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Abstract.  The single-filamentation regime of GW femtosecond 
laser beams of millimetre diameter, propagating in atmospheric air 
under collimated and tight focusing, has been theoretically and 
experimentally (at wavelengths of 800 and 400 nm) investigated. 
The influence of the initial size of the light beam on the spatial char-
acteristics of the filamentation region is systematically analysed. 
The filamentation length for collimated beams with the same initial 
power is found to nonmonotonically depend on the initial beam 
radius. In this case, the filament start point is displaced, and the 
longitudinal continuity of the related plasma channel is lost. For 
tightly focused beams, the observed filament length barely depends 
of the initial beam radius, provided that the peak intensity remains 
constant.

Keywords: self-focusing, filamentation, femtosecond laser radiation. 

1. Introduction 

Self-focusing and filamentation are the brightest and largest 
scale  effects,  which  accompany  the  propagation  of  high-
power  ultrashort  laser  pulses  in  cubically  nonlinear media, 
such  as  air,  water  and  quartz.  They  have  been  intensively 
investigated for more than 50 years (see, for example, reviews 
[1 – 4]  and  references  therein).  Along  with  many  practical 
applications (broadband lidar sensing, formation of conduct-
ing channels, transfer of high-intensity radiation at large dis-
tances, frequency conversion, etc.), these effects are also inter-
esting from the fundamental point of view, because they sig-
nificantly expand the potential of nonlinear optics and physics 
of superstrong fields.

Filamentation of a laser beam propagating in a medium 
experimentally manifests  itself  as  a  thin  luminous  filament, 
which visualises the beam path. The initial cause of filamenta-
tion is the cubic polarisability of the medium (Kerr-type non-
linearity),  which  gives  rise  to  a  self-induced  increase  in  the 
refractive index in the regions of enhanced radiation intensity 
and  subsequent  progressive  transverse  compression  of  the 
laser beam with a power sufficient for this compression (i.e., 
self-focusing). The beam collapse into a line is restricted by a 

number of physical mechanisms, among which photoionisa-
tion  and  plasma  formation  dominate  in  the  case  of  a  gas 
medium. The result of the dynamic balance between the dif-
fraction, self-focusing and plasma nonlinearity is a set of spa-
tially  localised high-intensity  light  structures,  i.e.,  filaments; 
they are formed in the beam and are retained on a rather long 
segment of the beam path.

A unique property of filaments is the absence of any sig-
nificant dependence of their main characteristics (transverse 
size and peak intensity) on the initial beam size. It has been 
proved  in  numerous  studies  that  the main  properties  of  an 
individual filament are mainly determined by the lasing wave-
length  and  the  optical  characteristics  of  the  propagation 
medium [3, 4].

The situation with the filament length, i.e., the distance at 
which the luminous filament and beam energy channelling are 
observed, is different. Paradoxical as it may seem, this charac-
teristic  (which  is  undoubtedly  important)  has  been  rather 
poorly  studied.  Despite  the  fact  that  the  filamentation  of 
beams  of  different  sizes  was  modelled  and  experimentally 
studied  in some studies  [1],  specific dependences of  the  fila-
mentation  region  parameters  on  the  beam  radius  were  not 
reported. At the same time, this question is very important for 
developing models of atmospheric propagation of wide-aper-
ture ultrashort beams, which are generally implemented in the 
multiple-filamentation regime.

Concerning  the  single-filamentation  regime  (the  subject of 
our further consideration), it is intuitively clear that the filament 
length should be determined by the loss of the total beam energy 
spent on the formation of an ionised channel. This direct energy 
loss must be supplemented with the so-called extra loss on the 
conversion of the fundamental frequency to the supercontinuum 
radiation and on the Rayleigh scattering from plasma microag-
gregates [5]. Then, provided that the single-filament parameters 
are independent of the beam size, the filament length should also 
be invariant to the initial beam radius and depend only on its 
energy  (power)  [6].  Below we will  dwell  on  this  question  and 
show that this does not always hold true.

One of the factors leading to the dependence of the fila-
ment  length on the beam radius  is  the violation of  filament 
longitudinal  continuity,  which  is  observed  for  light  beams 
with powers greatly exceeding the critical value [7]. The fila-
ment  becomes  intermittent  (composed  of  several  shorter 
unbounded fragments);  this  intermittence  is due to multiple 
beam refocusings and longitudinal filament instability (caused 
by  the  increasing  effect  of  diffraction  on  the  beam  axis). 
Obviously, this effect should be enhanced with an increase in 
the  beam  radius  and may  influence  the  total  filamentation 
length; however, there are no specific estimates and calcula-
tions of this effect to the best of our knowledge.
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All the aforesaid is mainly related to the filamentation of 
collimated or weakly focused beams. At the same time, spa-
tial (external) beam focusing adds some new features to the 
process of formation of filaments and to their spatial charac-
teristics. The most characteristic among these features is the 
decrease in the filament length and limitation of its far bound-
ary by the beam focal waist. The manifestation of this effect 
turned out to depend on both the initial laser pulse power and 
the beam focusing sharpness [8], as well as on the filamenta-
tion type (single or multiple) [9].

