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Spatial and spectral image distortions caused by diffraction
of an ordinary polarised light beam by an ultrasonic wave

A.S. Machihin, V.E. Pozhar

Abstract. We consider the problem of determining the spatial and
spectral image distortions arising from anisotropic diffraction by
ultrasonic waves in crystals with ordinary polarised light (o - e).
By neglecting the small-birefringence approximation, we obtain
analytical solutions that describe the dependence of the diffraction
angles and wave mismatch on the acousto-optic (AQO) interaction
geometry and crystal parameters. The formulas derived allow one
to calculate and analyse the magnitude of diffraction-induced spa-
tial and spectral image distortions and to identify the main types of
distortions: chromatic compression and trapezoidal deformation. A
comparison of the values of these distortions in the diffraction of
ordinary and extraordinary polarised light shows that they are
almost equal in magnitude and opposite in signs, so that consistent
diffraction (0 - e = o0 or e = 0 —> ¢) in two identical AO cells
rotated through 180° in the plane of diffraction can compensate for
these distortions.

Keywords: acousto-optic filter, distortions, acousto-optic diffrac-
tion.

1. Introduction

Instruments for spectral polarisation analysis based on elec-
tronically tunable acousto-optic (AO) filters are widely used
in various fields of science and technology: microscopy [1],
remote sensing [2, 3], endoscopy [1, 4], tomography [5], digital
holography [6], astronomy [7] and photoluminescent diagnos-
tics [8]. High spatial and spectral resolution, possibility of
modulation and transfer function synthesis and absence of
moving elements distinguish them from the devices built on
other physical principles. At the same time, fast arbitrary
spectral tuning allows one to design spectral adaptive systems
on their basis [9].

Despite the fact that the AO filtering of images has long
been successfully employed in many applications, it cannot be
used due to insufficient quality of images: Chromatic shift of
an image complicates the construction of spectra at discrete
points [10] and makes it impossible to perform operations on
spectral images without additional procedures for their
mutual binding [11].
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As a result of AO diffraction, spectral and spatial distor-
tions in some cases may reach several percent of the field of
view [12, 13]. They are, in principle, can be corrected by post-
processing using the data of AO filter pre-calibration [14]. In
this case, however, (i) residual distortions, whose value
depends essentially on the calibration accuracy, are preserved,
and (ii) this approach cannot be always implemented, espe-
cially in real time when accurate calibration is difficult and
correction time is very limited.

Another approach is to develop a method of hardware
distortion correction based on the material selection and con-
figuration of the AO cell, optimal from the point of view of
image transmission. Previously it has been shown experimen-
tally and theoretically that the image distortion resulting from
the AO interaction can be compensated for by sequential fil-
tration in two identical AO cells rotated through 180° in the
polar plane [15]. The systematic nature of distortions and
their spectral dependence have been first considered in [16] in
the small-birefringence approximation: An/n, =&j— 1 << 1.
Here, &y = £(0); £(0,) = n./(n2cos, + nZsin®0,)"2; 6, is the
angle between the direction of propagation of light in the crys-
tal and the plane perpendicular to its optical axis; An = n,—n,;
and n, and n, are the refractive indices of the crystal material
for ordinary and extraordinary polarised waves). In our
papers [13, 17], we have calculated these distortions in the
general form, but only for the case of AO diffraction of
extraordinary polarised light (¢ = o). For the case of ordinary
polarised light diffraction (o - ¢) the exact analytical solution
has not been found, and known only are the estimates of the
magnitudes of spatial and spectral distortions in the polar and
azimuth planes and in the small-birefringence approximation
(Anlny, << 1) [16]. For AO crystals used in practice this param-
eter is not always quite small: An/n, = 0.07 for TeO, (A =
0.6 um), —0.1 for CaCO; (A = 0.6 um) and 0.34 for Hg,Cl,
(A = 2 um), and therefore this approximation does not allow
for precise aberration calculation, in particular in assessing
the degree of distortion compensation in a ‘double-crystal’
scheme.

