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Abstract.  Using mathematical modelling we have studied the con-
ditions of low-threshold collinear optical frequency comb genera-
tion under transient (picosecond) stimulated Raman scattering 
(SRS) and parametric four-wave coupling of SRS components in 
crystals. It is shown that Raman-parametric generation of an 
octave-spanning optical frequency comb occurs most effectively 
under intermediate, transient SRS at a pump pulse duration exceed-
ing the dephasing time by five-to-twenty times. We have found the 
optimal values of not only the laser pump pulse duration, but also of 
the Raman crystal lengths corresponding to highly efficient genera-
tion of an optical frequency comb from the second anti-Stokes to 
the fourth Stokes Raman components. For the KGd(WO4)2 (high 
dispersion) and Ba(NO3)2 (low dispersion) crystals pumped at a 
wavelength of 1.064 mm and a pulse duration five or more times 
greater than the dephasing time, the optimum length of the crystal 
was 0.3 and 0.6 cm, respectively, which is consistent with the condi-
tion of the most effective Stokes – anti-Stokes coupling DkL » 15, 
where Dk is the wave detuning from phase matching of Stokes – anti-
Stokes coupling, determined by the refractive index dispersion of 
the SRS medium. 

Keywords: stimulated Raman scattering, optical frequency comb, 
four-wave mixing, wave detuning, dephasing time. 

1. Introduction 

Stimulated Raman scattering (SRS) is an effective method for 
the frequency shift of laser radiation. It is well known [1] that 
the SRS process can be cascaded, resulting in the generation 
of many Stokes SRS components shifted relative to each 
other by the Raman frequency, which is a parameter of an 
SRS medium. The SRS process in crystals is due to complex 
vibrations of the crystal lattice, which provides a set of Raman 
frequencies with a shift of about 1000 cm–1 for the most 
intense Raman lines [2]. Cascaded SRS in crystals at various 
Raman frequencies can ensure optical frequency comb gen-
eration for the synthesis of ultrashort light pulses in metrol-
ogy. However, implementation of cascade generation of high-
order Stokes SRS components in crystals is hindered due to a 
sharp drop of the SRS gain with increasing wavelength of 

light [3], and with respect to the intensity it is limited by the 
damage threshold of the SRS crystal. 

The presence of parametric four-wave coupling of SRS 
components can significantly reduce and bring closer their 
generation thresholds due to the fact that they originate from 
intense parametric rather than spontaneous seed radiation 
[4]. With such a Raman-parametric conversion, both Stokes 
and anti-Stokes SRS components can be generated. Four-
wave (four-photon) generation of SRS components, unlike 
cascaded two-photon SRS generation, requires phase match-
ing, which is prevented by the refractive index dispersion of 
the medium. Therefore, the multi-wave SRS generation often 
makes use of low-dispersion gases [5 – 8]. In crystals the gen-
eration of an octave-spanning frequency comb at Raman-
parametric conversion of light was realised in [9 – 13]. 

In most cases, Raman-parametric generation is noncol-
linear. For example, the so-called anti-Stokes cones are gener-
ated [14], which is due to the maintenance of phase matching 
of four-wave mixing (FWM) of SRS components of radia-
tion. Chiao and Stoicheff [15] were the first to describe quan-
titatively the mechanism of noncollinear Raman-parametric 
generation by the phase-matching conditions kL + kn – 1 = kS + 
kn, where kL and kS are the wave vectors of the laser pump 
and the first Stokes SRS components; and kn and kn – 1 are the 
wave vectors of the anti-Stokes SRS component of the nth 
and (n – 1)th order, respectively (n = 1, 2, 3,…; k0 º kL), which 
made it possible to calculate the angles of the anti-Stokes 
cones in good agreement with experimental results for the cal-
cite crystal. This phase matching condition takes into account 
not all possible FWM processes, but only those that involve 
the two most intense frequency components – pump wave 
(kL) and first Stokes component (kS). This approximation is 
valid in the case of self-matching during the noncollinear 
propagation of SRS components when four-wave interac-
tions involving the most intense components have the greatest 
effect. Subsequently, this condition was used for the theoreti-
cal description of Raman-parametric generation in gases 
[16,  17]. However, noncollinear Raman-parametric genera-
tion has not yet found practical application in the synthesis of 
ultrashort light pulses, where collinear optical frequency 
comb generation is required. 

