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Nanofilm thickness measurement by resonant frequencies

A.V. Latyshev, A.A. Yushkanov

Abstract. We report a theoretical investigation of monochromatic
laser light—thin metal film interaction. The dependences of trans-
mission, reflection and absorption coefficients of an electromagnetic
wave on the incidence angle, layer thickness and effective electron
collision frequency are obtained. The above coefficients are analysed
in the region of resonant frequencies. The resulting formula for the
transmission, reflection and absorption coefficients are found to be
valid for any angles of incidence. The case of mirror boundary con-
ditions is considered. A formula is derived for contactless measure-
ment of the film thickness by the observed resonant frequencies.

Keywords: nanofilms, resonant frequencies, transmission, reflection
and absorption coefficients of an electromagnetic waves, film thick-
ness.

1. Introduction

The problem of interaction of an electromagnetic wave with a
spatially confined substance has long attracted the attention
of researchers [1-9], which is due to both theoretical interest
in this issue and many practical applications (see [8, 9]).

Lesskis et al. [10, 11] developed a theory of interaction of
electromagnetic radiation with a spherical particle, and the
authors of [12, 13] generalised this theory to the case of non-
spherical particles. Petrov [14] showed that the electromag-
netic properties of small particles may differ significantly from
the properties of larger particles.

In papers [15, 16] we considered, respectively, the interac-
tion of H- and E-waves with a thin metal film. We showed
that the problem can be solved analytically for films whose
thickness is less than the thickness of the skin layer. In addi-
tion, we analysed transmission, reflection and absorption
coefficients of an electromagnetic wave as functions of the
angle of incidence, film thickness, coefficient of specular reflec-
tion and field-oscillation frequency.

In paper [17] we considered surface plasmon oscillations
in a thin metal film, and in [18, 19] we studied the interaction
of electromagnetic H- and E-waves, respectively, with a metal
film located between two dielectric media.

To date, there are a considerable number of experimen-
tal studies of different kinds of variants of electromagnetic
radiation with matter. Let us mention typical papers [20,21].
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Pokrowsky [20] proposed two different experimental method
for measuring the thickness and dielectric constants of thin
films on a glass substrate. Xu and Tang [21] performed experi-
ments to determine the optical constants and optical absorb-
ance for films of different thicknesses. The results of these
experiments agree well with theoretical predictions.

This paper is a continuation of our work [15] and presents
an analysis of resonances, which are observed in the transmis-
sion, reflection and absorption coefficients during the interac-
tion of an electromagnetic wave with a thin metal film. These
resonances are very sensitive to the film thickness and are
sufficiently narrow. They can be experimentally observed only
if use is made of monochromatic UV laser radiation.

2. Statement of the problem

Consider a thin layer of a conductive material onto which an
electromagnetic wave is incident at angle 6. The magnetic
field vector of the electromagnetic wave is assumed parallel to
the layer surface and use is made of the Cartesian coordinate
system with the origin at one of the layer surfaces and the x
axis directed deep into the layer. The y axis is directed parallel
to the magnetic field vector of the electromagnetic wave.

The vectors of the electric and magnetic field strengths
have the structure: E = {E,,0,E.} and H = {0,H,,0}. The
components of these vectors are as follows:

E, = E (x)exp(—iwt + iksin0z),
E. = E.(x)exp(—iwt + iksin0z),
H, = H (x)exp(-iwt + iksin0z).

The behaviour of the electric and magnetic fields of the wave
inside the layer is described by the system of equations [3]

C(lj% —ikE,sin@ + ikH, =0, ikE, - ikH,sin0 = 4775 o
dH,

o _4m
dx +1kEz_ ¢ Jz

where c is the velocity of light; j is the current density; and k is
the wavenumber.

Transmission, reflection and absorption coefficients of an
electromagnetic wave by a layer are described by the expres-
sions [1,22]:

T=J|Pi-Pl R=J|Pi+Pf>, A=1-T-R,
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where

cost + Z; .
= m,and]—l,z.

