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Effect of parameter variations on the static and dynamic behaviour
of a self-assembled quantum-dot laser using circuit-level modelling

M. Razm-Pa, F. Emami

Abstract. We report a new circuit model for a self-assembled quan-
tum-dot (SAQD) laser made of InGaAs/GaAs structures. The
model is based on the excited state and standard rate equations,
improves the previously suggested circuit models and also provides
and investigates the performance of this kind of laser. The carrier
dynamic effects on static and dynamic characteristics of a SAQD
laser are analysed. The phonon bottleneck problem is simulated.
Quantum-dot lasers are shown to be quite sensitive to the crystal
quality outside and inside quantum dots. The effects of QD cover-
age factor, inhomogeneous broadening, the physical source of
which is the size fluctuation of quantum dots formed by self-assem-
bly of atoms, and cavity length on the SAQD laser characteristics
are analysed. The results of simulation show that an increase in the
cavity length and in the QD coverage factor results in the growth of
the output power. On the other hand, an increase in the coverage
factor and a degradation of inhomogeneous broadening lead to an
increase in the modulation bandwidth. The effect of the QD height
(cylindrical shape) and stripe width of the laser cavity on QD laser
modulation is also analysed.

Keywords: self-assembled quantum-dot laser (SAQDL), inhomo-
geneous broadening, phonon bottleneck, coverage factor.

1. Introduction

In many aspects including threshold current, modulation
bandwidth and spectral bandwidth, semiconductor quantum-
dot (QD) lasers show a much higher performance than con-
ventional quantum-well (QW) lasers [1, 2]. In addition, QD
lasers exhibit better carrier confinement compared to QW
lasers due to three-dimensional confinement which makes
them ideal candidates for special applications such as quan-
tum information. The effect of real parameters of quantum
dots, such as inhomogeneous broadening, phonon bottle-
neck, coverage factor and recombination time, on the dynamic
and static characteristics of self-assembled QD lasers
(SAQDLs) was studied in [3-6].

For better understanding of physics of QD lasers and
their performance, we should take into account all the real
parameters of QDs. Carrier relaxation rate in a quantum-dot
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discrete state plays a significant role in the entire performance
of a QD laser. It has been shown that the carrier relaxation
lifetime should be a few picoseconds less than a critical value
in order to avoid the effect of the phonon bottleneck on the
frequency behaviour [7]. The relaxation lifetime should be
about 10 ps for high-power operation and about 1 ps for high-
speed modulation (higher than 10 GHz). Meanwhile, the
crystal quality outside and inside QDs also plays a significant
role. To enhance the output power, an increase in the cover-
age factor and a decrease in inhomogeneous broadening are
required.

The most useful and well-known method for studying the
statics and dynamics of carriers and photons in these lasers
involves the solution of rate equations [8]. Recently, some cir-
cuit models have been introduced for SAQDs, QW and bulk
lasers [9]. However, in the previously suggested models, the
excited state inside the active region energy band diagram is
not considered. In this study, we take into account the excited
state and then study the performance of QD lasers by improv-
ing previous rate equations and circuit models.

2. Theoretical background

Self-assembly in the fabrication of QD lasers allows one to
have a wide variety of different semiconductor lasers.
Depending on the discrete energy levels of a QD laser, one
important aspect of SAQD lasers is the carrier relaxation
(phonon bottleneck problem). Apart from this problem, in
the case of single dots, the SAQDs characteristics are greatly
affected by the inhomogeneous broadening of the optical
gain, which, in fact, takes place due to the nonuniform sizes of
quantum dots. Figure 1 shows the energy band diagram of a
SAQD laser [10, 11].
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Figure 1. Energy band diagram of a SADQ laser with account for the
excited state (see notations in the text).
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In this model, there are some carriers injected into a sepa-
rate confinement heterostructure (SCH) barrier with a rate
I/e, where [ is the injected current and e is the electron charge.
The carriers can either relax with a rate z;! into the wetting
layer (WL) state or come back from the barrier with a rate .
These carriers can be captured by QDs of different sizes from
the WL state. Assume that each dot has only two distinct
energy states: ground state (GS) and excited state (ES). At
these levels, the captured carriers have the relaxation rate 7!
from the WL to the ES and the rate 74" from the ES to the GS.
They can come back along the reverse path at the rates 7.4
and 7.5, respectively. There are several radiative or nonra-
diative recombination rates for carriers from the SCH with
7', from the WL with 7' and from various bound states
with 77 '. Suppose that excited emission is only due to elec-
tron—hole recombination in the ES and the GS. The photons
emitted from the laser cavity have a rate S/r,, where S is the
number of photons and 7, is the photon lifetime. Let us define
the following parameters: the number of carriers in the SCH
layer, Ng; in the WL layer, N; in the ES layer, Ngg; and in the
GS layer, Ngs.