Butylkin et al. [18, 19] showed that SRS in gases can be 
also characterised by collinear (axial) Raman-parametric gen-
eration, which is explained by the spatially limited phase cap-
ture of parametrically coupled waves during the FWM detun-
ing of phase matching. Basiev et al. [4] analysed the influence 
of parametric coupling of different frequency components on 
the SRS threshold in solids as a function of the wave detuning 
of FWM and material dispersion. It was assumed that the 
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detuning of the collinear FWM phase matching is due to the 
refractive index dispersion, which has the greater impact, the 
more the difference of frequencies of the interacting waves, 
i.e., the smallest wave detuning is exhibited by the processes 
of four-wave coupling of neighbouring SRS components. In 
this connection, Basiev et al. [4] took into account FWM of 
any neighbouring SRS components rather than FWM with 
the participation of the pump wave and the first Stokes com-
ponents (these most intense components in the case of the col-
linear FWM do not dominate due to phase mismatching). 
The study was conducted for the steady-state SRS, although 
most experimental papers [9 – 13, 20, 21] make use of picosec-
ond pumping. 

In this paper we have investigated theoretically the condi-
tions of low-threshold collinear optical frequency comb gen-
eration under transient (picosecond) SRS and parametric 
four-wave coupling of SRS components in crystals. 

2. Theory 

Transient collinear interaction of radiation with an SRS 
medium can be described by the coupled equations [22]: 

¶
¶

¶
¶

¶
¶

¶
¶( ) ( )

z
E

c t
E

c
N
Q t

QE1 4
2

2

2 2

2

2 2

2pe a
- = ,	 (1)

¶
¶

¶
¶

¶
¶

t
Q

t
Q

Q
m Q

E1
2
1

2

2
2 2

t
aW+ + = ,	 (2) 

where E is the electrical field strength of radiation; Q is the 
vibration amplitude of an SRS medium; W = 2pnRc is the cen-
tre frequency of vibrations; nR is the Raman frequency, mea-
sured in cm–1; t is the dephasing time of medium vibrations; m 
and N are the effective mass and concentration of vibrating 
particles; ¶a/¶Q is the coefficient of variation in the medium 
polarisability; and e is the medium permittivity. 

Many SRS components are involved in this interaction, 
i.e. 

( )exp i iE t k z
2
1

j j j
j

= - +E w/  c.c.,	 (3)

where Еj is the slowly varying complex amplitude of the jth 
SRS component ( j = 0 is the pump wave, j > 0 are the Stokes 
SRS components, and j < 0 are the anti-Stokes SRS compo-
nents); and wj and kj are its frequency and wave number. 

The constitutive equation (2) has the squared electric field 
strength that, taking expression (3) into account, can be writ-
ten as 

E2 » [ ( ) ( ) ]exp i iE E t k k z
2
1 *

j j j j j j
j

1 1 1w w- - -+ + +/  + c.c.,	(4) 

which takes into account only those terms that describe the 
resonant excitation of SRS vibrations of a medium. The 
vibration amplitude of the medium excited by light of squared 
field strength (4), can be written as: 

Q » [ ( ) ( ) ]exp i iq t k k z
2
1

,j j j j j j
j

1 1 1w w- - -+ + +/  + c.c., 	 (5) 

where q j, j + 1 is the slowly varying complex vibration ampli-
tude of the medium excited by the waves Ej and Ej + 1. 

Substitution of (4) and (5) into equation (2) in the case of 
exact resonance (wj – wj + 1 = W) gives the constitutive equa-
tions for slowly varying amplitudes of light waves (Ej) and 
medium vibrations (q j, j + 1): 
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Substituting expressions (3) and (5) into the wave equa-
tion (1) yields a system of coupled truncated wave equations 
for each jth SRS component: 
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where uj is the group velocity of the jth SRS component prop-
agation; D kj and D Kj   are the wave detunings of partially 
degenerate and nondegenerate jth-order FWM processes, 
respectively. Three neighbouring SRS components with the 
subscripts j – 1, j and j + 1 are involved in the process of par-
tially degenerate (two of the four interacting waves have the 
same frequency) jth-order FWM, and four neighbouring SRS 
components with the subscripts   j – 1, j, j + 1 and j + 2 are 
involved in the nondegenerate jth-order FWM process. In the 
square brackets of equations (7) we have taken into account 
all the terms that satisfy the law of conservation of energy in 
the generation of the jth SRS component. 

It should be noted that we consider here only FWM of 
neighbouring SRS components and neglect the four-wave 
coupling of nonadjacent SRS components, for which the fre-
quencies of the interacting waves are very different, and there-
fore the sensitivity to the wave mismatch of FWM is high due 
to the large dispersion of the refractive index of SRS crystals. 
This allows us to describe in a single model almost all possible 
processes of four-wave coupling of the neighbouring SRS 
components. 

