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Abstract.  We consider a closed four-level inverted-Y system in the 
presence and the absence of a microwave field. It is found that due 
to the quantum coherence between the two lower levels, either 
induced by the spontaneous decay or by the microwave field, the 
refraction – absorption properties of the system can be modulated 
by controlling the relative phase of the applied fields in both driven 
ways. In particular, by properly setting the values of the relative 
phase, the desirable high index of refraction without absorption can 
be achieved. 

Keywords: quantum coherence, high refractive index without 
absorption, relative phase.

1. Introduction

Recent years have seen considerable interest in optical con-
trol over the refractive index properties of a medium [1 – 5]. 
As is known, the absorption of the light is large at the detun-
ing at which the resonant index of refraction is large. For 
example, the large refractive index of a medium consisting 
of two-level atoms means that such a medium exhibits con-
siderable optical absorption. But it should be pointed out 
that the refractive index properties can be modified by the 
quantum coherence in multi-level atomic systems. As a 
result of the quantum coherence, the system exhibits little 
absorption with a high refractive index in a three-level atom 
[6 – 11]. The enhancement of the index of refraction has been 
evidenced in various experiments [12 – 14]. In an optically 
dense medium, it can be expected that a closed excitation 
contour will result in quasi-periodic variations of the refrac-
tive index [15]. Recently, we have investigated the effect of 
the relative phase on the refraction – absorption properties 
in a closed interaction contour formed by applying a micro-
wave field between the excited levels of the system [16, 17]. 
Inspired by these studies we discuss in this paper the phase-
dependent refraction – absorption properties, which is of 

interest for using in quantum memory systems [5, 18] and 
designing inversionless lasers [19, 20].

In this paper, we study a closed four-level inverted-Y sys-
tem with or without a microwave field, which can be experi-
mentally realised in rubidium atoms [21, 22]. Such an atomic 
configuration has received much attention. Yan et al. [21] 
observed the suppression of two-photon absorption in a cold 
87Rb atom. The study of the Autler – Townes effect was exper-
imentally demonstrated in a sodium dimer by Ahmed et al. 
[23]. Subsequently the coherent optical detection of highly 
excited Rydberg states was implemented by Mohapatra et al. 
[24]. Recently, Tian et al. [25] reported an experimental obser-
vation of the effect of quantum coherence on absorption in a 
rubidium atomic beam. At the same time, it was theoretically 
shown that such an inverted-Y system can exhibit many inter-
esting phenomena, such as double electromagnetically 
induced transparency [26, 27], spontaneous emission quench-
ing [28], cross-Kerr nonlinearity [29] and coherent population 
transfer [30]. Many these studies were related to the quantum 
coherence, but the influence of the relative phase of the 
applied fields on the refraction – absorption properties was 
not examined. In the present work, we demonstrate the effect 
of the relative phase on the refraction – absorption properties 
in an inverted-Y system, and find that a high index of refrac-
tion without absorption can be always achieved by control-
ling the relative phase. 

2. Phenomena due to spontaneously generated 
coherence in an inverted-Y system

The system of a closed four-level inverted-Y atom is shown in 
Fig. 1a. A weak probe field E1 at frequency w1 and a coupling 
field E3 at frequency w3 with corresponding Rabi frequencies  

/G E1 21 1 'm=  and /G E3 24 3 'm=  are applied to the atomic 
transitions |2ñ « |1ñ and |2ñ « |4ñ, respectively. A pump field  
E2  at frequency w2 is applied to the atomic transition |3ñ « |2ñ 
with a Rabi frequency /G E2 32 2 'm= . We assume throughout 
the paper that the Rabi frequency G2 is a real parameter. 
Incoherent pumping with a rate 2L interacts with the transi-
tion |1ñ « |2ñ to prepare a small quantity of atoms in the 
excited level |2ñ. The spontaneous decay rates from |3ñ to |2ñ, 
|2ñ to |4ñ and |2ñ to |1ñ are equal to 2g2, 2g3 and 2g1, respec-
tively.

The Hamiltonian under the dipole and rotation-wave 
approximation is given by

HI '=-t D1|1ñá1| + 'D2|3ñá3| – 'D3|4ñá4| 

– '(G1|2ñá1| + G2|3ñá2| + G3|2ñá4| + H.c.,	 (1)
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where the detunings of the probe, pump and coupling laser 
radiations are given by D1 = w21 – w1, D2 = w32 – w2 and D3 = 
w24 – w3, respectively. The dynamic evolution of the system is 
governed by the master equation of the density matrix