In this study we consider one of the aspects of filamenta-
tion, which is related to the influence of the initial beam size. 
First, we will use numerical simulation to show that the main 
characteristics  of  filaments  (starting  coordinate,  length  and 
continuity) depend on the beam radius (provided that the ini-
tial beam power is constant) for collimated beams of millime-
tre diameter in the single-filamentation regime. The filament 
start point begins  to move apart  from  the beginning of  the 
path, and the total filament length nonmonotonically depends 
on the beam diameter, first increasing with an increase in the 
diameter  and  then  virtually  vanishing  (a  situation  corre-
sponding to complete termination of filamentation) for rela-
tively wide beams (more than 4 mm in diameter).

Then we report the results of our laboratory experiments 
on  self-focusing  and  filamentation  of  a  previously  tightly 
focused  femtosecond  laser  beam  in  air  under  conditions  of 
changing its initial size and power. In particular, to the best of 
our  knowledge,  experimental  data  indicative  of  extremely 
weak dependence (almost  invariance) of  the filament  length 
of  laser  beam  on  its  radius  [when  the  peak  intensity  (not 
power!)  remains  constant]  are  published  for  the  first  time. 
This result is not a direct consequence of the theory of light 
self-focusing  and  differs  significantly  from  the  properties 
observed for collimated-beam filamentation.

2. Theoretical model

Our numerical experiments were based on solving the quasi-
optics equation for the complex envelope of a light-wave elec-
tric field strength Е(r=, z, t), with allowance for the nonlinear-
ity of the medium; this equation is referred to as the nonlinear 
Schrödinger equation. The model of air optical nonlinearity 
included both  instantaneous  and  inertial Kerr  components, 
higher  order  nonlinearity  (saturation of Kerr  nonlinearity), 
and the change in the complex refractive index of the medium 
due to the photoionisation of air molecules and formation of 
free-electron  gas. The  linear  part  of  the  equation described 
the group-velocity dispersion of the laser pulse and the beam 
diffraction.  The  dynamics  of  free-electron  density re  in  the 
beam  channel  was  calculated  using  the  corresponding  rate 
equation, which takes into account the combined (multipho-
ton and tunnel) mechanism of ionisation of atoms of atmo-
spheric air components (nitrogen and oxygen).

The wave  envelope propagation  equation  in  the  coordi-
nate system related to a pulse moving with a group velocity 
has the form

w
¶
¶

¶
¶i i

z n k t
U

2 20 0

2
2

2
4- + ==

''kc m

  2( )ik n n n U UHOKE pl NL0 a+ + -l .  (1)

The plasma free-electron density re(r=, z, t) is given by the rate 
equation
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Here, U = E/E0 is the field amplitude normalised to the initial 
value; n0 is the linear refractive index of the medium; k0 = 2p/l0 
is the wave number; l0 is the radiation carrier wavelength; I = 
cn0|U |2/(8p) is the radiation intensity; c is the speed of light in 
vacuum; k''w = ∂2k/∂w2 is the second-order dispersion coeffi-
cient of the light-pulse group velocity in the medium;
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is the high-order Kerr effect nonlinearity; n2m is the nonlinear 
additive to the refractive index, which is due to the nonlinear 
susceptibility of the medium of the (2m + 1)th order; d(t) is the 
Dirac delta function; L(t) is a dimensionless function of time, 
which takes into account the inertial component of the cubic 
response of the medium to the light field; npl = – re/(2 rcn0) is 
the  coefficient  of  ‘plasma’  nonlinearity; rc = w

2
0me/e2  is  the 

critical plasma electron density; me is the electron rest mass; e 
is the elementary charge; Yi is the photoionisation probability 
for a gas with a concentration of neutral atoms (molecules) 
rn;  w0  is  the  centre  radiation  frequency;  aNL  =  sc  re/2  + 
(2 ) [ ( )]I Ei i n e

1 r rDY --   is  the  nonlinear  absorption  coeffi-
cient  of  the  medium;  and  sc  and DEi  are,  respectively,  the 
shock  ionisation  cross  section  and  the  atomic  ionisation 
potential.