As shown in [4], the contribution of the parametric cou-
pling in SRS depends on the condition of phase matching 
of partially degenerate FWM of type 2kj = kj – 1 + kj + 1, 
where j is the number of the SRS radiation component, 
which is the FWM-pump wave ( j < 0 is the anti-Stokes 
wave, j > 0 is the Stokes wave and j = 0 is the SRS-pump 
wave); kj is the FWM-pump wave vector; and kj – 1 and kj + 1 
are the vectors of neighbouring SRS components, which 
are the signal and idler waves of the jth process of partially 
degenerate FWM. Note that the SRS-pump (  j = 0) and 
FWM-pump waves do not generally coincide. The pres-
ence of a wave detuning 

Dkj = kj – 1 + kj + 1 – 2kj,	 (8) 
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where kj, kj – 1 and kj + 1 are moduli of the corresponding wave 
vectors, leads to violation of the wave matching condition, 
which weakens their parametric coupling. 

The main reason for the wave detuning (8) is the disper-
sion of the refractive index of the medium. In this case, the 
wave detuning is defined as [meaning that kj = 2pnj  lj

–1, lj = 
(l0

–1 – j nR)–1] 

Dkj = (nj – 1 + nj + 1 – 2nj)2p  lj
–1 + (nj – 1 – nj + 1)2pnR,	 (9) 

where lj is the FWM-pump wavelength; nj, nj – 1 and nj + 1 are 
the refractive indices of the FWM-pump wave, signal wave 
and idler wave, respectively. 

Apart from partially degenerate FWM, SRS is also 
accompanied by nondegenerate FWM having the wave 
matching of type kj + kj + 1  =  kj – 1 + kj + 2 [4], where kj and kj + 1 
are the vectors of the first and second FWM-pump waves; 
and kj – 1 and kj + 2 are the vectors of the SRS components, 
which are the signal and idler waves of the nondegenerate 
FWM process. Wave detuning of nondegenerate jth-order 
FWM is defined as 

DKj = (nj – 1 + nj + 2 – nj – nj + 1)2p  lj
–1

	 + (nj – 1 + nj + 1 – 2nj + 2)2pnR » Dkj + Dkj + 1.	 (10)

Note that the system of equations (6) and (7) takes into 
account all possible processes of four-wave coupling of any 
neighbouring SRS components in the wave detuning of 
FWM phase matching, determined by the dispersion of the 
refractive index, in contrast to earlier models of multi-wave 
SRS [16,  17], where only some FWM processes necessarily 
involving the pump wave and the first Stokes component are 
considered. 

The model is constructed in the approximation of collin-
early generated plane waves and does not account for the 
conical waves, which, in practice, take over some of the pump 
energy. The model also does not take into account incomplete 
spatial overlap of SRS components. Therefore, this approxi-
mation does not make an attempt to determine the energy 
parameters of generated radiation. The SRS conversion effi-
ciencies in the model turn out overestimated. However, we 
assume that the conditions of collinear SRS generation of 
optical frequency combs are described adequately, especially 
if we take into account the fact that conical waves are observed 
mainly in the anti-Stokes region of the spectrum and the spec-
trum of the generated frequency comb is more shifted to the 
Stokes region in which the waves are generated collinearly 
due to the cascade SRS process. 

To initiate the process of cascade SRS generation, equa-
tion (6) should be modified, given that spontaneous Raman 
scattering yields the seed for SRS generation. There are two 
approaches. 

In the first approach an additional term is introduced in 
equation (6) [23], which describes additional ‘spontaneous’ 
driving force of medium vibrations. This approach well 
describes the elementary process of SRS generation of a 
Stokes wave [24], but its use to describe the seed of cascade 
generation of many SRS components has not been substanti-
ated in the literature. Raymer and Mostowski [24] also 
showed that the result of applying this approach in the steady-
state case is close to that of the other (second) approach, 
which assumes that the medium initially has initiating sponta-
neous Stokes radiation. The second approach is used to 

describe not only the steady-state [25], but also transient SRS 
in the modelling of femtosecond SRS generation of a Stokes 
pulse from the noise in the pump field [26]. 

The second approach may be associated with the known 
experimental threshold condition of steady-state SRS gILL » 
25 [27] (g is the SRS gain, IL is the intensity of the laser pump 
at the input to the SRS medium and L is the length of the 
SRS medium) in which the SRS gain of the seed Stokes radi-
ation IS(L) = Iseed exp(gILL) occurs to the value of IS(L) » 
0.01IL if the intensity of the seed Stokes radiation is Iseed » 
10–13IL. 

For us it is important that the second approach can justify 
cascade generation of many SRS components, where each 
Stokes SRS component is generated by pumping a previous 
SRS component, i.e. I seedj 1+  » s2Ij, where s » 10 13-  is the seed 
coefficient in the field amplitude, caused by spontaneous 
Raman scattering. Then, following [26], we replace in equa-
tion (6) the Stokes amplitude E *

j + 1 by the sum of the generated 
and seed Stokes amplitudes (E *

j + 1 + S *
j + 1). Here we assume 

that S *
j + 1 = sE *

j, i.e., the noises of the (  j + 1)th components 
appear in the field of the jth component.

