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Abstract.  A model is proposed to describe the properties of limiters 
of high-power laser radiation, which takes into account the thresh-
old character of nonlinear interaction of radiation with the working 
medium of the limiter. The generally accepted non-threshold model 
is a particular case of the threshold model if the threshold radiation 
intensity is zero. Experimental z-scan data are used to determine 
the nonlinear optical characteristics of media with carbon nano-
tubes, polymethine and pyran dyes, zinc selenide, porphyrin-gra-
phene and fullerene-graphene. A threshold effect of nonlinear inter-
action between laser radiation and some of investigated working 
media of limiters is revealed. It is shown that the threshold model 
more adequately describes experimental z-scan data.

Keywords: limitation of laser radiation intensity, absorption coef-
ficient, nonlinear optical characteristics, pulse shape, nonlinear 
absorption, z scanning. 

1. Introduction 

The necessity of providing a safe level of laser radiation inten-
sity in order to protect organs of vision and sensing elements 
of optical systems calls for developing limiters of high-power 
laser intensity and studying their working media. Currently, 
absorption and interference filters are widely used as protec-
tion tools. Drawbacks of neutral absorption light filters are 
the partial loss of radiation and (in the case of colour light 
filters) disturbance of colour perception. In interference fil-
ters, the effect of attenuation (transmittance) depends on the 
angle of incidence of light, and protection is provided only in 
a narrow range of laser wavelengths. In addition, all these fil-
ters are linear, i.e., they equally attenuate both high- and low-
power laser beams, whereas it is necessary to limit only high-
power laser intensity. For the aforementioned reasons, one 
should search for new ways of limiting high-power laser beam 
intensity that are based on nonlinear interaction of laser radi-
ation with matter [1 – 5].

Thus, optical limiters must have low transmittance for 
high-intensity laser beams and high transmittance for non-
hazardous low-intensity radiation. Various nonlinear physi-
cal processes may occur in working media of limiters: absorp-

tion, refraction and scattering of light; thermal defocusing; 
etc. [2, 4]. The specific microscopic mechanism of radiation 
limiting may be either due to one of possible physical pro-
cesses or to their combination. However, describing proper-
ties of limiters based on these specific microscopic mecha-
nisms of intensity limitation, one cannot provide sufficient 
correspondence between the theoretical and experimental 
results. Several interaction mechanisms, the degree of influ-
ence of which has been studied insufficiently, may act simul-
taneously in real limiters. In addition, the computation of 
some microscopic limiting mechanisms is a complex problem, 
which has not been completely solved to date. The approach 
in which phenomenologically determined characteristics of 
the working medium of a limiter are found based on experi-
mental data using the radiation transfer equation appears to 
be more promising. An advantage of this approach is that it is 
not necessary to know anything about the specific micro-
scopic mechanisms of intensity limitation and their role. 
Moreover, it allows one to predict the properties of a limiter 
with the same working medium but another thickness of the 
working layer, for another spatial profile in the laser beam 
cross section, or for another temporal shape of laser pulse. In 
this study, we used specifically this phenomenological 
approach. In addition, all results were obtained on the 
assumption that the limiter working medium is purely absorb-
ing; in other words, there are no any other physical processes 
that may affect the form of radiation transfer equation.

Many materials that can be used as working media for 
optical limiters have been experimentally investigated. They 
include semiconductors [2 – 4, 6], dyes [1, 3, 7], metals [2 – 4, 8], 
porphyrins [9 – 11], crystals [2, 3] and binary stratified solu-
tions [12]. The advances in nanotechnologies open new ways 
for developing optical limiters [13]. A study of the optical 
limitation by nanoparticles with different sizes revealed that 
the effect of intensity limitation is enhanced with decreasing 
particle size [14]. Good limiting properties were shown by 
fullerenes and their derivatives [2, 3], dispersed media based 
on soot [2], single-wall carbon nanotubes (SWCNTs) and 
multiwall carbon nanotubes (MWCNTs) [4, 15 – 17], and 
hybrid materials based on carbon nanotubes [11, 18 – 23]. 
Another allotropic form of carbon, graphene, has not only 
interesting electronic and mechanical properties [5, 15]. It has 
been established that dispersed media based on graphene 
oxide are efficient limiters of light [5, 24, 25]; this limiting 
property is especially pronounced in dispersed media based 
on functionilised graphene [5, 10, 25 – 28]. In addition, the 
nonlinear characteristics were significantly amplified with a 
decrease in atmospheric pressure (this decrease facilitates for-
mation and growth of microbubbles and/or microplasma) 
[29]. Solid composites based on nanotubes or graphene with 
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organically modified silicon dioxide or polymethylmethacry-
late were also investigated [30 – 32].