The Kerr nonlinearity inertia, which is related to the rota-
tional stimulated Raman scattering of a light wave from air 
molecules, was taken into account within the damping oscilla-
tor model:  L(t) = q(t)WRexp(–t/td)sinWRt, where the air mol-
ecule oscillation frequency is WR = 20 THz, the characteristic 
damping time is td = 70 fs, and q(t) is the Heaviside function. 
For the radiation wavelength l0 = 800 nm, the coefficients in 
Eqns (1) and (2) were chosen to be as follows: the nonlinear 
refractive  index of  the medium n2 = 3.0 ́  10–23 m2 W–1,  the 
number  of  retained  terms  in  the  expression  for  the  higher 
nonlinearities  is M = 4  (in  correspondence with  the  experi-
mental data of [10]), and the group velocity dispersion k''w = 
0.21 fs2 cm–1. For the second harmonic (l0 = 400 nm), n2 = 
5.4 ́  10–23 m2 W–1,  nHOKE =  0,  and kw''  =  0.81  fs2  cm–1.  The 
other parameters were taken to be sc = 5.52 ́  10–24 m2 and DEi 
= 12.1 eV (for oxygen). The critical self-focusing power [Pc = 
l0/(n0k0n2)], with allowance for only the instantaneous com-
ponent of Kerr nonlinearity, is 3.2 GW for the fundamental 
harmonic and 0.5 GW for the second harmonic [11]. The pho-
toionisation  rate  of  gas-medium  atoms, Yi,  was  calculated 
within the Perelomov – Popov – Terent’ev ionisation model [12].

The space – time distribution of the light-pulse normalised 
amplitude in the beginning of the path was set in the form of 
a Gaussian:
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where  | | x yr 2 2
= += ; tp is the pulse width (was taken to be 

100 fs in the calculations), and f is the focal length of the opti-
cal system. To provide the single-filamentation conditions for 
the beam, the pulse peak pulse P0 was limited from above by 
the value 10Pc. In addition, we did not consider beams with 
radii more than 5 mm for the following reason: such beams 
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are likely to undergo multiple filamentation under real condi-
tions because of the modulation instability of Kerr self-focusing.

3. Filamentation of collimated beams 

Figure  1  shows  the  numerically  calculated  evolution  of  the 
radius  Rw  of  a  collimated  (  f ® ¥)  light  beam,  determined 
from  the  energy density  profile w(r=)  as  the  1/e  half-width; 
actually, this parameter is the light-filament radius. Figure 1 
presents also the dependence of the peak free-electron density 
rem, which  characterises  the  plasma  formed  in  the  channel. 
The dependences were calculated for a constant  initial  laser 
beam  power  and  varied  initial  beam  radius.  Note  that  the 
propagation coordinate is normalised to the Rayleigh beam 
length LR = k0R

2
0/2 (calculated for the corresponding beam 

radius R0) and the peak pulse power is reduced to the critical 
value: h = P0 /Pc.

It  can  be  seen  that  beams  of  different  sizes  propagate 
along the path in a similar way; their behaviour is determined 
by  different  stages  of  radiation  self-action.  First,  the  self-
focusing caused by the cubic nonlinearity of the medium leads 
to transverse compression of the beam, a decrease in Rw, and 
a rise in rem. The next path fragment corresponds to the beam 
filamentation  and  plasma  channel  formation.  The  beam 
broadening after this fragment, with a simultaneous decrease 
in the plasma density, suggests temporal or final termination 
of the filament at this point.

Let us first consider the start point zs of the filament. The 
beginning of the filamentation region is determined proceed-

ing  from the balance of  self-focusing and diffraction effects 
[13].  It  is  generally  accepted  to  use  the Marburger  formula 
[14] to estimate the coordinate of the filamentation start point 
for a collimated laser beam in the theory of time-dependent 
self-focusing  of  light  pulses.  This  formula  (obtained  by 
approximating a large amount of calculation data) explicitly 
contains the initial parameters of laser radiation and is writ-
ten in the form
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( . ) .

.z L

0 852 0 0219

0 367
s

d
2

h
h

=
- -

,  (4)

where  Ld  =  2LR  is  the  characteristic  diffraction  length. 
Obviously, this expression is valid only at h > 1.

If we use  the dimensionless  coordinate zs/LR  in  (4),  this 
expression becomes independent of the light-beam radius R0. 
Therefore, at a constant relative power h, the filament should 
start at the same point in the normalised coordinates. At the 
same time, the plots in Fig. 1 contradict this statement: with 
an increase in the beam radius the filament start point shifts 
to the end of the path (at a rather large distance).

Figure 2 shows the dependence of the parameter zs/LR on 
the beam radius; this parameter was determined by numerical 
simulation, provided that  the peak free-electron density rem 
on  the  beam  axis  exceeds  the  specified  concentration  re*  = 
1020 m–3. The calculation was performed for a discrete set of 
beam radii;  for clarity,  the calculation points are connected 
by  a  spline  approximation  curve.  It  can  be  seen  that  this 
dependence can be described fairly well by a fractional-power-
law: the coordinate changes with a change in R0 for narrow 
beams  (R0 < 1 mm), whereas  for  relatively wide beams  the 
displacement of the filament start point is less pronounced.