The quantity Z; corresponds to the impedance on the
lower surface of the layer for the external field configuration
which is symmetric with respect to the magnetic field. This is
case 1, for which

H,(0) = Hy(d), E(0)=EJ(d), E(0)=-Ed),
where d is the layer thickness. The quantity Z, corresponds
to the impedance on the lower surface of the layer for the
external field configuration which is anti-symmetric with
respect to the magnetic field. This is case 2, for which

Hz(o) = _Hz(d)a E\(O) = _Ex(d)a E:(O) = Ez(d)

In this case, the impedance has the form

Ez (_0)

2= H,(~0)"

Consider the case when the layer thickness d is smaller
than the skin-layer depth 6. Note that the skin-layer depth
essentially depends on the radiation frequency, monotoni-
cally decreasing with the growth of the latter. The 6 takes the
smallest value in a so-called infrared case [23], and 6, = c/w,,,
where w,, is the plasma frequency. For typical metals [23],
0y ~ 100 nm. Thus, for films with d < J, our assumption is
valid at any frequencies. From below the skin-layer thickness
is limited by atomic dimensions, i.e., the film thickness should
be substantially greater than the thickness of a monoatomic
layer, and therefore the film should consist of a sufficient
number of atomic layers. It follows from the experiment [24]
that when the film thickness is less than a few nanometres, the
character of kinetic processes in it varies considerably; in par-
ticular, its continuity can be broken. In this case, our theory
becomes inapplicable. Thus, the films in question have a
thickness from several nanometres to 100 nm.

3. Transmission, reflection and absorption
coefficients

Let us assume that the wavelength of incident radiation sub-
stantially exceeds the layer thickness. Then, the expressions

for transmission (7°) and reflection (R) coefficients have the
form [16]:

2

T = cos20 1 —ik(d/2) Gsin*0(2ndo,lc) )
[cosO + ik(d/2) Gsin®6][1 + (2ndolc)cos6] |
_ ik(d/2) Gsin?6 — (2ndolc)cos?0 : )
[cosO + ik(d/2) Gsin6][1 + (2rdo,/c)cos 6]

For the case kI << 1 (/ is the electron mean free path), the
quantity G can be calculated from the problem of the behaviour
of the plasma layer in an alternating electric field that is per-
pendicular to the layer surface [25, 26]:

d
= %fo e(x)dx,

where e(x) is the electric field. In the case of a nearly grazing
incidence, when 6 - /2, we obtain 77— 0, R-> 1 and 4 = 0.
Let the relation k/ << 1 be fulfilled. Then, at arbitrary
frequencies, / = v7/(1 — iwt), where 7 is the electron mean
free time; vy is the Fermi velocity; o, = 0p/(1 — iwt); and 0y =
a)pr/(47t) is the static conductivity of a bulk sample. The plasma
frequency w,, of potassium, gold, aluminium and silver are
respectively 6.5x10'%, 1.37x10'6, 3.82x 103 and 0.96x 1013 s71.

4. Electric field

In expanding the solution of the initial boundary value problem,
we constructed [26] a dimensionless electric field in a metal
layer:

ZAlnocosh[zo(Zx d)Inol
(ac - 170) A'(no) cosh(zg/n0)

e(x) =

Vi 2cosh[zo(2x — d)/n] 3)
2 )27 (9)A () cosh(ze/n)

where

2,1 2_ .2
_ 2,z n—-t
M=+ 5[ B-har

is the dispersion function; 7, is its zero; 7 = ac; a = dvIQupk);

=9adlrd; rh = 3vF/wp, ¢ = zplk; zg = d(v —iw)2vE; rp 1s the
Debye radius; and v = 1/t is the electron collision frequency.
The dimensionless electric field e(x) is related to the dimen-
sional field E(x) by the expression e(x) = E(x)/E, (Ey is the
value of the field at the boundary x = 0). Then, the value of G
has the form (see also [26]):

Ay 2,11;73tanh(zo/no)

G =
Ao zo(ac —n3) (1)

1 tanh(zoln)n
ST IS vy v

Here, 1; = A(57;) = ¢ — ac and A*(5)) = A(n) T i(n/2)n(n? —4?).
The value of G is well approximated by the first two terms
of expansion (4):

,11 2Amgtanh(zo/n0)

Gr Gy = ,
Ao zo(ac — 77(2)) A (o)

©)

i.e., we have replaced the electric field by the first two Drude
and Debye terms corresponding to a discrete spectrum.

