 = V1, Nph = Vph and P = Vlaser. 

In  the  upper  (3rd)  laser-state  subcircuit, V3  is  the  node 
voltage, 
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The relationship between the subcircuit elements and the vari-
ables of equation (1) is as follows: Gj1 = hI/e, C3 = 1, R3 = t3, 
Gstim = G(N3 – N2)Nph. 

In  the  lower  (2nd)  laser-state  subcircuit, V2  is  the  node 
voltage, 
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Gj2 = (1 – h)I/e, G32 = (1/t32 + 1/tg)N3, C2 = 1, R2 = t21. 
In the carrier-extraction (1st) laser-state subcircuit, V1 is 

the node voltage, 
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G31 = (1/t31)N3, G21 = (1/t21)N2, C1 = 1, R1 = tout. 
In the optical subcircuit, Vph is the node voltage and Vlaser 

is the output optical power, 
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A complete circuit-level model is given in Fig. 2 and the 
symbolic  representation of  conventional THz QCLs  can be 
described as a three-unit device (Fig. 3). 

3. Modelling of high-performance THz QCLs

Analysis of THz QCLs. In the introduction we mentioned that 
the enhancement of carrier extraction cannot largely improve 
the performance of THz QCLs. Sekine and Hosako [6] pro-
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Figure 2. Equivalent circuit of conventional THz QCLs. 
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Figure 3. Symbolic  representation  of  conventional  THz QCLs:  (NA) 
anode; (NC) cathode; (NO) optical output. 
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posed  a  new design with  a  new active  structure, which  can 
enhance carrier injection into the upper laser state. In this new 
structure,  above  the  upper  laser-state,  a  new  laser  state  is 
added,  which  we  called  the  injection  state.  Carriers  are 
strongly  injected  by  longitudinal  optical  phonon  scattering 
from the injection state into the upper laser state due to the 
subpicosecond scattering time in the injection state. 

The schematic energy diagram of one stage of the active 
region  of  high-performance  THz  QCLs  is  given  in  Fig.  4. 
Here the 4th level represents the injection state, the 3rd level 
– the upper laser state, the 2nd level represents the lower laser 
state and the 1st  level stands for the carrier-extraction  laser 
state. The lasing transition is still between levels 3 and 2 and 
N4 is the instantaneous numbers of electrons in the injection 
state. 

Thus, the equations can be written as
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Circuit-level model. As in the previous case, the quantities 
N4, N3, N2, N1, Nph and P [system (11) – (16)] are related to the 
circuit variables V4, V3, V2, V1, Vph and Vlaser. We assume V4 
= N4, V3 = N3, V2 = N2, V1 = N1, Vph = Nph, Vlaser = P. 

In injection-state (4th) subcircuit, V4 is the node voltage,
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The relation between the subcircuit elements and the vari-
ables of equation (11) is as follows: Gj1 = hI/e , C4 = 1, R4 = 
t43t42/(t43 + t42). 

In  the  upper  (3rd)  laser-state  subcircuit, V3  is  the  node 
voltage,
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Gj2 = (1 – h)I/e, G43 = N4/t43, C3 = 1, R3 = t3, Gstim = G(N3 – 
N2)Nph.

In  the  lower  (2nd)  laser-state  subcircuit, V2  is  the  node 
voltage, 
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G32 = (1/t32 + 1/tg)N3, G42 = N4/t42, C2 = 1, R2 = t21.
In the carrier-extraction (1st) laser-state subcircuit, V1 is 

the node voltage, 
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G31 = (1/t31)N3, G21 = (1/t21)N2, C1 = 1, R1 = tout. 
In the optical subcircuit, Vph is the node voltage and Vlaser 

is the output optical power,
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A  complete  circuit-level  model  is  shown  in  Fig.  5.  The 
symbolic representations of both types of QCLs in question 
are similar (Fig. 3). 

4. Results of simulation 

In  order  to  fully  understand  the  characteristics  of  conven-
tional  and  high-performance  THz  QCLs,  we  stimulate 
them  in a PSpice simulator. The device parameters  (from 
[6, 12 – 14]) are listed below: 
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Figure 4. Schematic energy diagram of one stage of the active region of 
high-performance THz QCLs. 