We intentionally omitted the ratio zs/LR calculated from 
formula (4) in Fig. 2, because Eqns (1) and (2) were numeri-
cally solved using the complete model of air optical nonlin-
earity, which includes the inertia in time and saturation of the 
cubic response of the medium, whereas these factors are disre-
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Figure 1. Evolution of the (a) collimated-beam radius and (b) the peak 
free-electron density along the beam path during self-focusing in air for 
beams with h = 5 and different initial radii R0.
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Figure 2. Dependence of the coordinate of the filament start point, 
zs/LR, on the initial beam radius R0 (h = 5).
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garded in the Marburger formula. However, our calculations 
for the case of ‘pure’ Kerr nonlinearity (are also omitted here) 
showed that the aforementioned behaviour of the parameter 
zs/LR  is  retained with  a  change  in R0, while  the Marburger 
formula most exactly predicts the coordinate of the filament 
start point specifically for wide beams with R0 > 2 mm and 
relative powers in the range of 1 < h < 15.

Strictly speaking, it is incorrect to expect the Marburger 
formula  to  describe  exactly  the  dependence  presented  in 
Fig. 2, because expression (4) is for the beam self-focusing 
length considered as the coordinate of the first singularity 
or  local  collapse  (in  contrast  to  the  entire-beam  collapse 
[15])  in  the  evolutionary  dependence  of  Rw(z)]  [14]. 
Obviously,  beams  do  not  collapse  in  practice.  In  theory, 
the  self-focusing  singularity  is  removed  by  taking  into 
account the mechanisms in the optical nonlinearity of the 
medium  that  lead  to  saturation of  the  pulse  intensity  via 
nonlinear (multiphoton) absorption and/or decrease in the 
cubic nonlinearity  coefficient  (higher order nonlinearity). 
In addition, the model can also take into account the com-
pensating effect of the plasma formed in the channel, which 
reduces the effective value of the nonlinear refractive index 
of the medium and causes additional beam defocusing. The 
joint effect of these factors stops the transverse beam col-
lapse at some quasi-equilibrium value of the peak intensity, 
Ifil,  which  also  determines  the  quasi-equilibrium  filament 
radius  Rfil  for  the  chosen  nonlinearity  model  [6].  It  is 
important that neither Ifil nor Rfil (see Fig. 1a) depend on 
the initial beam radius.

Thus, when  light beams with the same  initial power but 
different radii are self-focused in a medium, they can be com-
pressed to only a certain absolute size. Since these beams are 
transversely compressed with the same relative rate (which is 
determined  only  by  the  parameter  h)  [15],  a  wider  beam 
should attain the limiting radius Rfil at a larger distance than 
a beam of smaller radius. If a beam is so narrow that its initial 
peak intensity I0 H Ifil at a specified h value, a filament will be 
formed almost immediately at the input of the medium; then, 
zs ® 0.  Therefore,  the  filament  start  point  should  approach 
zero with an increase in the laser pulse intensity I0 or (what is 
the same) with a decrease in the beam radius R0. A regression 
analysis  of  the  functional  dependence  in  Fig.  2  showed  its 
similarity with the dependence z L R /

s R 0
1 6?/ .

Recalling  Fig.  1,  we  should  note  that  the  amplitude  of 
oscillations of the beam radius and electron density increases 
with increasing initial beam radius. Indeed, for initially nar-
row beams, the transverse size of the filament formed is rather 
stable, which  is  indicative of  the  formation of a continuous 
light channel along the path. However, beginning with R0 = 
2  mm,  the  filament  clearly  exhibits  regions  of  significant 
expansion and then (if the filament boundary is assumed to 
correspond to rem = 1020 m–3) is either interrupted or recov-
ered again. In other words, the longitudinal intermittence of 
filamentation  develops with  an  increase  in  the  initial  beam 
radius. This  effect has been described  in  the  literature;  it  is 
often related to the so-called successive light beam refocusing 
in a Kerr medium [7].

The properties revealed are mainly due to the fact that a 
wider beam is subjected to stronger transverse compression in 
the  initial portion of  the path due  to  the  self-focusing. The 
‘inlet’ angle of diffracted rays into the filament start point zs 
(nonlinear focus) for a beam with, for example, R0 = 3 mm is 
much larger than the corresponding angle for a narrow beam. 
Therefore, the diffraction efficiency of wide beams is higher. 

Along with the plasma defocusing, the diffraction mechanism 
‘bounces’ rays from the nonlinear focus, due to which the fila-
ment rapidly terminates. In essence, this effect is similar to the 
decrease in the filament length that occurs with an increase in 
the  curvature  of  the  initial-beam  phase  front  after  passing 
through an optical focuser [16, 17].

