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Abstract.  Strict theory shows that in the field of two laser beams 
crossing in vacuum with a phase delay p/2, a unique dynamics of 
the electron is observed. Unlike a single-beam case in which the 
velocity component along the laser magnetic field is always zero, 
the electron motion in the case of crossing beams is completely 
three-dimensional and hence a larger maximum value of the relativ-
istic factor G, i.e. acceleration of an electron to larger energies, can 
be achieved. 

Keywords: laser acceleration of a charged particle, laser beams with 
plane wavefronts. 

1. Introduction

Direct vacuum acceleration of a charged particle by the laser 
field  attracted  considerable  attention  about  ten  years  ago. 
Even though experimental [1 – 5] and theoretical [6 – 23] inves-
tigations  outlined  the  physics  of  this  issue,  there  are  still 
strong doubts  about  the  correctness of  the  results obtained 
[24,  25].  The  criticism  is mainly  based  on  some  theoretical 
assumptions of previously developed theories. For example, 
the exact form of the driving laser is questioned by McDonald 
[24].  Moreover,  some  authors  focus  their  attention  on  the 
inhomogeneous laser beam shape and hence stress the role of 
the  axial  laser  electric  field  (which  appears  in  vacuum as  a 
result of  the condition Ñ×E = 0) during acceleration  [7, 14]. 
However, it is still difficult to understand how such an axial 
component of the laser vector potential appears in vacuum: 
If  before  entering  the  vacuum  a  laser  beam  does  not  have 
such  an  axial  component  when  it  travels  in  a  medium,  its 
descendant, or a laser beam in vacuum, will also have no axial 
component [26].

We  temporally  ignore  different  viewpoints  on  the  axial 
laser electric field in vacuum. The first question to be answered 
is whether or not laser radiation with a homogeneous trans-
verse  cross  section  of  the  field  distribution  can  accelerate 
electrons. Note that such laser radiation in vacuum can have 
no axial laser electric field. Actually, the authors of [12] found 
out that an electron in a  laser beam has an oscillating axial 
velocity. Maybe the authors were more interested in a shaped 
(or focused) laser beam, and therefore more in-depth investi-
gations on the case of a shapeless laser beam (or a laser pulse 

which is not focused and hence has a transverse homogeneous 
intensity profile) were not included in their works [7 – 15, 18].

At present, the main attention of researchers is attracted 
to laser-plasma based acceleration due to setting up a high-
voltage  electrostatic  structure  within  plasmas  by  using  a 
high-intensity laser beam [27]. This high-voltage electrostatic 
structure acts as conventional solid-state accelerator but works 
at higher acceleration gradients. In this case, the amplitude of 
such a high-voltage electrostatic structure is proportional to 
laser intensity, which leads to a necessity to enhance the laser 
intensity [28]. 

Recent investigations have shown that a laser beam without 
transverse  intensity modulation  can cause oscillation of  the 
axial velocity of an electron with an amplitude whose value is 
insensitive to laser intensity [29]. This confirms the feasibility 
of  vacuum  acceleration  by  such  a  shapeless  laser  beam. 
According to Ref. [29], the axial velocity of the electron oscil-
lates  periodically  at  a  frequency  comparable  to  the  laser  one. 
Such  a  periodic  oscillation  is  due  to  a  driving  laser  beam, 
which causes the electron motion being described mathemati-
cally by the first integral. This enlightens us to consider what 
will  happen  if  we  apply  a  more  complicated  configuration 
of  the driving beams. Esarey et al.  [14] have considered  the 
configuration of two crossing shaped beams and found that 
the  acceleration  in  this  configuration  depends  on  the  axial 
component of each laser beam. Here, we study the configura-
tion  of  two  crossing  shapeless  beams  in  the  absence  of  the 
axial electric  field. Some authors also note  the considerable 
effect of the configuration of two interfering fields on the elec-
tron acceleration [30, 31]. 

Usually  the  electron  transverse  velocity  û   is  assumed 
equal to eA/me (A is the vector potential of the laser radiation 
field) [12]. However, if u is initially zero, A is also zero. Thus, 
A  depends  on  time  as  function  sin  and  hence  laser  electric 
field E – as cos, which is not initially equal to zero. Because 
the laser energy density is proportional to E2, the boundary 
condition E|t = 0 = 0  is more  realistic  to describe  the  laser 
field,  and  therefore, E  should  depend  on  time  as  sin  and 
hence A – as cos. This means that û  = eA/me – eA|t = 0 /me. 
In  this  case  û   periodically  changes  its  direction  and  hence 
the electron is bound to the laser beam axis, unlike the case 
û   =  eA/me  when  û   periodically  changes  its  value  and  the 
electron can leave the laser beam axis. If the laser beam has 
a  finite  transverse  size,  the  electron  can  entirely  escape  the 
laser beam. 