Calibration modelling in the second approach aimed at 
determining the seed for the pump pulse duration, which 
markedly exceeds the dephasing time, under the initial condi-
tions corresponding to the conditional SRS threshold (gILL » 
25) has shown, as expected, that the efficiency of SRS genera-
tion is equal to ~1 % (if we do not take into account four-
wave mixing of SRS components), and a two-fold increase in 
gILL led to the overcoming of the lasing threshold of the sec-
ond Stokes component (cascade process). When the seed 
coefficient s was increased by three times and gILL was 
changed by no more than 10 %, the output parameters of the 
calculation were the same. On the other hand, by setting (in 
accordance with the first approach) the same seed terms (S *

j + 1 
= sE*

0) we have obtained in the calculations the generation 
pattern which is not very different from the previous case. 
The fact that SRS generation of the (  j + 1)th component is 
triggered at a large driving force of medium vibrations, which 
is proportional to Ej E *

j + 1 [see, equation (6)], i.e. when the 
amplitude of the jth component Ej is close to the pump ampli-
tude E0; therefore, the approaches considered yield similar 
results. 

The presented model has recently been tested and showed 
agreement between the calculated results and the results of 
experiments on multi-wave picosecond SRS in crystals of 
simple tungstates at different lengths of SRS crystals [28]. 

3. Threshold of transient SRS 

The problem of generation of high-order SRS components is 
associated with higher thresholds of their generation com-
pared with the SRS formation threshold. Therefore, to find 
the conditions of low-threshold generation of many (anti-
Stokes and Stokes) SRS components in the case of parametric 
coupling, it is first necessary to determine theoretically the 
threshold of transient SRS formation in the absence of gen-
eration. 

Although in the absence of intrinsic losses the SRS pro-
cess lacks the fundamental threshold effect, but in fact there is 
an experimental threshold caused by the fact that at the initial 
stage the SRS intensity rapidly increases exponentially. 

For transient SRS in the case of undepleted pumping, 
according to [23, 29] the equations describing the two-photon 
SRS process [equations (6) and (7) at j = 1 and the absence of 
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FWM terms containing exponents] can be reduced to a self-
consistent equation, which has the solution [29]: 
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is the laser pump pulse intensity measured in W cm–2; and n0,1 
are the refractive indices for the pump wave and the Stokes 
wave, respectively. 

It follows from (11) that under transient SRS the increase 
in the SRS radiation intensity is exponential, as in the case of 
steady-state SRS, but is slower. The increment of the expo-
nential growth of the SRS radiation intensity at the output of 
the SRS medium (z = L) is determined (at tL £ t) as 
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For a Gaussian laser pulse with a peak intensity IL and a 
FWHM duration tL, valid is the following expression 

3

( )
ln

dI t t I t
4 2L L L
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=
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y .

Then, bearing in mind that ( )G t Gmax"l  at t " 3l , we obtain 

Gmax »2 ln
gLI t

4 2L
L p
t

	 ln
ln

gLI t2
4 2L

Lp p
t- c m.	 (13) 

Threshold pump intensity IL
th for observing SRS can be 

found by equating the maximum increment of the transient 
SRS gain Gmax from expression (13) to the threshold value Gth 
= 25. For a Gaussian pulse of duration tL £ t we obtain an 
implicit expression for the threshold pump intensity: 

2
ln

gLI t
4 2L

th L p
t

	 25ln
ln

gLI t2
4 2L

th Lp p
t- =c m .	 (14) 

The second term in (14) is considerably smaller than the first 
one and thus IL

th can be found by the approximation method. 
In the first approximation, we express IL

th by neglecting the 

second term in (14), and in the second approximation we sub-
stitute the obtained value of IL

th into the second term of the 
expression. We obtain the desired expression, which is valid 
at tL £ t: 

gLIL
th  » 

[25 (25 )]ln ln
t4

4 2
L

2p
p

t+  » t203
L

t .	 (15)

Note that the dependence of the threshold intensity IL
th on t/tL 

is linear at tL £ t. 
Figure 1 shows the dependences of the product gLIL

th on 
the ratio t/tL – plotted by using the analytical formula (15) 
(dashed line) and numerical integration of equations (6) and 
(7) (points). For the points obtained by numerical integra-
tion, shown also is the linear approximation (solid curve) 
obtained by the least squares method (in the range of  t < tL 
< 10t values) and defined by the expression 

gLIL
th » 22 207 /tLt+ .	 (16) 

One can see from Fig. 1 that formula (15) (dashed line) is 
in good agreement with the results of numerical calculation 
(points) in the tL £ t (t/tL ³ 1) region. It should be noted that 
the dependence obtained by numerical calculation (points) is 
close to linear in the tL > t region as well. The result of the 
linear approximation is consistent with the results of numeri-
cal calculation not only in the approximation region (t < tL < 
10t), but virtually in the entire range of t/tL values. 