The governing rate equations for various components of
these carriers have the form [5, 10-13]:

st _ 1 Ns Ns Nq
AT A S (la)
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Based on the density matrix theory, the linear optical gain
of the active region at the dot density Np can be found as
[3,5,13]:
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where from [2, 3, 13]:
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L=r, !is the longitudinal relaxation rate; and I, is the scat-
tering or polarisation dephasing rate. In the above equations,
I is the optical confinement factor; I is the inhomogeneous

broadening of the optical gain; ¢ is the speed of light; and 3 is
the spontaneous coupling in/out efficiency. The photon life-
time 7, can be found from [14]:

_L_I;I — nir{ai_l_ ln[(I;lleZ)_l]}, (6)

where R; and R, are the left- and right-facet reflectivities of
the laser cavity of length L with the internal loss ¢;, and #, is
the cavity refractive index. Parameters Dgg and Dgg in
Eqns (2) and (3) specify the GS and ES degeneracy which are
considered to be 2 and 4, respectively. The matrix element Py,
, related to the overlap integral 72, between the envelop func-
tions of an electron and hole, is defined as [3, 14]:

P& =1& ) M7, (7
where
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is the first-order k—p interaction between conduction and
valence bands, with a separation E, between the energy levels;
my is the effective mass for electrons; and A is the spin-orbit
interaction energy for the QD material. Based on Pauli’s
exclusion principle, the occupation probabilities in the ES
and GS states of a QD are defined as [5]:

NGS
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where V, = LWd is the cavity volume of length L, width W
and thickness d.

The effect of the nonuniform dot size can be included in
the expressions for the capture and escape times as follows
[10, 11, 15]:

— Tco

‘[C - 1 _ PES’ (11)
— _ TUdo

To= T (12)

Here, 7., and 74, are the capture times from the WL to the ES
and from the ES to the GS, respectively, with the assumption
of the empty final state. Without stimulated emission and at
room temperature, the system must converge to a quasi-ther-
mal equilibrium based on a Fermi distribution. To have this
condition met, the carrier capture time and the carrier escape
time should satisfy the relations [10—12]:
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is the effective density of states per unit area of the WL
and Ny is the QD density per unit area. We assume that all the
carriers are injected into the WL layer or equivalently 74, =
Ty = 0.

3. Circuit model implementation

To solve the rate equations for a SAQD laser with the excited
state taken into account, we propose an equivalent electrical
circuit: the aforementioned equations are reduced to some
simple electrical circuit equations and then the resulting cir-
cuit is simulated by a circuit simulator such as HSPICE [9].
To do this, we define the carrier populations in the SCH, WL
and QD (in the ES and GS):

N, = Nsoexp(’z%), (162)
Ny = N, Oexp< q,’f‘T) (16b)
Nes = Nesoexp(L765), (160)
Ngs = NGSO“D(,ZZEST), (16d)

where Ny, Ng, Ngso and Nggp are the previously defined
parameters in equilibrium; ng, ng, ngs and ngg are the diode
ideality factors (for example, this factor is equal to 2 for
AlGaAs [16, 17]); and V, V,, Vgg and Vg are the voltages
applied to the structure, WL layer, QD excited state and QD
ground state, respectively. To ensure a better convergence in
the model, we define the laser output power by using a new
parameter, V,,, in the form [18]:
out (Vm + 6) (17)
where § is a small parameter (typically, 107%0). It was shown
[18] that for a set of nonlinear coupled rate equations, this
choice can increase the convergence speed of the solutions.
Substituting (16a) in (la) and after some mathematical
manipulations, we have:
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Substituting (16b) in (1b) and after some simplifications,
we obtain
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Substituting (16¢) in (I¢) and after some mathematical
manipulations, we have
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And finally, after substituting (16d) in (1d), we will have
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Here, 7. is the coupling coefficient for the output power.
In these relations E, is related to V, in the output power
P, by the equation:

(Vi + 0)% (65)