In this paper, the problem of calculating spatial and spec-
tral image distortions caused by AO diffraction o - e is
treated in a general case, i.e., not separately in planes xz and
xy, but with allowance for the cross terms in the expansion.
The analytical solution is obtained in a significantly weaker
(than An/n, << 1) approximation, which assumes the value of
£ to be constant in a small range of angles between the inci-
dent (0,) and diffracted () light waves: £(y,) ~ £(6)). In
practice, this angular range is 1°—3°. As will be shown below,
this assumption for all known uniaxial AO crystals is always
satisfied with very high accuracy (better than 15’) in the whole
range of 6 variation.
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2. Basic relations

To solve this problem, it is necessary to relate the arising geo-
metric image distortions to AO cell parameters and AO inter-
action geometry. An image transferred by a weakly divergent
light beam is described by the angular intensity distribution
1(0,, 0,), where 6; is an angle determining the propagation
direction of a partial wave. The image transformation is
described by the dependences y;(6;), which compare the direc-
tion of the diffracted wave (y;) with each incident wave (6,).
Here, the indices i and j take the values 1 and 2 for the polar
plane (xz) and for the azimuth plane of the AO interaction,
respectively.

To determine these dependences, we consider diffraction
of a weakly divergent o-polarised light beam by an acoustic
wave in a uniaxial crystal (Fig. 1). The phase-matching condi-
tion relating the wave vectors of an incident (k;) and a dif-
fracted (ky) light waves to the wave vector of an acoustic wave
¢ has the form k4 = k; — ¢ for the diffraction process accompa-
nied by frequency down-conversion. By passing for clarity to
dimensionless quantities as in [17], we can write this equation
in the projections on the x, y and z axes:

cosB,cos, — ncosy;cosy, — E(1P1) cosypcosy,

= X COSP|COSP7, (1a)
cos6;8in6, — ncosy;siny, — E(y) cosysiny,

= ycos;sing,, (1b)
sin®, — ysiny; — E(y)siny; = xsing;, (1c)

where = ¢l(kn,) = Al(An,) is the dimensionless spectral
parameter that determines the ratio of the light wavelength
(4) and sound (A); y = Akl/(kn,) is the normalised (dimension-
less) mismatch; and Ak, ¢, ¢, are the length and angles of
orientation of the wave mismatch, Ak =k; — k4 —q.

By using specified values of the angles that determine the
propagation direction of light (6, 8,) and sound (y,,y»), equa-
tions (1) allow one to determine the direction of wave propa-
gation after diffraction (¥, ¥,) and the magnitude of the
wave mismatch y for any sound wavelength A and for each

dent plane light wave (this follows from the boundedness of
the interaction region). With this in mind, the direction of dif-
fraction is considered to be one in which a wave propagates,
which has a minimal wave mismatch Ak and corresponds to a
maximum angular intensity of the diffracted wave. Thus, one
diffracted wave is compared with each incident wave. The
vector orientation of the wave mismatch Ak is chosen by
using the same principles as in [17]: ¢; = 6}, ¢, = 6,. Given
this, one can represent the value of ¥, and y as a function of
the given angles y; and 6; and the spectral parameter #.

Unlike the case of AO diffraction of an extraordinary
polarised beam, the exact analytical solution of the system of
equations (1) is difficult to obtain, because it is reduced to a
polynomial equation of the 6th degree. However, an approxi-
mate solution can be found by assuming that in a small range
of angles from 6; to ¥, birefringence is approximately con-
stant, so that &(;) ~ £(0,). The exact ratio of these values is
given by

E(py) _ \/ 1+ (& — Dsin’y,
&) 1 + (& — 1)sin’6,

sin(y, + 6y)

1+ (& sin®6, @

= \/1 + (£ — Dsin(y; — 6)

Its difference from unity is determined by the second term
under the square root, which contains the product of two
small quantities: the birefringence parameter, £5 — 1 ~ 2An/n,,
and the deflection angle of the diffracted wave, |y, — 64| ~
10-2. Figure 2 shows the dependence of £(1;)/£(6,) — 1 on the
angle 0, calculated by formula (2) in the case of the wide-
angle [18] AO interaction geometry in a TeO, crystal used to
transmit the images (for this geometry the condition tany;, =
£,*tan @, is satisfied). Hereafter, all of the examples are given
for diffraction in the (110) plane of the TeO, crystal. One can
see that for the filters based on this crystal, |£(y)/E(0)) — 1| <
2x 1073 at any angles 6, of light propagation. In this approxi-
mation the error of analytical calculation of i, from (1) does
not exceed 15, while the angular phase-matching width is 2°.