To calculate G, we need an explicit expression for the
dispersion-function zero 77y = 1¢(£2,¢), where Q = w/w,,.

We will present without proof a formula (see [26]) of the
dispersion-function factorization

M2) = Aol — 2)X(2)X(-2). (6)
Here,
Ao = A(o0) = % +ac—c? (1 Q2 —ieQ);

1 (InG(r) —2mi

Vi) = 2mi T—2Z

X(z) = %exp "(z); dr;

G(r) = j’;%g s AT = —ac — (12— ac) A5 (T);
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A5(@) = Ao(r) s

1—1
1+7

_ T (! di’ _ T
zo(r)—1+2f_lr,_r_1+21n

If we calculate the values of the left and right sides of
equation (6) at point z = i, then for the square of the disper-
sion-function zero after some transformations we obtain the
expression:

A1)
Ao X(1) X(—1)

=1+ %exp[ (i) — ().

ny=-1+
Given that 1¢(i) = 1 — w/4, we have

AG) =2 —ac+( )(1+ac)

= _log24: _n I
=—3(Q +18.Q)+(1 4>1+3(e ieQ)|.

The function X(z) = (1/z)expV(z) can be written in the form

X(2) = L expli(2),
where
1ln Gi
4(2) = g ) o2

Let us find the sum

. . !nG(r)dr dr 1 ('InG(r)dr
Voli) + Vo) = ij -1 to2mi)y T t+i
1 ("InG(mdr _ 1 (' rInG(r)dr

_2TCi -1 T—1 2mi)_ T2+1
With these formulas taken into account we transform the

formula for the square of the dispersion-function zero to the
form

p=-1+ 20 [ e
"= [ 2TEI ‘E +1 ]
or
/1(1) I 7ln G,(r)df
2_ 14 [ ]’
" f T+ 1
where
Gi(r)=In (32 — & +1eQ) (Ao (7) + (W2)7i) + ° + ieQ

(37 — &2 +1eQ) (ho(7) — (M/2)7i) + Q%> + ieQ

Now the relative error

02(9’8: d) =

G_GZ 0
p ]xloo b

for 5- and 10-nm-thick films made of potassium at w = w,, and
V= 10*3a)p, respectively, is equal to 0.003 % and 0.0004 %.

Numerical calculations show that in the @ > w,, region,
the contribution to the electric field, corresponding to a con-
tinuous spectrum, is insignificant and can be neglected. Thus,
the function G can be approximated by two Drude and Debye
terms corresponding according to (5) to a discrete spectrum.

5. Behaviour of the coefficients and discussion
of the results

Using (1) and (2) and expression (5) for the function G, we
will study transmission, reflection and absorption coefficients
in graphic form.

Consider the case of a thin film made of potassium. We
construct the dependences of the transmission coefficient on
the value of £ = w/w, at an incidence angle 6 = 75° (Fig. 1).
This value of the angle is used in [1, 2].

0.75

0.50

0.25

1
0 0.5 1.0 Q

Figure 1. Dependences of the transmission coefficient 7" on £ for (/)
d=2nm,v=0.050,,(2)d=5nm,v=0.030,and (3)d=10nm, v =
0.05w,at 6 =75°.

Note that near the plasma resonance (w ~ w;,) the trans-
mission coefficient has a minimum, whereas the reflection
and absorption coefficients have a maximum. At a film thick-
ness of 1.5nm and v = 0.05w,,, all the coefficients in the region
of super-resonant frequencies (w > w,) have one more maxi-
mum. With increasing film thickness from 1.5 nm to 10 nm
the second maximum disappears.

At a film thickness of 5 nm and v = 0.02w,, the behaviour
of all the coefficients in the region of super-resonant frequen-
cies exhibits a so-called comb-like structure (‘stockade’). With
a further increase in the film thickness the comb frequency
increases, and we can see an increase in the amplitude of its
teeth. If at a film thickness of 5 nm, the value of ¢ = v/w,
decreases, the amplitude of the comb teeth increases sharply.