The compression of a narrow beam during self-focusing is 
much smaller because of the higher initial intensity; it affects 
mainly the axial region. The other rays at the beam periphery 
begin  almost  immediately  to  diverge  stably.  Calculations 
show that the angular divergence of a narrow beam directly 
after  the  nonlinear  focus,  determined  from  the  rms  radius 
[18],  is  an  order  of magnitude  smaller  than  the  wide-beam 
divergence.

The second and subsequent filamentation portions for a 
wide beam (Fig. 1b, R0 = 3 mm) arise for the following rea-
son: at a sufficient excess power (h >> 1), some rays from the 
energy environment of the filament become negatively diver-
gent  due  to  the  Kerr  effect  after  the  filament  termination. 
These rays start converging to the optical axis, ‘pressing’ the 
axial  rays and preventing  light  energy  escape  from  the  fila-
ment. Thus,  favourable  filamentation  conditions  are  imple-
mented again.

Let us now consider how the filament length depends on 
the light-beam size. Primarily, we should specify that the fila-
ment length is assumed to be equal to the total length of the 
optical  path  segment  beginning  at  the  filamentation  start 
point zs and ending at the point with the farthest coordinate 
ze,  corresponding  to  the  filament  termination.  This  coordi-
nate was calculated proceeding from the profile of peak free-
electron density rem(z) as  the  extreme point at which rem  is 
reduced to a concentration below re*, i.e., rem(z > ze) < re* (see 
Fig. 1b). The results of these calculations in the form of the 
dependence  of  the  filament  length  Lfil  on  the  light-beam 
radius for two powers are shown in Fig. 3.

The curves in Fig. 3a indicate that the filament length nor-
malised to the Rayleigh length monotonically decreases with 
light beam expansion both at h = 5 and at the doubled h value. 
Only  beams  with  millimetre  diameter  (and  narrower  ones) 
yield a filament length exceeding LR. As follows from the pre-
vious consideration, these filaments are characterised by lon-
gitudinal continuity.

It  is  of  interest  that  the  aforementioned  decrease  in  the 
filament length with an increase in the beam size is not caused 
by the increased energy loss. On the contrary, as our analysis 
shows, the wider the beam, the lower its loss on filamentation. 
Even in the ‘worst’ case (a narrow beam with R0 = 200 mm), 
the total energy loss does not exceed 20 %.

The dependence Lfil(R0) in Fig. 3b exhibits an extremum 
in  the  range of  beam  radii R0 »  0.8 – 1.5 mm.  In narrower 
beams the decrease in the filament length is due to the qua-
dratic  dependence  of  the  Rayleigh  length  on R0.  In  wider 
beams the decrease in the filament length is related to the fila-
ment intermittence. In this case, despite the oscillations of the 
beam radius caused by successive beam refocusings, the peak 
electron  density  after  the  initial  filamentation  segment 
remains  close  to  the  threshold  concentration  re*  (see,  for 
example, curves for R0 = 3 and 5 mm in Fig. 1b), and there is 
no filamentation.

A filament can be initiated in the refocusing zones only 
by increasing the initial laser pulse power. As can be seen 
in Fig. 3, this procedure increases the total filament length, 
and  this  effect  is  most  pronounced  for  specifically  wide 
beams.
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4. Filamentation of tightly focused beams 

We  performed  experiments  on  self-focusing  and  filamenta-
tion  of  focused  radiation  using  a  pulsed  Ti : sapphire  laser 
beam at wavelengths of the fundamental (800 nm) and second 
(400 nm) harmonics, with a width of 45 fs and gigawatt power. 
The experimental bench is schematically shown in Fig. 4.

The  technique  for  measuring  the  size  parameters  of 
plasma filaments was described in detail in [19]. We employed 
laser beams with diameters d0 = 2.5, 4.5, and 9 mm. The 4.5-
mm beam was formed from the initial beam 9 mm in diameter 
using a telescope, in which the sequence of lenses was changed 
to obtain narrower beams, with  the  same  telescope base D, 

corresponding to the collimated beam at the telescope output. 
A beam 2.5 mm in diameter was cut by a diaphragm from the 
initial beam. The data on the spatial characteristics of the fila-
ments formed as a result of focusing 7-mm beams were taken 
from [19].

The  beam  energy  and  profile  were  measured  after  the 
beam passage through the telescope or diaphragm before the 
focusing lens. Plasma filaments were recorded at identical val-
ues of the laser pulse energy and power for beams of different 
diameters.