¶
¶ , ( )i
t

HI 1 3'
s s g g L=- - + +
t t t6 @ {|2ñá2|, }st

– g2{|3ñá3|, }st  – L{|1ñá1|, }st  + (2g1 +2L)|1ñá2|st |2ñá1|

+ 2g2|2ñá3|st |3ñá2| + 2g3|4ñá2|st |2ñá4| + 2L|2ñá1|st |1ñá2|

+ h(|1ñá2|st |2ñá4| + |4ñá2|st |2ñá1|),	 (2)

where the square and curly brackets denote the commutation 
and anticommutation of therein operators, respectively. The 
non-zero parameter h = 2 cos1 3g g q  (q is the angle between 
the dipole matrix elements m21 and m24) represents the quan-
tum coherence effect resulted from the cross-coupling between 
two decay paths |2ñ ® |1ñ  and |2ñ ® |4ñ, i.e., the spontaneously 
generated coherence (SGC) effect. Due to the existence of the 

SGC effect, this system can be related to the relative phase 
between the probe and coupling fields. Thus, we treat the 
Rabi frequencies G1 and G3 as complex parameters: G1 = 
W1exp(if1) and G3 = W3exp(if3), where f1 and f3 are the 
phases of the probe and coupling fields, respectively. Let G2 = 
W2, sii = rii, s23 = r23, s12 = r12exp(–if1), s13 = r13 ´ exp(–if1), 
s42 = r42exp(–if3), s43 = r43exp(–if3) and s14 = r14exp(iF), 
where F = f3 – f1 is the relative phase of the applied fields. 
Then, the redefined matrix elements rij (i, j = 1, 2, 3, 4) obey 
the differential equations as follows:

2 2( ) i i11 11 1 22 1 12 1 21r r g r r rL L W W=- + + - +o ,

2 i i33 2 33 2 23 2 32r g r r rW W=- + -o ,

2 i i44 3 22 3 42 3 24r g r r rW W= - +o ,

( 2 )i21 1 3 1 21r g g rL D=- + + +o

	 ( )i i i1 11 22 2 31 3 41r r r rW W W+ - + + ,

( )i i i i31 2 1 2 31 2 21 1 32r g r r rL D D W W=- + + + + -o ,

( )i32 1 2 3 2 32r g g g rL D=- + + + +o 	 (3)

	 ( )i i i2 22 33 1 31 3 34r r r rW W W+ - - - ,

( )i i i41 1 3 41 3 21r r rL D D W=- + - +o

	 ( )expi i1 42 22r hrW F- + ,

( )i42 1 3 3 42r g g rL D=- + + -o

	 ( )i i i3 22 44 1 41 2 43r r r rW W W+ - - - ,

( )i i i i43 2 2 3 43 3 23 2 42r g r r rD D W W=- - - + -o .

The above density matrix elements additionally obey the nor-
malisation and Hermitian condition:

1ii
i 1

4

r =
=

/  and ij jir r= * .

It is obvious from Eqn (3) that the term including the relative 
phase F will disappear if the SGC effect is absent. Here the 
properties of this scheme depend on the relative phase in the 
presence of the SGC effect. As is known, the refractive index 
and absorption for the probe field correspond to the real and 
imaginary parts of polarisation r21, respectively. We assume 
for simplicity that values of the parameters W1, W2, W3, L, D1, 
D2, D3, g2 and g3 are normalised to g1.

Now, let us investigate the refraction – absorption relation 
of the weak probe field for the steady state. In the system 
under study, the strong resonant coupling field dresses the 
states |2ñ and |4ñ. The dressed states can be written as 

|+ñ = 
2
1 (|2ñ + |4ñ) and    |–ñ = 

2
1 (|2ñ – |4ñ). 

The eigenvalues of the two dressed states are W3 and – W3.
Figure 2 shows the dependences of the refractive index 

and the absorption coefficient on the probe detuning D1. One 
can see that for the relative phase F under study, a high index 
of refraction can always correspond to zero absorption 
(points A, B and C in Figs 2a, 2b and 2c, respectively). But 
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Figure 1.  Energy scheme under consideration: (a) a four-level inverted-
Y atom with the electric dipole forbidden transition between levels |4ñ 
and |1ñ and (b) the same atom driven by a microwave field on the transi-
tion |4ñ « |1ñ through an allowed magnetic dipole transition.
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these points are clearly located at different detunings for dif-
ferent values of F. In Fig. 2a (F = 3p/2), the high index of 
refraction without absorption is located at D1 = 0; in Fig. 2b 
(F = 0), – at D1 = W3, which corresponds to first eigenvalue of 
the two dressed states; and in Fig. 2c (F = p), – at D1 = –W3, 
which corresponds to the second eigenvalue of the two dressed 
states.