Note that the product gLIL
th is the threshold incre-

ment of the steady-state SRS gain Gst, which must be 
equal to 25 at tL >> t. In the limit t/tL ® 0, expression (16) 
corresponds approximately to the given normalisation 
(gLIL

th ® 22). A slight deviation from the normalised value 
(22 instead of 25) is due to the fact that the numerically 
obtained dependence of gLIL

th on t/tL slightly deviates from 
the linear dependence (16) in the region of large durations 
(tL >> t), but already at t/tL < 100 (or t/tL > 10–2) this 
deviation can be neglected. 

Basiev et al. [21] experimentally determined the SRS gen-
eration threshold in BaWO4 and SrWO4 crystals of various 
lengths under picosecond pumping. Comparison of the exper-

104
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Figure 1.  Dependences of gLILth on t/tL, obtained by numerical integra-
tion of equations (6) and (7) (points) and plotted by the analytical for-
mula (18) (dashed line), and the linear approximation of points ob-
tained in the numerical integration in the range of t < tL < 10t values 
(solid curve). 
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imental results with those calculated by formula (16) with 
account for the g and t values known for these crystals from 
[30] shows that their values are close. Thus, for crystals of 
length greater than 1 cm the discrepancy between theoretical 
and experimental values does not exceed 8 %. For example, 
for a long SrWO4 crystal (L = 4.7 cm), it is only 2 %, but for a 
short BaWO4 crystal (L = 0.8 cm) the experimental threshold 
intensity of SRS generation of the first Stokes component is 
overestimated by 16 % compared with the theoretical value 
from (16). 

It follows from the analysis carried out in [4] that, due 
partially degenerate four-wave coupling with the first anti-
Stokes component, the threshold intensity IL

th1 of SRS genera-
tion of the first Stokes component exceeds IL

th, defined by a 
simple two-photon SRS conversion process [formula (16)], if 
the parameter of the wave detuning of Stokes – anti-Stokes 
coupling Dk0L < 50, which is fulfilled with decreasing length 
of the SRS crystal. 

We will use a 1.064-mm Nd3+ : YAG laser as a pump 
source and widely known KGd(WO4)2 (nR = 901 cm–1, g 
= 4 cm GW–1, t = 2 ps) and Ba(NO3)2 (nR = 1047 cm–1; 
g = 11 cm GW–1, t= 27 ps) crystals [31] as SRS media. 
Sellmeyer formulas for these crystals are given in [32, 33]. 
Table 1 shows the wave detunings of FWM processes [cal-
culated by the Sellmeyer formulas using expressions (9) 
and (10)] for the given crystals at the pump wavelength l0 
= 1.064 mm. It was assumed that if in a biaxial KGd(WO4)2 
crystal the light that is polarised parallel to the axis m 
propagates along the axis p, then the Raman frequency 
shift is nR = 901 cm–1 and the refractive index is equal to 
the principal value nm of the refractive index tensor. 

Figure 2 shows the dependence of the threshold genera-
tion intensity of the first Stokes component IL

th1 normalised to 
the threshold of SRS formation IL

th on the SRS crystal length 
L, obtained by mathematical modelling with equations (6) 
and (7) for the two given crystals at l0 = 1.064 mm and various 
pump pulse durations tL. 

One can see from Fig. 2 that IL
th1 increases with decreasing 

L. This dependence on the length of the crystal is due to an 
increase in the influence of Stokes – anti-Stokes four-wave 
coupling with decreasing wave detuning parameter Dk0L [4]. 

Figure 2 also shows that when the laser pump pulse dura-
tion tL is reduced, the threshold pump intensity IL

th1 with 
decreasing L grows slower, i.e. an increase in the SRS pro-

cesses nonstationarity reduces the influence of Stokes – anti-
Stokes coupling on the SRS threshold. 

4. Threshold of Raman-parametric generation  
of an optical frequency comb 

Consider now generation of many SRS components. We 
are interested in generation of an octave-spanning optical 
frequency comb when the longest wavelength is approxi-
mately 2 times greater than the shortest one. In this case 
we consider collinear generation of SRS components, 
which is described by equations (6) and (7), because this 
process through spatial overlapping of the generated 
waves can be used for the synthesis of ultrashort pulses – 
in contrast to the processes of vector Raman-parametric 
generation, when spaced-apart anti-Stokes cones [14] are 
generated. 

The wavelengths of SRS components are lj = ( l0
–1 – j nR)–1. 

For the majority of crystals, the Raman frequency is nR = 
900 – 1000 cm–1, while the octave of frequencies corresponds 
to generation of seven neighbouring SRS components. 