Pout out

Taking into account the above equations, it is possible to
obtain an equivalent circuit shown in Fig. 2. In this circuit, p
and n are the electrical terminals for a SAQD laser, and P,
is a terminal the output voltage at which can determine the
output laser power. For SCH carriers, charge storage and car-
rier capturing are done by current sources D, D, and I, I,
respectively. Also, current sources D3 and D, can be used to
model the charge storage in the WL, and current sources /3
and I, represent the emission from this layer, whereas G,
explains the carrier recombination effects. The current source
411 and G| are used for explaining the capturing effects in the
WL. For charge storage and carrier emission from QDs (in
the ES and GS), this model uses the current sources Ds, Dg
together with I-s, Ic¢ and D;, Dg together with I-7, Ics.
Conductances G;, Gg and G5 explain the effect of carrier
recombination and carrier capturing in the WL, and G4 and
G, represent the carrier capturing and stimulated emission
effects in the GS of this SAQD laser. In a similar manner, Gg,
Gy and Gy represent the carrier capturing and stimulated
emission effects in the ES. By varying the photon density in
time with spontaneous and stimulated emissions taken into
account, we have modelled Ry, and Cpp,, which are specified
by Gy, Gy, and Gy3, Gy Finally, E is equal to the output
laser power at a fixed voltage [see Eqn (64)]. In this simulation
we used typical parameters [3, 9—11]. The parameters of the
QD material are as follows: 7, = 6 ns, 7, = 4.5 118, 7, = 3 ns,
T0=1ps,7q0=7ps,7,=2.8ns, Egg=0.96eV, Egg=1.04¢€V,
A =0.35¢V, I, = 20 meV, distance between energy levels of
the SCH and WL states is 84 meV, and average distance
between the energy levels of the WL and ES states is 100 meV
and the ES and GS states is 80 meV. The parameters of the
laser are as follows: active region length, L., = 900 um; SCH
layer thickness, Hy, = 90 nm; WL layer thickness, Hy; =
Inm; W=10um; V, =22 X 107 m?* Ny =5 x10'° cm™%;
Np=6.3x102m>;I'=0.06;;=1cm™; =107, =0.449;
ng = Ng = NGs = Ngs = 2, R] = 300/0, and R2 =90%.
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Figure 2. Circuit simulation of the rate equations for a SAQD laser
with the excited state taken into account.
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Figure 3. L—1 curve of a SAQD laser at different 74p; 7, = 2.8 ns, 74, =
0.5ns and 7, = 10 ps.
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Figure 4. Frequency response of a SAQD laser at different z4; 7, =

2.8 18,74 =318, T = 10 ps.

4. Simulation results

By using the proposed model and a circuit simulator such as
HSPICE, the SAQD laser behaviour is studied. Results are
plotted in Fig. 3. One can see that longer lifetimes correspond
to larger threshold currents. This is accompanied by lowering
the slopes of the output power curves, which means lower
quantum efficiencies for increased lifetimes. Physically, this
effect is due to the phonon bottleneck in QD lasers. Unlike
[9], in this work we consider the excited states in QDs and
hence the effects of the carrier escape from ground state to the
excited state and from the excited state to the wetting layer,
which are neglected in Ref. [9]. On the other hand, due to the
carrier escaping mechanism, the number of carriers in the WL
increases and these carriers are consumed in the form of non-
radiative recombination so that the threshold current will be
increased. Thus, at higher relaxation times 4, the frequency
response deteriorates and the SAQD laser can have lower
bandwidths (Fig. 4).

Figure 5 shows the results of our simulations on the L—7
curve of a SAQD laser with account for the inhomogeneous
broadening effects, which is explained by a scatter in the QD
sizes [3]. One can see from Fig. 5 that although at a higher
inhomogeneous broadening factor I, greater threshold cur-

rents (or equivalently higher injection currents) are needed,
the external quantum efficiency does not exhibit any domi-
nant changes. In other words, at higher I} the output laser

10F
z
£ I
~~
5] — S5meV
2 8 | ccc20mev
S| e 40 meV
2
s o
S
4_
2_
0 5 10 15 20

Injection current/mA

Figure 5. L—1I curve of a SAQD laser with the excited state taken into
account at different Iy; 7, = 2.8 ns, g, = 3 ns, 79 = 10 ns, 749 = 7 ps.
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power decreases. Indeed, when the inhomogeneous broaden-
ing factor I} increases, higher occupation probabilities take
place in the lasinge, so that the relaxation times increase and
the output power decreases. This effect can be studied in the
dynamic response of a SAQD laser (Fig. 6). The results of
simulations show that at higher inhomogeneous broadening
factors the frequency responses of the laser deteriorates.

nal quantum efficiency. The effect of 7, on the frequency char-
acteristic is shown in Fig. 10. It is important to note that as 7,
decreases from 2.8 to 0.5 ns, the frequency response deterio-
rates. Therefore, to prevent the effect of the phonon bottleneck
on the frequency response, the recombination lifetime inside
the QD, 7., must be much longer than the carrier relaxation
time (the carrier relaxation time is about a few picoseconds).

o 10°F
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Figure 6. Frequency response of a SAQD laser at different I 7, =7
2.8 ns.
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Figure 8. Modulation response of a SAQD laser at different zy,; 7, =
2.8 ns, 7, = 10 ns, 749 = 7 ps.