To gain a deeper insight into the dependence of the 
refraction –absorption relation on the relative phase F, we 
performed additional numerical calculations and found 
that the maximum index of refraction always corresponds 
to zero absorption at the appropriate values of the relative  

phase F. With different probe field detunings, the high 
index of refraction without absorption can be always 
achieved by choosing the proper values of F. As an exam-
ple, Fig. 3 shows the dependences of Re r21 and Im r21 on 
the relative phase F for several different values of the 
probe detunings: D1 = 0 and ± W3. It can be shown that 
the high indices of refraction without absorption are 
achieved periodically in the relative phase F. For D1 = 0 
(Fig. 3a), it can be achieved at F = 2kp + 3p/2 (k = 0, ± 1, 
± 2 . . .; points A1, A2); for D1 = W3 (Fig. 3b), – at F = 2kp  
(points B1, B2, B3); and for D1 = – W3 (Fig. 3c), – at F = 
2kp + p (points C1, C2).
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Figure 2.  Re r21 (solid curves) and Im r21 (dashed curves) vs. probe de-
tuning D1 at F = (a) 3p/2, (b) 0 and (c) p (g1 = g2 = g3 = 1, q = p/6, W1 = 
0.1sin q, W2 = 0.5, W3 = 10sin q, D2 = –D1, D3 = 0, L = 0.3). 
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Figure 3.  Re r21 (solid curves) and Im r21 (dashed curves) vs. relative 
phase F at probe detuning D1 = (a) 0, (b) W3 and (c) –W3. Other param-
eters are the same as those in Fig. 2.
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3. Phenomena due to microwave-induced 
coherence in an inverted-Y system

In  Fig.  1b,  a  resonant  microwave  field  with  the  Rabi  fre-
quency G4  is  coupled  to  the  transition  |4ñ « |1ñ  through an 
allowed  magnetic  transition.  In  this  scheme,  the  quantum 
coherence is achieved by coupling the two lower levels of the 
inverted-Y system by means of the microwave field; therefore, 
we refer to it as microwave-induced coherence [16, 17]. Since 
orthogonal dipoles for two transitions with small energy sep-
aration are more easily found in nature, we assume the dipole 
matrix elements  (i.e., m21 and m24)  to be orthogonal  thereby 
excluding  the  SGC  effect,  which  is  more  convenient  in  its 
experimental realisation.

In this case, the Hamiltonian under the dipole and rota-
tion – wave approximation is given by

HI 1'D=-t |1ñá1| + 'D2|3ñá3| – 'D3|4ñá4|

– '(G1|2ñá1| + G2|3ñá2| + G3|2ñá4| +G4|4ñá1| + H.c.  (4)

The dynamic evolution of the system is governed by the mas-
ter equation of the density matrix

¶
¶ , ( ){i
t

HI 1 3'
s s g g=- - +
t t t6 @ |2ñá2|, } {2s g-t |3ñá3|, }st

+ 2g1|1ñá2|st |2ñá1| + 2g2|2ñá3|st |3ñá2| + 2g3|4ñá2|st |2ñá4|.  (5)

As the system is sensitive to the phases of the probe, coupling 
and  microwave  fields  because  of  the  characteristic  of  the 
‘closed-loop’ configuration constructed by the levels |1ñ, |2ñ and 
|4ñ with their driving fields, we treat the Rabi frequencies G1, G3 
and G4  as  complex  parameters: G1  = W1exp(if1), G3  =W3 × 
exp(if3)  and G4  = W4  exp(if4),  where f1, f3  and f4  are  the 
phases  of  the  probe,  coupling  and microwave  fields,  respec-
tively. Let G2 = W2, sii = rii, s23 = r23, s12 = r12 exp(– if1), s13 
= r13 exp(– if1), s42 = r42 exp(– if3), s43 = r43 exp(– if3) and s14 = 
r14 exp(if3 – if1). Then the redefined matrix elements rij (i, j = 1, 
2,  3,  4) obey the differential equations as follows:

2 ( )expi i i i11 1 22 1 12 1 21 4 14r g r r r rW W W F= - + -o

  + iW4  r41exp(–iF),

2 i i33 2 33 2 23 2 32r g r r rW W=- + -o ,

2 ( )expi i i i44 3 22 3 42 3 24 4 14r g r r r rW W W F= - + +o

  – iW4  r41exp(–iF),

( ) ( )i i21 1 3 1 21 1 11 22r g g r r rD W=- + + + -o

  + iW2  r31 + iW3  r41 – iW4  r24exp(iF),

( )i i i i31 2 1 2 31 2 21 1 32r g r r rD D W W=- + + + -o   (6)

  – iW4  r34exp(iF),

( ) ( )i i32 1 2 3 2 32 2 22 33r g g g r r rD W=- + + + + -o

  – iW1  r31 – iW3  r34,

( )i i i i41 1 3 41 3 21 1 42r r r rD D W W=- - + -o

   + iW4 ( r11 – r44)exp(iF),

( ) ( )i i42 1 3 3 42 3 22 44r g g r r rD W=- + - + -o

  – iW1  r41 – iW2  r43 + iW4  r12exp(iF),

( )i i i i43 2 2 3 43 3 23 2 42r g r r rD D W W=- - - + -o

  + iW4  r13exp(iF),

where F = f3 + f4 – f1  is  the relative phase of  the applied 
fields. From Equation (6), it is clear that, due to the existence 
of  the microwave  field,  the  system becomes  sensitive  to  the 
relative phase F.