Approximation &(a) = const (y; < a < 6,) allows one to
obtain from equations (1) the formula:

wavelength of o.rdlnary pplarlsed light A. It should be nf)tefi y~1-nB— \/ P(B — 1)+ E£(0), (3a)
that a beam of diffracted light waves corresponds to each inci-
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Figure 1. (a) AO interaction region and wave vector diagrams in the (b) polar and (c) azimuth planes in the case of diffraction of the o-polarised

light wave (ng= n,c0s0,, n;’ = n,cos 0y, n; = n,cosy,, n.’ = n,cosYi).
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Figure 2. Dependence of £(y)/£(0,) — | on the propagation angle 6, in
the case of the wide-angle AO interaction geometry in a TeO, crystal
(A =633 nm).

where B = cos(6; —y;) —cos6;cosy[1 —cos(6; —y,)]. Angles 1,
and v, are expressed through y:

- . [(1 =y)sinB, —siny,

Y= arcsm[ 70 ], (3b)
~ (1 — x)sinb;sind, + 5 cosysiny,

Y= arctan[(1 )c030,c086, £ 105710087 ] (3¢)

Thus, all the characteristics of the diffracted beam (y, 1, )
are given in the form of functions of the characteristics of the
interacting waves 6y, 0,, y1, ¥, and 7.

Formulas (3) have a meaning similar to that of the expres-
sions obtained in [17] for diffraction of an e-polarised incident
wave. They describe AO diffraction for an arbitrary value of
& within the entire field of view, and not only in two direc-
tions: along the optical axis and perpendicular to it. Angles
Y1, ¥, determine the direction of the diffracted wave, and the
dimensionless mismatch y characterises the diffraction coef-
ficient.

The maximum diffraction coefficient corresponds to the
exact matching conditions (y = 0). For a given direction of
incidence of a light wave (6, 6,), one can find an appropriate
direction of diffraction (¥, ¥»,), which will be denoted below
by index s (matching). To this end, we find from equation (3a)
the spectral parameter 5,(6;, 6,) corresponding to the exact
matching condition(y = 0):

n=B—VB +E6) 1. @)
Substituting this expression into formulas (3b) and (3c) gives
the dependences 14(01, 0,) and 1,6, 6,) for given y, ¥5, 4
and A, which are not presented here because of their awk-
wardness.

3. Spatial and spectral distortions

To analyse the spatial (angular) distortions, we will consider
the dependences (3b) and (3c) and determine for each partial
incident beam (6, 6,) the direction of its propagation after
diffraction (¥, ¥,). It is convenient to operate with the rela-
tive position of the beam, counting the angles of propagation
of the incident light from a ‘central’ direction (6, 85) and of
the diffracted light — from its corresponding exact matching
direction [1(01s, 055)]: AO; = 0, — 0, AY; =, — Y. Since the
angular divergence of the incident and diffracted beams is
small (~2°), which is caused by a small angular matching
width, we represent the relationship of diffracted beams with
incident ones using formulas (3) and (4) in differential form,

by expanding it in a Taylor series over small deviation angles
(|A6;] << 1) and using quadratic terms only:

A; (A6, AG,)
= A6; + b,-1A91 + bpAO, + C,-11A912 + ¢i12AOAO, + C,-ngQ%
=Ai+An+Ap+ A+ A+ Ao ®)

In this formula, the first term A; describes an identity
transformation of the beam, and others — different types of
image distortion. The expansion coefficients have the follow-
ing physical meaning: b;; describes linear distortions, i.e., rela-
tive scaling (b, and b,,) and rotation (b;; and b,,), and ¢ —
nonlinear (quadratic) distortions. Chromatic distortions are
also described by this formula, because the expansion coeffi-
cients depend on the parameter £, which has a spectral depen-
dence due to the dispersion of the refractive indices.

To estimate the magnitude of data distortion, we have
performed calculations for basic AO interaction geometries
used for image filtering. Figure 3 shows the dependence of the
angle of incidence of light, 6, on the values of monochro-
matic linear (4;;, A;5) and nonlinear (A4;;;, 412, Ap>) distor-
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Figure 3. Dependences of the (a) linear and (b) nonlinear distortions in-
troduced into the image by wide-angle AO diffraction (TeO,, A = 633 nm,
36, = 86, = 3°) on the angle of incidence in the case of diffraction of e-
polarised (solid curves) and o-polarised (dashed lines) light. Shown are
the maximum distortions that occur at the edge of the field of view.
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tions for wide-angle AO diffraction with total angular aper-
ture 86, = 3° in paratellurite at a wavelength of A = 633 nm.
For comparison, Fig. 3 shows similar dependences for the
case of diffraction of the e-polarised light, previously calcu-
lated in [17].