The effect of carrier recombination time 7y in a QW,
which depends on the QW crystal quality, is shown by the
L—1I curve in Fig. 7. As 74, decreases, the carriers find more
opportunities to recombine through nonradiatve processes
outside of the QT, which results in degradation of the external
quantum efficiency. One can see from Fig. 7 that 7, degrada-
tion also increases the threshold current. The effect of the car-
rier recombination in the WL state on the small-signal fre-
quency response of the laser is shown in Fig. 8. One can see
that the carrier recombination in the WL state has no consid-
erable effect on the modulation response. Figure 9 shows the
effect of carrier recombination time 7, inside the QD on the
L~—1 curve. While the effect of 7, on threshold current is sig-
nificant, it does not have any considerable effect on the exter-

Output power/mW

0 5 10 15 20
Injection current/mA

Figure 7. L—1 curve of a SAQD laser at different 7y; 7, = 2.8 ns, 7 =
10 ns, 749 = 7 ps.
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Figure 9. L—1curve of a SAQD laser at different z,.

The effect of the carrier escape time from the GS to the ES
and from the ES to the WL state on the L—1 curve is shown in
Fig. 11. As the carrier escape time decreases, the number of
carriers in the WL state (V) increases. These carriers partici-
pate in the nonradiative recombination (with 7y, lifetime),
which leads to an increase in the threshold current. Generally,
the lower the 7y value, the higher the threshold current.
Figure 12 also shows that as the carrier escape time from the
GS to the ES and from the ES to the WL decreases, the fre-
quency response degrades as well.

Figure 13 show the frequency response at different QD
coverage factors £. One can see that an increase in & with
increasing volumetric density of QDs (Np) leads to a decrease
in filling probabilities Pgg and Pgg of the GS and ES. In this
case, the relaxation rate of the carriers inside the GS and ES
increases, which finally leads to an increase in the bandwidth
at a 3-dB level. Figure 14 shows the frequency response at dif-
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Figure 10. Modulation response of a SAQD laser at different z,.
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Figure 11. L—17 curve of a SAQD laser at different carrier escape times
from the GS to the ES and from the ES to the WL.
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Figure 12. Modulation response of a SAQD laser at different carrier
escape times from the GS to the ES and from the ES to the WL.

ferent overage factors, I) = 5 meV and relaxation time equal
to 1 ps. To achieve a high-speed (higher than 10 GHz) modu-
lation, one should decrease the relaxation lifetime down to
about 1 ps, to increase the QD coverage factor and to decrease
the inhomogeneous broadening.

Figure 15 shows the LI characteristics of the laser at
different cavity lengths L. An increase in L is accompanied
by a decrease in losses and an increase in the output power.
Figure 16 shows the modulation response at different QD
heights. One can see that as the QD height decreases, the
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Figure 13. Modulation response of a SAQD laser at different coverage
factors; Iy =20 meV and the relaxation time is 100 ps.
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Figure 14. Modulation response of a SAQD laser at different coverage
factors; Iy = 5 meV and the relaxation time is 1 ps.

modulation bandwidth improves. The reason for the modula-
tion bandwidth improvement consists in an increase in the
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Figure 15. L—1 curve of a SAQD laser at different cavity lengths.
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carrier confinement inside QDs in growth direction (along the
z axis), which in turn leads to an increase in the excited stimu-
lated emission rate. Figure 17 shows the effect of the stripe
width of the laser cavity on the frequency response. As the
stripe width of the laser cavity decreases, the modulation
bandwidth improves. Indeed, a decrease in the stripe width of
the laser cavity and therefore a degradation of the active
region can provide a higher total capture rate. Hence, it
results in a greater modulation bandwidth.
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Figure 16. Modulation response of a SAQD laser at different QD heights.
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Figure 17. Modulation response of a SAQD laser at different stripe
widths of the laser cavity.

5. Conclusions

Using the proposed equivalent circuit model we have simu-
lated an InGaAs/GaAs SAQD laser with allowance of the ES
role in the active region. In these simulations, important laser
parameters, such as the L-I curve and the modulation
response are calculated by using a circuit simulator. It is
found that, at longer capture times the threshold current
increases whereas the output power, laser bandwidths and the
quantum efficiency decrease. It is shown that an increase in
the QD coverage factor and the cavity length and a decrease

in the inhomogeneous broadening lead to an increase in the
output power. In addition, an increase in the QD coverage
factor and a decrease in the inhomogeneous broadening and
in the relaxation time can result in a growth of the frequency
bandwidth. It is also shown that a decrease in the recombina-
tion time of the WL state causes a degradation of the external
quantum efficiency and a growth of the threshold current
while this recombination time does not have any significant
effect on the modulation response. On the other hand, a
decrease in the recombination time inside the QD not only
increases the threshold current but also degrades the modula-
tion bandwidth. A decrease in the carrier escape time from the
GS to the ES and from the ES to the WL state increases the
threshold current and deteriorates the frequency response.
We have suggested that a decrease in the QD height and stripe
width of the laser cavity improves the modulation bandwidth.
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