In the following, the numerical calculation is used under 
the  case  that  the microwave-induced  coherence  is  included, 
which is necessary for phase-sensitive property in the scheme 
in question. Figure 4 depicts  the dependences of  the refrac-
tion – absorption relation on the relative phase F for several 
different values of the probe detuning D1 = 0  and ±W3 for the 
Rabi  frequency  of  the  resonant microwave  field, W4  =  0.8. 
One can see that for these different detunings, the maximum 
index of refraction can always correspond to zero absorption 
at the appropriate values of the relative phase F; with differ-
ent detunings, the high index of refraction without absorption 
corresponds to different values of F. However, these figures 
are distinct from those shown in Fig. 3. For example, at D1 = 0, 
the high index of refraction without absorption corresponds 
to F = 2kp + p (points A1, A2 in Fig. 4a); at D1 = W3, – to F 
= 2kp – p/2 (points B1, B2 in Fig. 4b); and at D1 = –W3, – to F 
= 2kp + p/2 (points C1, C2 in Fig. 4c), where k = 0, ±1, ±2, . . . . 
By comparing Fig. 4 with Fig. 3, we can see that, at the same 
detunings, there is a phase difference p/2 when the phenome-
non of  the high refractive  index without absorption appears. 
This is due to the fact that the microwave-induced coherence 
between levels |1ñ and |4ñ is proportional to iW4, while the spon-
taneously generated coherence is proportional to 2 1 3g g .

Figure 5 shows the dependences of Re r21 and Im r21 on 
the probe detuning D1 at several different (as in Fig. 2) values 
of the relative phase. The behaviour of the refraction – absorp-
tion properties are very  similar  to  the  situation  shown  in 
Fig. 2 except  the phase difference p/2. From Figs 5a – c, we 
can also find that the high index of refraction always corre-
spond to zero absorption. For different F, the high index of 
refraction without absorption corresponds to different detun-
ings: when F = p (Fig. 5a), it appears at D1 = 0, and when F 
= – p/2 (Fig. 5b), it arises at D1 = W3, which corresponds to 
the first eigenvalue of the two dressed states. When F = p/2, 
[see Figure 5(c)], the high index of refraction without absorp-
tion emerges at D1 = – W3, which corresponds to the second 
eigenvalue of the two dressed states.

4. Analytical explanation 

From all above discussions, we can conclude that a high index 
of refraction without absorption can be always achieved by 
choosing proper values of  the  relative phase, no matter  the 
quantum coherence between the two lower levels  is  induced 
by  the  spontaneous  decay  or  by  the microwave  field.  This 
interesting  phenomenon  originates  from  Eqns  (3)  and  (6), 
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which indicate that polarisation r21 depends on the relative 
phase F due to the allowance for the quantum coherence. A 
simple relationship between the real and imaginary parts of 
r21 can be analytically derived:

	
d
d
F
Re r21 µ – Im r21.	 (7)

According to Equation (7), when 

d
d
F
Re r21 = 0,

i.e., Re r21 is maximal, the value of Im r21 must be zero. In 
other words, the maximum index of refraction always corre-

sponds to zero absorption, which means that in these two 
schemes (SGC scheme and microwave-induced coherence 
scheme), the high index of refraction without absorption can 
be always achieved by choosing the proper values of the rela-
tive phase F. However, it should be pointed out that because 
the magnitude of the microwave field can be controlled and 
the microwave-induced coherence is beyond the non-orthog-
onal condition, the latter scheme is physically different from 
the former SGC scheme and is practically significant for the 
control of atom – field systems.

5. Conclusions 

In this paper, we have discussed two ways of the control over 
the refraction – absorption properties of a four-level inverted-
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same as those in Fig. 4.
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Y system. The first one is implemented by using the spontane-
ously generated coherence, and the second one is achieved by 
applying an additional microwave field. Due to the existence 
of the quantum coherence effect, the refraction – absorption 
properties are dependent on the relative phase of the applied 
fields in both driven ways. Therefore, the behaviour of the 
refractive index can be modified by controlling the relative 
phase of the applied fields. It has also been found that, with 
the proper values of the relative phase, the systems in ques-
tion can exhibit the desirable high index of refraction without 
absorption, which plays an important role for dispersion 
compensation in optical communication.
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