Table  1.  Wave detunings of four-wave coupling of SRS radiation 
components in KGd(WO4)2 and Ba(NO3)2 crystals at the pump 
wavelength of 1.064 mm.

Wave detuning/cm–1 KGd(WO4)2 Ba(NO3)2

Dk–2 63 34

Dk–1 56 29

Dk0 50 25

Dk1 42 19

Dk2 35 13

Dk3 28 6

Dk4 18 – 6

DK–2 119 63

DK–1 105 54

DK0 92 44

DK1 78 33

DK2 63 19

DK3 46 – 0.5
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Figure 2.  Dependences of the threshold generation intensity of the first Stokes component ILth 1 normalised to the threshold of SRS formation ILth  
on the SRS crystal length L for the two selected crystals at l0 = 1.064 mm and different values of tL. 
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We choose to consider the frequency comb from the sec-
ond anti-Stokes ( j = –2) to the fourth Stokes ( j = 4) compo-
nents, i.e., in practice, in the case of multi-wave SRS, greater 
penetration in the Stokes region of the spectrum is commonly 
observed [5 – 13]. 

We assume the generation threshold of the weakest of two 
extreme SRS components ( j = –2 or j = 4) to be the genera-
tion threshold of a frequency comb. 

As a result of mathematical modelling by formulas (6) 
and (7), we obtain the dependences of the threshold gen-
eration intensities of the second anti-Stokes [IL

th(–2)] and 
fourth Stokes (IL

th4) SRS components, normalised to the 
threshold of SRS formation (IL

th) on the SRS crystal 
length L for the two selected crystals at various laser 
pump pulse durations tL. The dependences are shown in 
Fig. 3. 

One can see from Fig. 3 that there is a minimum genera-
tion threshold of the second anti-Stokes component, 
observed at Las = 0.3 and 0.6 cm for KGd(WO4)2 and 
Ba(NO3)2 crystals, respectively. At the same time, the wave 
detuning Dk0Las for both crystals is equal to 15, which is 
optimal for anti-Stokes generation. It is of interest for us 
that the generation thresholds of the second anti-Stokes and 
fourth Stokes components, which represent extreme fre-
quencies in the frequency comb, turn out close just near the 
minimum generation threshold of the second anti-Stokes 
component; therefore, the minimum generation threshold 
for the second Stokes wave and the corresponding length of 
the crystal characterise the conditions that are optimal for 
achieving the threshold of the entire optical frequency comb 
generation.

For the KGd(WO4)2 crystal (Fig. 3a), the minima of the 
dependences IL

th(–2)/IL
th are ‘lifted’ by about 1.5 times with 

increasing laser pump pulse duration from 10 to 100 ps, and 
for the Ba(NO3)2 crystal (Fig. 3b), they remain at the same 
level. This is due to an order larger dephasing time for the 
Ba(NO3)2 crystal (27 ps), comparable to the durations of both 
pump pulses (10 and 100 ps), which is why the SRS process in 
these cases is transient. At the same time, for the KGd(WO4)2 
crystal with a short dephasing time (2 ps) at a long pump 
pulse duration (100 ps), the SRS process becomes close to 
steady-state. 

In absolute terms [IL
th is found by formula (16)], the mini-

mum threshold intensities of IL
th(–2) generation at pump pulse 

durations of 10 and 100 ps are equal to 158 and 100 GW cm–2 
for the KGd(WO4)2 crystal and to 264 and 35.4 GW cm–2 for 
the Ba(NO3)2 crystal. It should be noted that for most SRS 
crystals under picosecond pumping only the last value is obvi-
ously lower than the damage threshold. For example, in 
experimental papers [20, 21, 34] the damage thresholds for 
lead molybdate and barium-strontium niobate crystals under 
18-ps pumping at 1.064 mm were 40 and 100 GW cm–2, respec-
tively, and for relatively stable crystals of barium and stron-
tium tungstate they were slightly higher. Therefore it is very 
important to find the optimum conditions for low-threshold 
multi-wave SRS generation. 

We see that in the Ba(NO3)2 crystal for which the SRS 
process is transient at both pump pulse durations, the 
increase in the pulse duration up to 100 ps leads to a sharp 
decrease (by 7.5 times) in the absolute generation thresh-
old. We can assume that there is an optimal laser pulse 
duration for the anti-Stokes generation, which lies in the 
range corresponding to transient SRS, and for the 
Ba(NO3)2 crystal it is close to 100 ps. Transition to the 
steady-state SRS regime does not provide a significant 
reduction in the absolute threshold of anti-Stokes genera-
tion [for the KGd(WO4)2 crystal it decreases only about 1.5 
times]. 