On the whole, the properties of a limiter are described by 
its output characteristic, which is a dependence of the laser 
pulse energy transmitted through the limiter on the initial 
pulse energy [33]. The output characteristic describes the effi-
ciency of limiting laser beam intensity.

The output characteristic of a working medium can be 
experimentally determined using the z-scan technique [6], 
where the total energy of a laser pulse transmitted through a 
limiter is measured during the sample motion along the beam 
axis z with respect to the of laser beam waist formed by a lens. 
Generally, z-scan data are used to calculate the nonlinear 
absorption coefficient on the assumption of non-threshold 
dependence of the absorption coefficient on the laser radia-
tion intensity [33].

In this study, we proposed a threshold model of the depen-
dence of the absorption coefficient on the radiation intensity. 
Based on this model and using z-scan data, we obtained non-
linear characteristics for media with SWCNTs and MWCNTs 
in dimethylformamide (DMF), tetrahydrofurane (THF) and 
polymethylmethacrylate (PMMA).

In addition, within the threshold model, we recalculated 
the nonlinear characteristics of previously investigated mate-
rials: ZnSe, porphyrin-graphene (Graphene-TPP), fullerene-
graphene (Graphene C60), polyethylene oxide (PEO) with 
MWCNTs (PEO/MWCNTs) in DMF, polymethine dyes 
PD-792 and PD-7098, and dicyanomethylene-pyran dyes 
DCM-627 and DCM-684 [33]. A threshold effect under limi-
tation of radiation intensity was revealed for some working 
media. The threshold and non-threshold models were com-
pared. It was shown that the threshold model more adequately 
describes experimental data.

2. Theory

Let the intensity of an initial laser pulse be described by the 
expression

( , , ) ( ) ( )I t U A B t0 0r j r= ,	 (1)

where U0 is the total pulse energy; r and j are polar coordi-
nates in the laser beam cross section; A( r) is the radial pulse 
profile in the laser beam cross section; and B(t) is the tempo-
ral pulse shape. The following normalisation conditions are 
fulfilled:
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The transmission of pulsed radiation through a medium 
with nonlinear absorption can be described in terms of the 
radiation transfer equation [34]. The nonlinear interaction of 
laser radiation with matter is generally characterised by 
absorption coefficient, which depends linearly on the laser 
pulse intensity I (Fig. 1a):

m(I ) = a + bI.	 (2)

It is suggested that m(I ) can be expanded in a Taylor 
series, which is valid in the entire range from zero to some 
maximum value Imax, and the first two terms of the expansion 
are retained. Then the nonlinear medium is characterised by 
two parameters: linear absorption coefficient a (in m–1) and 
nonlinear absorption coefficient b (in m W–1). Relation (2) 
will be referred to as the non-threshold model. Note that rela-
tion (2) initially suggests the absence of any interaction 
threshold.

At the same time, it is known that some microscopic 
mechanisms of interaction between laser radiation and a non-
linear medium have a threshold character [2, 35], i.e., they are 
switched on at intensities exceeding some threshold value Ic. 
Therefore, it is expedient to consider a model with an absorp-
tion coefficient of threshold type (Fig. 1b):
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where bc is the nonlinear absorption coefficient in the thresh-
old model. We will refer to relation (3) as the threshold model. 
Thus, the threshold model is characterised by three para
meters: a, bc and Ic. If Ic = 0, then bc = b and the threshold 
model is transformed into the non-threshold one; i.e., the 
non-threshold approximation is a particular case of the 
threshold model.