Such  a  ‘side’  escape  is  of  practical  value.  Some  authors 
have proposed a  vacuum acceleration mechanism based on 
a laser pulse of noninteger cycle [32 – 35], which gives longitu-
dinal acceleration to electrons; however, this pulse is difficult 
to  generate.  Nevertheless,  even  for  a  laser  pulse  of  integer 
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cycle, from which electrons can escape, there appears a longi-
tudinal force felt by the escaped electrons, and the duration 
of its effect of such electrons can be equal to an odd number of 
periods.

Therefore, the authors of Ref. [29] have concluded that a 
laser beam of finite transverse size can transport and acceler-
ate  free  electrons.  However,  such  acceleration  is  limited 
because  the  electron  velocity  periodically  oscillates  in  some 
range. Here, we study whether or not multiple  laser beams 
can lead to better vacuum acceleration of charged particles. 

2. Theory

First  we  write  electric/magnetic  field  components  in  three 
directions 
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In such a configuration, two driving laser beams with a phase 
delay p/2 are directed along the z and x axes, respectively. The 
dynamics of a classic single-body charge in a monochromatic 
laser  beam  has  been  rigorously  described  by  some  authors 
[6, 18, 36, 37]. A pronounced feature of the single-beam case is 
that  the motion along  the  laser magnetic  field  is  forbidden. 
Apparently,  the  motion  in  the  crossing-beam  case  is  com-
pletely three-dimensional (3D). 

We start with relativistic Newton equations: 
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Here, F is the Lorentz force; the e/me is included in E0 and B0; 
and G is the relativistic factor of the electron. Because for light 
in vacuum E0 = cB0, we can rewrite Eqns (1 – 3) as 
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where  = kz – wt, j = kx – wt, kc = w, s = wt, (dz/dt)c–1 = 
dq/ds + 1, (dx/dt)c–1 = dj/ds + 1 and wB = B0. It follows from 
Eqn (5) that 
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which leads to a new expression for G 
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Thus, Eqns (1 – 3) are reduced into coupled second-order non-
linear differential equations of q and j 
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Note that Eqns (9), (10) belong to following general form of 
differential equations 
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Here,  C1,2,3,4  and  D1,2,3,4  are  the  functions  of  (q, j, dq/ds, 
dj/ds): 
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Mathematically,  because G   is  determined  by Eqns  (9),  (10) 
(or  by  two  variables  q  and  j),  there  are  two  variants  of 
the  evolution  of G.  At  a  continuous  growth  of G  [dG/dt  = 
SEx,y,z(dx,y,z/dt)], its maximum increment can be estimated as 
DG = òE(r(t), t) u(t) dt £ ò|E(r(t), t)||u(t)|dt < ò|E(r(t), t)|cdt 
£  ò|E|max cdt  =  |E|max ct = wAmax ct.  It  follows  from  this 
estimate that for large G  to be obtained, a large peak intensity 
of laser radiation is needed. 

At some combinations of the parameter q, j, dq/ds, dj/ds, 
defined by 
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the condition C1C4 – C2C3 = 0 exists and, therefore, |d2j/ds2| = 
|d2q/ds2| = ¥ if only the condition D12 = 0 = D34 is not met. 
The existences of these special combinations suggest a singu-
lar (or discontinuous) growth of G at which there  is sudden 
jump till the value, significantly exceeding the maximum ones 
at a continuous growth of this parameter.

Except these points, only the continuous evolution needs 
to be taken into account. An overall estimation by G should 
contain both ways. Indeed, if C1C4 – C2C3 = 0, then limE®0(dG/
dt) X 0, while in the opposite case, limE®0(dG/dt) ® 0. However, 
in  accordance  with  (14),  the  first  variant  of  the  evolution 
takes place at G = ¥. 

We should also note that the electric field is absent along 
the z direction (Ez = 0). Thus, the formula dG/dt = SEx,y (dx,y/dt) 
only reflects the time-variation of G when d2z/dt2 = 0  (i.e., dz/dt is 
independent of time), and dG/dt|dz/dt = const = SEx,y (dx,y/dt). 
If  dz/dt  =  const,  Eqn  (3)  can  be  reduced  to  the  expression 
d(Gdz/dt)/dt =  (dx/dt)B0 sin(kz  – wt), which does not give a 
contribution to dG/dt. 