Cavity length/mm  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  3000
Cavity width/mm   .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .80
Number of QCL stages  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .30

Lasing frequency/THz   .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  2.9
t43/ps.  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  0.5
t42/ps .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 100
Group refractive index   .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .3.27

Differential gain/cm–1 .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .5 ´ 10–8

Optical confinement.  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .0.27

t32/ps .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  2
t31/ps .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  2.4
t21/ps .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  0.3
Rate of induced transitions/s–1  .  .  .  .  .  .  .  .  .  .  .  . 5.3 ´ 104
Injection efficiency   .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  0.6

Spontaneous emission coefficient.  .  .  .  .  .  .  .  .  .  .  .2 ´ 10–3

tout/ps   .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  0.5
tg/ns   .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  0.5
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Direct current simulation.  The  circuit  of  direct  current 
(DC) simulation used in PSpice is given in Fig. 6a. Figure 7 
shows the light – current characteristics of high-performance 
and conventional THz QCLs. The threshold current of high-
performance THz QCLs is 0.75 A, while the threshold current 
of  conventional THz QCLs  is  1.65 A. Above  the  threshold 
current, the slope efficiency of high-performance THz QCLs 
is 7.2mW A–1, which is two times that of conventional THz 
QCLs.  The  above  results  suggest  that  the  performance  of 
high-performance THz QCLs is much better. 

The effect of the injection efficiency h on the output opti-
cal power of QCLs  is  shown  in Fig. 8, which  illustrates  the 
light – current characteristics of conventional THz QCLs (at 
h =  0.9, 0.7 and 0.5) and high-performance THz QCLs. One 
can see that for conventional THz QCLs, the smaller the h, 
the larger the threshold current and the smaller the slope effi-
ciency. At the same time, the result of simulation of high-per-

formance THz QCLs shows that at different h the threshold 
current and the slope efficiency are the same as at h = 0.6. 

The  results  of  DC  simulation  are  similar  to  results  of 
Ref. [6] and demonstrate the advantage of high-performance 
THz  QCLs  with  the  new  active  region  over  conventional 
QCLs. The  results also confirm  that our model  is accurate. 
Because  a  decrease  in  h  is  assumed  to  correspond  to  an 
increase  in  the  temperature of  the THz QCLs  [6],  the high-
performance THz QCLs have a higher operating temperature 
tolerance. 

Transient simulation.  The  circuit  of  transient  simulation 
used in PSpice is given in Fig. 6b. Figure 9 shows the simula-
tion results. One can see  that high-performance THz QCLs 
have a shorter turn on/off time as well as a maximum output 
optical power. This means that such THz QCLs can have a 
quick response and export a larger optical power (Table 1).

5. Conclusions

We have constructed an equivalent circuit-level model of THz 
QCLs, which can be used to analyse quickly and precisely the 
characteristics of THz QCLs. Using  the circuit-level model, 
we  investigate THz QCLs with  a  new active  structure. The 
results show that high-performance THz QCLs have a lower 
threshold current and a larger slope efficiency. Both of them 
are  expected  to  contribute  to  improve  the operational  tem-
perature  of  the  THz  QCLs.  Besides,  the  response  of  THz 
QCLs  can  be  faster  and  their  output  optical  power  can  be 
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Figure 5. Equivalent circuit of high-performance THz QCLs. 
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Figure 6. Circuits for (a) simulation at a direct current (0 – 3 A) and (b) 
for simulation of transient processes; I is the input current pulse. 
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Figure 7. Light – current  characteristics  of  high-performance  (solid 
curve) and conventional (dashed curve) THz QCLs. 
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Figure 8. Light – current  characteristics  of  high-performance  ( 1 )  and 
conventional THz QCLs at h = ( 2 ) 0.9, ( 3 ) 0.7 and ( 4 ) 0.5. 
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improved considerably. All the results will be helpful to make 
contribution to the development of THz QCLs.
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Figure 9. Transient processes in conventional QCLs (P1) and high-per-
formance QCLs (P2); I is the input current pulse with amplitude 3 A and 
duration 250 ps.

Table 1. Comparison  of  transient  characteristics  of  conventional  and 
high-performance THz QCLs.

Lasers  tin /ps  tout /ps  Pmax /mW
Conventional THz QCLs  85  39  4.8 
High-performance THz QCLs  24  15  16.7 

Note: tin is the turn-on time; tout is turn-off time; Pmax  is the maximal output 
optical power.