Our  main  purpose  was  to  gain  information  about  the 
dependence of the filament length and position on the initial 
beam size for a tightly focused femtosecond laser beam. To 
this  end,  the  filamentation  region was  recorded  by  a CCD 
camera from aside, near the geometric focus of the lens. The 
light emission during filamentation is known [20] to be caused 
by the formation of a plasma in the beam channel and by the 
fluorescence of nitrogen molecules, excited as a result of ioni-
sation by the intense optical field of the laser pulse; thus, this 
luminescence can be considered as an indicator of beam fila-
mentation. The fluorescence brightness is proportional to the 
number of free electrons formed during the laser pulse in the 
beam  channel  as  a  result  of  ionisation  of  gas  molecules. 
Images of filamentation regions for beams of different sizes 
and two harmonics of Ti : sapphire laser radiation, recorded 
near the lens focus, are shown in Figs 5a – 5d. The linear sizes 
of each frame are 60 ́  8 mm.

The images in Figs 5a – 5d show a tendency to a decrease 
in the filamentation length with increasing light beam diame-
ter d0 at a constant initial power P0. This tendency is observed 
for  both  spectral  ranges  of  the  radiation.  In  addition,  an 
increase in the beam size leads to an increase in its transverse 
size (width) and brightness of the luminescence region; the 
latter  shifts  toward  the  geometric  focus  of  the  lens.  Note 
that  the peak power  for both  the  fundamental and second 
harmonics  multiply  exceeds  the  threshold  self-focusing 
power in air.

The experimental data on the filament length Lfil at differ-
ent  radiation  powers  are  presented  in Fig.  6. According  to 
these data, the filament length monotonically increases with 
an increase in the laser pulse power and reaches ~5 cm for the 
narrowest  beam  used  by  us.  The  slope  of  the  dependence 
Lfil(P0) decreases with an increase in the light-beam size; for 
the widest beam (d0 = 9 mm), Lfil changes only slightly with an 
increase in P0.

We will interpret the characteristi features obtained in the 
framework of the theory of stationary self-focusing of light in 
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a Kerr medium  [13,  15].  The  rms  (effective)  radius Re  of  a 
beam propagating in such a medium, with allowance for the 
effects of cubic nonlinearity and external focusing, obeys the 
following evolution law

2( ) (1 )( ) (0)(1 / )R z z R z fe d e
2 2 2h q= - + - ,  (5)

where parameter qd is the natural diffraction divergence of the 
laser  beam.  For  a  Gaussian  beam  in  the  aberration-free 
approximation, Re º R0 and qd = 1/(k0R0). This  law  is valid 
only at h > 1 and predicts a transverse collapse of the beam as 
a whole at the point zcf = f/(1 + f /zc), where  /z L 1c d h= - , 
and Ld = R0 /qd.

In the first approximation we assume that this coordinate 
corresponds to the filament start point, zs = zcf, and relate the 
filament end, in correspondence with Fig. 6, with the middle 
of the beam focal waist, zs = zcf. Then the expression for the 
filament length Lfil is written in the form

/L f z f L1fil cf d
2/ . h- - ,  (6)

which  takes  into account  the  tight-focusing condition:  f << 
zc, Ld. The structure of expression  (6)  indicates a  functional 
relationship between the filament length and the laser beam 
parameters: L R P P/ /

fil c0 0
2

0
1 2 1 2? l - - .

With allowance for the dispersion dependence of the criti-
cal power, which can roughly be considered proportional to 
the fourth power of the radiation wavelength, Pc 0

4? l  [21, 22], 
we finally arrive at 

L R P /
fil 0

1
0
2

0
1 2? l- - .  (7)

It follows from (7) that, all other factors being equal, the fila-
ment  length  should  increase  proportionally  to  the  squared 
root  of  the  initial  beam  power.  In  addition,  the  length Lfil 
increases quadratically with a decrease in the beam radius at 
a constant power and should be inversely proportional to the 
radiation wavelength.

An analysis of the plots in Fig. 6 shows that the functional 
dependence L P0fil ?  is satisfied fairly exactly. The compar-
ison of the filament lengths at the same peak pulse power for 
both harmonics also yields their inverse proportionality to the 
wavelength,  i.e.,  1/Lfil 0? l .  At  the  same  time,  the  inverse 
quadratic dependence of Lfil on the beam radius (or diameter) 
R0 (7) is not observed. In reality, this dependence is weaker: 

1L Rfil 0? / . This is evidenced by the approximating curves in 
Fig. 6, which were calculated from the formula
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Figure 5. (a – d) Filament luminescence images for two radiation wavelengths at different initial diameters and peak powers of the laser beam (the 
vertical dashed line corresponds to the geometric focus) and the images of the transverse profile of laser beams with d0 = (e) 4.5 and (f ) 9 mm on a 
screen. 
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/L A P dfil 0 0= ,  (8)

where A = 22 is a fitting constant, Lfil and d0 are in millime-
tres, and P0 is in gigawatts.