The quantity dG/ds consists of three parts: one is propor-
tional to d2j/ds2, the second – to d2q/ds2 and the third is due 
to d[1 + (wB /w)2 sin2j]/ds and independent of either d2j/ds2 
or d2q/ds2. The d2q/ds2-independent part can be described by 
the formula dG/dt|d2q/ds2 = 0 = SEx,y (dx,y/dt). Clearly, it is 
insufficient  to calculate G merely  from the  formula dG/dt = 
SEx,y (dx,y/dt). To calculate the evolution of G, we should 
calculate d2q/ds2 and d2j/ds2  from Eqns  (11),  (12) and then 
calculate G at a next time point. The presence of the condition 
d2q/ds2 ¹  0  is  the  reason  of  the  dependence G(t),  differing 
from G(t) = G(t=0) + ò

0

t 
[ SEx,y (dx,y/dt)] dt = 0. 

3. Numerical results and discussions

For the same set of parameters  (dq/ds, dj/ds), according to 
Eqn (8), G  in the 3D case is formally larger than that in the 
2D  case  (G2D  =  [ ( / ) ]sin1 B

2 2 1w w j+ - ).  This  implies  that 
under same field strength of the driving laser, a higher maxi-
mum value of G can be achieved in the 3D case. Note that if 

each beam has a peak field strength ( 2/2) eAmax (me c2)–1, the 
energy  contained  in  two  beams  is  equal  to  that  in  a  single 
beam whose peak strength  is eAmax (me c2)–1. Thus, as shown 
in Fig.1, the energy contained in two beams at wB /w = 1.5 is 
equal to that in a single beam at wB /w = 1.5 2 = 2.2. Clearly, 
according to a familiar estimation, the maximum value of G 
at  wB /w = 2.2 is Gmax =  .1 2 22+  = 2.37, and in two beams at 
wB /w  =  1.5  it  can  reach  10.  At  wB /w  =  2.5,  Gmax  in  two 
beams can be up to 70 or higher, while in one beam at wB /w = 
2.5 2 = 3.6, Gmax = 4. 

Because a short-wavelength light source (X-ray or shorter 
wavelength) is significant for many applications, we are also 
interested in whether or not the studied configuration can act 
as an effective source of short-wavelength dipole radiations. 
Data presented in Fig. 1c suggest that the studied configura-
tion is not an ideal short-wavelength light source because of 
predominant low-order harmonics. 

As previously pointed out, in the single-beam case either 
the condition û  = eA/me – eA|t=0 /me or p̂  = eA – eA|t=0 is 
fulfilled. This relation, or its approximated counterpart p̂  = eA 
allows one  to  calculate  exactly G. However,  in  the  case of 
multiple beams from different directions, this relation is violated. 
Indeed, the presence of the term (dy/dt) B0 cos(kx – wt) in (1) 
implies that d2x/dt2 = dAx /dt = E0 sin(kz – wt) + [–(dz/dt) ́  
B0 sin(kz – wt)]. This means that the condition û  = eA/me – 
eA|t=0 /me  or  û   =  eA/me  does  not  hold.  Nevertheless  the 
known relation G =  ( / )e m c A1 e

2 2
+  is valid for the single-

beam case, which indicates that a higher G can be obtained by 
increasing A2.

Indeed,  in  the  single-beam case  the  field  is described by 
the following components: 
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In this case, the relations (dy/dt)c–1 = 0 and (dy/dt)c–1 = 1 – G –1 
are valid, which yield [(dx/dt)c–1]2 = 2 [1 – (dz/dt)c–1] (dz/dt)c–1. 
Therefore, the dynamics in the single-beam case is completely 
1D (i.e., is determined by only one variable q) and described 
by  the  expression  (dz/dt)c–1  =  dq/ds  +  1.  In  addition,  the 
classic orbit  is open  in both polarisation directions and  the 
propagation  of  radiation  is  possible  only  in  one  direction 
(because  the  inequality  (dz/dt)c–1 ³ 0 must hold  in order  to 
ensure  the  fulfilment  of  the  condition  2 [1  –  (dz/dt)c–1)]  ´ 
(dz/dt)c–1 ³ 0 [36, 37]). In the single-beam case, there is only the 
second-order nonlinear differential equations of q: C4 d2q/ds2 
= D4  [where  detailed  expressions  for C4  and D4  can  differ 
from those in Eqn (13) but do not affect the validity of follow-
ing conclusion], but the equality C4 = 0 will only occurs when 
1 = dq/ds + 1 = (dz/dt)c–. This causes a discontinuous growth 
of G, which is initially absent in the single-beam case. 

4. Conclusions 

Strict theory and numerical results show that a complete 3D 
motion of a classic charge can be achieved in the case of two 
crossing shapeless laser beams with a phase delay p/2. Unlike 
the single-beam case in which the motion is two-dimensional, 
the maximum value of G  for  completely  3D motion  can be 
higher under same laser field strength. In addition, in the case 
of  crossing-beams  with  a  phase  delay  p/2,  larger  temporal 
oscillations of  charge acceleration  lead  to  the generation of 
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radiation  at  high-order  harmonics,  which  can  be  used  for 
creating a high-frequency photon source. 
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