A further increase in the film thickness leads to an increase
in the frequency of the comb teeth (number of palings in the
stockade). Figure 2 shows the behaviour of the reflection
and absorption coefficients as a function of  for d = 10 nm,
v =0.00lw, and 6 = 75°. Note that Figs 2a and 2b virtually
coincide with Figs 2 and 3, respectively, from [1].

Figure 3 shows the dependences of the transmission,
reflection and absorption coefficients on the film thickness d
at v = 0.00lw, and 6 = 75°. In this range of thicknesses in
question the transmission coefficient has one minimum and
the absorption coefficient has one maximum.

We proceed to the derivation of the formula for calculating
the film thickness by the points €2, at which the coefficients of
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Figure 2. Dependences of the (a) reflection R and (b) absorption 4
coefficients on Q for d = 10 nm, v = 0.001 w,, and 6 = 75°.
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Figure 3. Dependences of the transmission, reflection and absorption
coefficients on the film thickness d at @ = wp, v =0.001wj, and 6 = 75°.

transmission, reflection and absorption have extremes. Con-
sider the reflection coefficient.

Figure 4 shows the dependences of the reflection coeffi-
cient on Q for 10-nm-thick films made of potassium, gold and
silver at v = 0.001w,,. Thus, Fig 4 presents the first teeth of the
comb shown earlier in Fig. 2.

sistent with the above estimates. In constructing the dotted
curve use is made of formula (4), while the solid curve makes
use of formula (5).

The analysis shows that the coefficients of transmission,
reflection and absorption have extremes at the same points
Q,, regardless of the angle of incidence of the electromagnetic
wave. These considerations allow us to find the film thickness
by those points £, = w,/w,, at which the coefficients 7, R and
A have an extremum.

The second term (Debye mode) in formulas (4) and (5)
includes the function th(zo/ng) = —isin(izy/ng)/cosi(zo/ny),
responsible for the quasi-periodic comb-like behaviour of the
dependences. Points €2, at which the reflection coefficient has
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a minimum, exactly coincide with the points at which the func-
tion cos Re(izy/ny) vanishes. From the equation cos Re(izy/n,)
we find

'ZO(ng:d) E
Re<17770(9m8) >+ > + TN,

or in the explicit form,

0,107 —1Q,) |\ 1
R (I—ZUFﬂo(Qn,S) d|= 5 + mn, (7
wheren=1,2,3, ....

In (7) d is measured in nanometres. It follows from this
formula that the reflection coefficient has local minima at

10" mvp(1 + 2n) (8)
w,Re[(Q, +ie)/no(2,€)]

d, =

Table 1 shows the first six resonant frequencies at which
the reflection coefficient has local minima. The results are
shown for ~10-nm-thick films made of different materials.
The data presented in Table 1 suggest that the error in mea-
suring the film thickness by the observed frequencies does not
exceed 1%.

Table 1. Measurement results of the film thickness.

Film Extremum  Frequency/ Film thickness/ Relative
material number st nm error (%)
Potassium 1 1.0046 9.959 -0.4

2 1.0127 9.997 —-0.03

3 1.0250 9.968 -0.3

4 1.0406 10.046 0.04

5 1.0608 10.017 0.17

6 1.0847 10.008 0.08
Gold 1 1.0028 9.928 0.7

2 1.0077 10.009 -0.09

3 1.0149 10.073 —-0.73

4 1.0249 10.012 0.12

5 1.0370 10.003 0.03

6 1.0518 10.006 0.06
Silver 1 1.0056 9.975 -0.3

2 1.0152 10.093 0.9

3 1.0298 10.082 0.8

4 1.0490 10.094 0.9

5 1.0730 10.032 0.3

6 1.1029 10.012 0.1

6. Conclusions

Thus, we have considered the films whose thicknesses are
equal to tens of nanometres and do not exceed the thickness
of the skin layer. We have derived formulas for calculating
transmission, reflection and absorption coefficients of these
films and have analysed these coefficients. We have noted
that there exist resonant frequencies related to resonances in
longitudinal plasmon oscillations. We have found that these
frequencies exhibit a greater sensitivity to the film thickness,
which in principle allows one to measure the film thickness
by using the values of these frequencies. We have derived a
formula for determining the film thickness by the position of
the resonant frequencies.
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