It can be seen that this expression describes with a rather 
high accuracy the experimental dependences for three beam 
sizes. The only  exception  is  the widest beam,  for which  the 
filament length increases much slower than it should accord-
ing to formula (8). This property is also observed for the sec-
ond harmonic (is omitted in Fig. 6). This decrease in the fila-
ment length is likely to be caused by the development of opti-
cal breakdown in the lens focus, which leads to illumination 
of the CCD matrix and an error in determining the position of 
the filament start point.

The much higher density of the plasma formed as a result 
of filamentation of a wide beam with d0 = 9 mm is indirectly 
evidenced by  the shift of  its  image  in  the screen  to  the blue 
wavelength  range  (see Fig.  5f)  in  comparison with  the  fila-
mentation  region  of  the  narrower  beam with  d0 =  4.5 mm 
(Fig. 5d), which is mainly yellow. Indeed, the initially narrow 
spectrum of  the  laser beam is  transformed  into a supercon-
tinuum as a result of its self-phase modulation under the con-
ditions of Kerr effect and plasma formation in the medium. 
The inertialess Kerr effect provides a symmetric (with respect 
to  the pulse centre  frequency)  spectral broadening, whereas 
the plasma is mainly responsible for the rise in the intensity of 
the short-wavelength wing [1].

The  above-established  dependence  (8)  of  the  filament 
length on the beam size leads to an important consequence. 
Having expressed the initial pulse power in terms of its aver-
age intensity, P0 = (4p)–1I0d20, we derive the following relation 
from (7):

L A I0fil = l ,  (9)

where  /A A 2p=l .  In  other  words,  tightly  focused  laser 
beams with the same average intensity should also have the 
same  filament  length,  irrespective of  their  initial  size. This 
fact indeed holds true; it is illustrated in Fig. 7, which also 
presents a dependence calculated from formula (9). As well 
as in Fig. 6, the widest beam stands out from the general pat-
tern.

It  should  be  noted  that  expression  (8)  does  not  stem 
directly from the stationary self-focusing theory [15], which, 
as was shown above, predicts the dependence Lfil(R0)  in the 
form of (7). One might suggest that the discrepancy between 
the theory and experiment is due to the fact that formula (6) 
was derived disregarding the beam-profile aberrations during 
self-focusing  in  a  nonlinear medium. These  aberrations  are 
caused by the Kerr nonlinearity, which quadratically depends 
on the optical-wave amplitude; therefore, it acts differently in 
the low- and high-intensity beam regions.

To  check  this  hypothesis,  we  numerically  simulated  the 
propagation of high-power laser pulses in air under external 
focusing. Figure 8  shows  the  calculated  transverse  intensity 
distributions for the femtosecond laser radiation, which were 
formed  prior  to  the  filamentation  as  a  result  of  the  beam 
propagation in air after focusing (  f = 20 cm). The profiles of 
two  Gaussian  beams  with  the  same  initial  intensity  (I0  = 
0.25  TW  cm–2)  but  different  diameters  d0  are  presented 
[Fig.  8a,  curves  ( 1, 2 )].  In  the  calculations  the  longitudinal 
coordinate  zs was  considered  to  be  the  filament  start  point 
when the peak intensity characteristic of filamentation in air,  
Imax(r = 0, zs) = Ifil = 30 TW cm–2, was reached on the beam 
axis.

It can be seen that both beams (narrow and wide) practi-
cally completely retain the Gaussian intensity profile (at least 
near the axis); it is also shown in Fig. 8a [curve ( 4 )]. This fact 
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indicates  that  the  increase  in  the pulse  intensity  to  the  level 
corresponding to filamentation occurs on the whole in a self-
similar way and is accompanied by very small profile distor-
tions. At the same time, the aberrations of a collimated beam 
with the same initial intensity and size [Fig. 8a, curve ( 3 )] can 
be rather large; they manifest themselves in the elongation of 
the central part of the beam and formation of a wide back-
ground.  Obviously,  the  aberrations  during  self-focusing  of 
tightly focused radiation does not lead to this effect, and there 
must be another cause of the experimentally observed regu-
larities.

The  fairly  small  distortions  of  the  profile  of  a  tightly 
focused  beam  during  self-focusing  suggest  that  the  beam 
propagation to the nonlinear focus is quasi-linear and that the 
role of the Kerr self-focusing effect by the instant of filamen-
tation  onset  is  insignificant.  One  can  suggest  to  a  certain 
extent that, under conditions of tight external focusing, a fila-
ment arises mainly as a  result of  this  linear beam compres-
sion. On the contrary, under soft external focusing, the spatial 
beam compression is entirely caused by the self-focusing.