5. Optimal conditions for Raman-parametric 
generation of an optical frequency comb 

Now we need to determine the conditions of highly effi-
cient SRS generation of an optical frequency comb when 
all its frequency components overcome the experimental 
generation threshold, i.e., have a conversion efficiency 
of hj > 1 %. 

Figure 4 shows the results of a numerical calculation of 
the system of equations (6) and (7) for the Ba(NO3)2 crystal at 
the pump intensity exceeding the SRS generation threshold 
by 4 times [i.e.,  IL = 4IL

th, where IL
th is given by formula (16)], 

at the pump wavelength l0 = 1.064 mm, pump pulse duration 
tL = 100 ps and crystal length L = 0.4 cm (Fig. 4a), 0.55 cm 
(Fig. 4b) and 0.7 cm (Fig. 4c). 
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Figure 3.  Dependences of the threshold intensities of generation of the second anti-Stokes [ILth(–2)] and fourth Stokes (ILth4) SRS components nor-
malised to the threshold of SRS formation ILth on the SRS crystal length L for the two selected crystals at different values of tL. 
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One can see from Fig. 4 that at a small crystal length 
(L = 0.4 cm), the conversion efficiency into the second anti-
Stokes component (the lowest frequency of the frequency 
comb in question) exceeds the conversion efficiency into the 
fourth Stokes component (the highest frequency of the fre-
quency comb), but the values of the conversion efficiency 
are low. 

Increasing the length of the crystal up to 0.55 cm 
(Fig. 4b) provides an increase (h–2, 4 > 4 %) and levelling 
of the conversion efficiencies into the second anti-Stokes 
and fourth Stokes SRS components. Note that in this 
case the wave detuning Dk0L increases to 15, which is 
close to the optimal value for the Stokes – anti-Stokes 
coupling. 
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Figure 4.  Results of numerical calculation of the system of equations (6) and (7) for the Ba(NO3)2 crystal at the pump intensity exceeding the thresh-
old of SRS formation by 4 times (IL = 4IL

th), l0 = 1.064 mm, tL = 100 ps and L = (a) 0.4, (b) 0.55 and (c) 0.7 cm.
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A further increase in the crystal length to 0.7 cm 
(Fig.  4c) leads to the fact that the conversion efficiency 
into the fourth Stokes component is substantially higher 
than that into the second anti-Stokes component. In this 
case, the conversion efficiencies into these SRS compo-
nents decrease as compared to those at L = 0.55 cm 
(Fig.  4b), which is caused by an increase in the wave detun-
ing (Dk0L = 18), leading to a weakening of anti-Stokes 
FWM generation. Intermediate SRS components (–2 < j < 4) 
in this case contain more energy, but the conversion effi-
ciency into the extreme components of the frequency comb 
( j = – 2, and j = 4) is low. Consequently, the previous case 
(Fig. 4b), in which we observed an increase and levelling of 
the conversion efficiency into extreme components ( j = – 2 
and j = 4), can be considered optimal for effective Raman-
parametric generation of a comb of optical frequencies, 
i.e., the crystal length L = 0.55 cm is optimal for a given 
pump level IL/IL

th = 4. 
Figure 5 shows the calculated dependences of the optimal 

crystal length Lopt, corresponding to equal conversion effi-
ciencies into extreme SRS components of the frequency comb 
(h–2 = h4), and the most efficient conversion hopt = h–2 = h4, 
corresponding to Lopt, on the pump level IL/IL

th for Ba(NO3)2 
and KGd(WO4)2 crystals at the pump wavelength l0 = 
1.064 mm and pump pulse durations tL = 20 ps (Fig. 5a) and 
100 ps (Fig. 5b). 

One can see from Fig. 5a that at a low pump pulse dura-
tion (tL = 20 ps) in the KGd(WO4)2 crystal an increase in the 
pump level IL/IL

th leads to a rapid increase in the conversion 
efficiency hopt into the extreme frequency components of the 
frequency comb (to hopt » 8 % at IL/IL

th = 5), but the optimal 
length of the crystal varies slightly and does not exceed 
0.5 cm. This is consistent with the experimental results of 
papers [20, 21], where under 18-ps pumping at 1.064 mm an 
increase in pump energy in molybdate and tungstate crystals 
measuring no more than 1 cm in length led to a rapid increase 
in the conversion efficiencies into high-order SRS compo-
nents up to fourth one. 

In the Ba(NO3)2 crystal, the generation efficiency hopt 
(solid curve) at the same low pump pulse duration tL = 
20 ps (Fig. 5a) increases very slightly with increasing 
pump level and at IL/IL

th = 5 does not exceed 0.5 %, 
which is close to the threshold value. In this case, the opti-

mal length of the Ba(NO3)2 crystal is relatively large 
(Lopt > 1 cm). 