Analysis of linear distortions for uniaxial crystals shows that
image compression dominates in them (4;; < 0 and 45, < 0). In
the case of collinear AO interaction geometry in the direction
perpendicular to the optical axis (6, = 6, = 0), the compres-
sion ratio is the same in both axes (4; = A,), and if the beam
deviates from this direction, the compression in the azimuth
plane becomes dominant (|45, > |4]). Among nonlinear dis-
tortions, dominant is a trapezoidal deformation of an image
defined by the term A4,;,. With increasing 6, this distortion
grows and at 6;; > 80° reaches several percent of the field of
view.

Note the special character of collinear diffraction geome-
try along the x axis (0;; = 6,5 = 0). Firstly, in this case the
first-order image distortions are axially symmetrical, as is
clear from the optical symmetry of this direction ([110]).
Second, for a given geometry the distortions are minimal:
there is only a slight decrease in the image size (4] = Ay, > 0),
whereas the values of other coefficients that describe the lin-
ear and nonlinear distortions are close to zero.

The spectral dependence of the distortions is determined
by the dispersion of the refractive index of the AO cell mate-
rial, and for example, in the range of 0.4 — 1.0 um at the same
AOQO diffraction geometry as that in Fig. 3, the distortions
amount to about 5% — 10%.

4. Modelling

To illustrate the distortions resulting from the AO interac-
tion, we numerically simulated image transformation in the
case of diffraction of the o-polarised light. Figure 4 shows a
reference object (square grid) and its calculated images at

— |

T
1l

Figure 4. (Colour in online edition) Reference object (black) and its cal-
culated spectral images at A = 0.38 um (blue), 0.55 um (green) and 0.78
um (red) in the case of AO diffraction of (a) o-polarised and (b) e-polar-
ised light in a wide-angle TeO, filter (8, = 73.6°) with an aperture 3°.

three wavelengths belonging to different parts of the spec-
trum: 0.38, 0.55 and 0.78 um. Calculations were performed
for a real wide-angle TeO, acousto-optic filter (6, = 73.6°,y; =
—8°) with an aperture 86; = 3° in the case of the o-polarised
incident light (Fig. 4a) and for a similar AO filter (6, = 73.6°,
y1 = =7.1°) in the case of the e-polarised light (Fig. 4b). In
these cases, linear distortions dominate, with scaling in the
azimuth plane being significantly stronger than in the polar
plane (|45, > |4;]) which is consistent with the dependences
in Fig. 3.

The fact that the images do not coincide with the object
indicates the presence of geometric monochromatic aberra-
tions described mainly by the coefficients b;. Misalignment of
spectral images with each other shows the presence of a chro-
matic aberrations, the value of which at the edge of the field
of view reaches 3% — 4% of the image size. The asymmetry of
the images, more pronounced on their periphery, illustrates
the influence of the cross terms A4, and A45;,.

Analysis of the distortion coefficients (Fig. 3) and the cal-
culated spectral images (Fig. 4) shows that in the wide-angle
AOQ filter for any given angle of incidence 6y, the type of
polarisation has little effect on the magnitude of linear and
nonlinear distortions, but determines their sign, i.e. in the case
of the e-polarised light diffraction the image is stretched, and
in the case of the o-polarised light diffraction, it is com-
pressed. This allows one to substantiate the developed meth-
ods of compensation of distortions introduced by the AO cell
due to consequent filtration in the two AO cells rotated
through 180° in the polar plane [15]. Previously, the theoreti-
cal possibility of compensation of spatial and spectral distor-
tions in this scheme has been shown only in the linear approx-
imation [16].

5. Conclusions

In this paper, without using the small-birefringence approxi-
mation we have obtained for the first time general analytical
solutions (3) describing the dependence of the wave mismatch
Ak and diffraction angles 1; on the AO interaction geometry
(6;, y») and the crystal (£) and ultrasonic wave (A) parameters
in the case of diffraction of polarised light. These formulas
allow one calculate AO-diffraction-induced spatial and spec-
tral image distortions Ay; with an accuracy of ~10% of the
angular aperture of the AO cell. Analysis of these distortions
has revealed their main types: chromatic asymmetric com-
pression (downscaling) and trapezoidal deformations. Linear
distortions in the azimuth plane 4,, have been found to dom-
inate. We have constructed the dependences of the linear and
nonlinear distortions on the angle of incidence of the light,
01s. The comparison of these distortion coefficients with the
corresponding coefficients for the case of diffraction of
e-polarised light has shown that their values are fairly close in
magnitude but have opposite signs, which, in particular, cre-
ates prerequisites for the development of methods for com-
pensating for AO-filtration-induced distortions by using two
AO cells located in a certain way.

The results obtained can be used in the analysis and syn-
thesis of optical systems, including AO cell for spectral filter-
ing of images.
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