Obviously, this does not mean that there is no self-action 
and filamentation for tightly focused beams propagating in a 
medium.  The  case  in  point  is  only  the  initial  stage  of  self-
focusing, i.e., the path passed by a beam before its (first) non-
linear  focus. The nonlinearity of  the medium (of both Kerr 
and plasma types) is switched on specifically in the close prox-
imity of this focus and continues to act throughout the entire 
focal waist, leading to phase self-modulation of the laser pulse 
and providing its filamentation.

Based  on  the  above  suggestions  about  the  quasi-linear 
beam propagation prior the focus, we correct formula (5), i.e., 
exclude completely nonlinear terms. Then we arrive to a sim-
ple expression for the filament length (the tight-focusing con-
dition f << Ld is retained):

I/L f Ifil fil0. .  (10)

A comparison of  (10) with  (9)  shows  that  these expressions 
are identically accurate to coefficients. The invariance of Lfil 
with respect  to  the beam radius  is  satisfied, and the desired 
wavelength dependence of Lfil  is  introduced  through  the  Ifil 
value [6, 23].

A numerical simulation of the above-considered situation 
confirms fairly well the experimentally established properties. 
In particular, Fig. 8b shows the calculated dependences of the 
axial free-electron density in the plasma formed by the pulse 
end  as  a  result  of  air  photoionisation  on  the  longitudinal 
coordinate for three beam sizes at a fixed peak intensity. The 
filamentation threshold is arbitrarily set to be 1020 m–3;  it  is 
shown by a horizontal dot-and-dash line in Fig. 8b.

An analysis of  these dependences  reveals  that,  as  in  the 
experiments, the coordinate of the filament start point barely 
depends on the beam diameter. The variations in this coordi-
nate do not exceed few millimetres at a change in the beam 
size by a factor of almost 3 and are related to the displacement 
of  the  focal  waist  centre  to  the  geometric  focus  with  an 
increase in d0. In addition, one can see that the increase in the 
beam  aperture  is  accompanied  by  an  increase  in  the  peak 
plasma density by more than an order of magnitude. In prac-
tice,  this  obviously  manifests  itself  in  the  increase  in  the 
brightness of the plasma channel luminescence and the change 
in  the colour of  the beam cross  section  image  (Figs 5e, 5f). 
The only difference of the model calculation results from the 
experimentally obtained lateral filament images (Figs 5a – 5d) 

is  that  the calculated filament, depending on the beam size, 
goes beyond the geometric focus by 1 – 2 cm (it is indicated by 
a vertical dashed line), whereas this effect was not observed in 
the experiments. Nevertheless, if we carry out calculations for 
the filamentation region limited, as previously, by the focal-
waist centre (z = f), the calculated filament length will corre-
late with the experimental data in Fig. 6. The corresponding 
calculated parameter Lfil, averaged over three different beams, 
is shown in Fig. 7 by a solid line.

5. Conclusions

Our experimental data and results of  theoretical  simulation 
answer the question formulated in the Introduction: does the 
length  of  femtosecond  laser  filament  depend  on  the  initial 
beam size and, if yes, in which way? We convincingly showed 
the existence of this dependence for pulsed gigawatt beams of 
millimetre diameter, propagating in air in the single-filamen-
tation  regime.  In  turn,  the  character  of  this  dependence  is 
determined by the degree of the focusing of the initial radia-
tion. Physically, the properties revealed are mainly caused by 
diffraction,  the  role  of which  during  self-focusing  increases 
with an increase in the beam size.

For example, when a beam is softly focused or collimated, 
the coordinate of the filament start point moves apart from 
the beginning of the path with an increase in the beam radius. 
For  relatively wide  beams  (R0  >  2 mm),  the  filament  loses 
continuity,  and  its  total  length  decreases  with  a  rise  in  the 
beam  radius.  The  filament  length  for  submillimetre  beams, 
vice versa, increases with an increase in R0, and the filament 
remains continuous.

Tightly focused radiation demonstrates other proeprties. 
In this case, we established (for at least two wavelengths) an 
effect  that  has  not  been  mentioned  in  the  literature:  the 
observed  filament  length depends very weakly on  the beam 
diameter, provided that the peak intensity remains the same. 
This property is observed for beams up to R0 G 7 mm in diam-
eter; it does not follow from the formulas of stationary self-
focusing theory and is explained mainly by the linear charac-
ter of the transverse beam compression before the filamenta-
tion onset.

When  estimating  the  self-focusing  length,  the  filament 
start point is generally associated with the point of transverse 
beam  collapse. However,  this  approach  cannot  be  used  for 
tightly  focused beams.  It  fits well  for only not very narrow 
collimated beams, a case where beam compression is mainly 
caused by  self-focusing  and  the  coordinates of  the  filament 
start point and the beam collapse point are close. In the case 
of sharp focusing,  the nonlinearity barely manifests  itself  in 
the  pre-filamentation  stage,  and  the  beam  is  compressed 
according to the linear-optics laws.
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