Note that at tL = 20 ps for the Ba(NO3)2 crystal we have 
tL/t = 0.74, i.e., a highly transient SRS regime (tL < t), and 
for the KGd(WO4)2 crystal we have tL/t = 10, i.e., an inter-
mediate, transient SRS regime (t < tL < 100t). 

One can see from Fig. 5b that with increasing pump 
level IL/IL

th in the Ba(NO3)2 crystal, the generation effi-
ciency hopt increases rapidly up to 6.5 %, while in the 
KGd(WO4)2 crystal it increases slowly (dashed line) to a 
value slightly higher than 1% at IL/IL

th = 5. Note again that 
at tL = 100 ps for the Ba(NO3)2 crystal we have tL/t = 44, 
i.e., an intermediate, transient SRS regime, and for the 
KGd(WO4)2 crystal we have tL/t = 50, i.e., a close-to-
steady-state SRS regime. 

Note that essentially transient and close-to-steady-state 
SRS regimes turned to be not optimal for highly efficient 
Raman-parametric generation of an optical frequency 
comb. 

Figure 6 shows the calculated dependences of the opti-
mal conversion efficiency hopt = h–2 = h4 in extreme SRS fre-
quency comb components and the corresponding optimal 
crystal lengths Lopt on the ratio tL/t of the laser pump pulse 
duration to the dephasing time at the pump wavelength l0 = 
1.064 mm and pump level IL/IL

th = 4 for Ba(NO3)2 (solid 
curves) and KGd(WO4)22 (dashed curves) crystals. 

One can see from Fig. 6 that the behaviour of the depen-
dences for both crystals is similar. A maximum conversion 
efficiency hopt = h–2 = h4 is clearly observed at the ratio tL/t » 
10. In the region of this maximum at tL/t » 10 we have a shal-
low minimum of the optimal crystal length, and with a further 
increase in tL/t the optimal crystal length Lopt increases 
slightly (less than by 1.5 times) to a constant value in the 
region of steady-state SRS (tL/t > 1022). 

Additional calculations showed that at other pump 
levels the position of the conversion efficiency maximum 
on the tL/t axis is still retained, i.e. at any pump level, the 
octave-spanning SRS generation occurs most effectively 
when the pump pulse duration is 5-to-20 times higher 
than the dephasing time of the vibrations of the crystal 
used. 

It should be noted that the region of steady-state SRS 
(tL/t > 102) is characterised by a low conversion efficiency hopt 
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Figure 5.  Calculated dependences of the optical crystal length Lopt corresponding to equal conversion efficiencies into extreme SRS components of 
the frequency comb, as well as of the conversion efficiency hopt = h–2 = h4 corresponding to Lopt on the pump level IL/IL
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(tenths of a percent), in contrast to the region of highly tran-
sient SRS (tL/t < 1), where hopt drops almost to zero (more 
precisely, to ~0.01 %). This explains the failure of Losev et al. 
[35] to implement multi-wave SRS in the KGd(WO4)2 crystal 
at a nonoptimal pump pulse duration tL = 0.15 ps. Only an 
increase (with chirping) in pump pulse duration to 2 ps and 
more made it possible to realise Raman-parametric genera-
tion of multiple SRS components in the present paper. 

6. Conclusions 

Thus, we have studied theoretically the conditions of low-
threshold collinear optical frequency comb generation under 
transient (picosecond) SRS and parametric four-wave cou-
pling of SRS components in crystals. 

Raman-parametric generation of an octave-spanning 
optical frequency comb is shown to occur most effectively 
in the intermadiate, transient SRS regime when the pump 
pulse duration is 5-to-20 times greater than the dephasing 
time of vibrations of the crystal used. 

For the intermediate, transient regime, which corresponds 
to the pump pulse duration exceeding the dephasing time, we 
have found a simple approximation dependence of the thresh-
old intensity of SRS formation on the parameters of the SRS 
medium and pump radiation. Using the dependence obtained 
we have analysed the thresholds Raman-parametric genera-
tion of many SRS components making up the frequency 
comb. 

We have found the optimal values of not only the laser 
pump pulse duration, but also the SRS crystal length corre-
sponding to highly efficient generation of an optical fre-
quency comb from the second anti-Stokes component to the 
fourth Stokes SRS component inclusive. For the KGd(WO4)2 
(high-dispersion) and Ba(NO3)2 (low-dispersion) crystals in 
question, the optimal crystal length L was 0.3 and 0.6 cm at 
a pump wavelength of 1.064 mm and pulse duration greater 
than the dephasing time by 5 times or more, which corre-
sponds to the condition of the most effective anti-Stokes-
Stokes coupling DkL » 15, where Dk is the wave detuning of 
phase matching of Stokes – anti-Stokes coupling, deter-
mined by the dispersion of the refractive index of the SRS 
medium.
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