Within the non-threshold model, the solution to the radia-
tion transfer equation for a pulse transmitted through a layer 
of the limiter working medium of thickness d has the form [34]
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Within the threshold model, the solution  I (th)( r, j, t, d) to the 
radiation transfer equation has a more complex form:
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Figure 1.  Dependence of the absorption coefficient on radiation inten-
sity for the (a) non-threshold and (b) threshold models.
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For a Gaussian laser pulse, the profile A( r) in the laser 
beam cross section and the temporal distribution B(t) are 
Gaussian functions:

( ) expA
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where t is the pulse duration and w is the beam radius. 
The total energy U of a pulse transmitted through a lim-

iter, as a function of the total energy of initial pulse, U0, is an 
output characteristic of a limiter, which characterises its main 
properties with respect to intensity limitation:
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In the non-threshold model for a Gaussian pulse, the total 
energy U (nt) of a pulse transmitted through a limiter is 
described by the expression [33]
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In the threshold model for a Gaussian pulse, the total 
energy of a pulse transmitted through a limiter is described as
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Thus, the proposed threshold model of nonlinear interac-
tion of laser radiation with matter is characterised by expres-
sion (3) for the absorption coefficient and relations (11) – (13), 
which follow from it.

3. Experimental 

As in the case of the non-threshold model, the application of 
the z-scan technique within the threshold model implies a 
measurement of the total energy U (e)(z) of a pulse transmitted 
through a limiter, with a sample being displaced along the z 
axis with respect to the laser beam waist formed by a lens. The 
theoretical U (t)(z) values for the threshold model are deter-
mined from expressions (11) – (13) in the same way as for the 
non-threshold model based on expression (9) [33]. The z-scan 
data are used to find the dependence of normalised transmit-
tance Т (e) on displacement z:
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The linear absorption coefficient is determined beforehand 
for low radiation intensities, at which nonlinear effects are 
negligible.

Then, using the least-squares method, one can find param-
eters bc and Ic for the threshold model by minimising the qua-
dratic functional F of deviations of experimental values T (e)

(z) of normalised transmittance from the theoretical values 
T (t)(z) = [(U (t)(z))/U0]exp(ad ):
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where n is the measurement number and N is the number of 
measurements. The parameter b for the non-threshold model 
is also calculated for comparison.

The knowledge of the parameters of the limiter working 
medium, i.e., the values a and b (non-threshold model), or a, 
bc and Ic (threshold model), allows one to calculate the output 
characteristic for not only the sample subjected to z scanning 
but also for any other thickness of the working medium layer 
in the limiter and other initial-radiation parameters, with 
expression (9) for the non-threshold model and expressions 
(11) – (13) for the threshold model. In addition, one can calcu-
late the theoretical z-scan curve for the obtained parameters 
and establish the degree of its correspondence to experimental 
data.

We performed z-scan experiments using a pulsed 
Nd : YAG laser.The beam waist was formed by a lens with a 
focal length of 10 cm, and the displacement step of the cell 
with the working medium was 0.2 cm. The values of the linear 
absorption coefficient a were determined beforehand in 
experiments with beams having a low input intensity, at which 
nonlinear effects are not observed.

We investigated (Table 1) dispersed SWCNT- and 
MWCNT-containing media with DMF and THF solvents, 
composites consisting of SWCNTs and MWCNTs in PMMA, 
solutions of polymethine dyes PD-792 and PD-7098, and 
solutions of pyran dyes DCM-627 and DCM-684. The fol-
lowing solvents were used for dyes: propylene glycol carbon-
ate (PGC), ethanol and 2-propanol. The concentration and 
thickness of the limiter working medium were chosen so as to 
provide the initial transmittance of no less than 50 %.
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In addition, we used (as in [33]) z-scan data from the pub-
lished studies on the following media: zinc selenide ZnSe [6], 
porphyrin-graphene (Graphene-TPP) and fullerene-graphene 
(Graphene C60) [28], and PEO/MWCNTs in DMF [16]. In all 
cases z scanning was performed using laser radiation with 
wavelength l = 532 nm. At the same time, the initial pulse 
energy, pulse duration and thickness of working-medium 
layer in the limiter differed from experiment to experiment 
(Table 1). A specific feature of z scanning for the working 
media based on graphenes consisted in the use of several dif-
ferent initial pulse energies.

The results are listed in Table 1. Figure 2 shows examples 
of experimental z-scan curves in comparison with theoretical 
curves calculated within both threshold and non-threshold 
models. Figure 3 presents the output characteristics of limit-
ers with the same working media as in Fig. 2.

4. Discussion

Based on the z-scan data for all working media, we calculated 
the values of nonlinear absorption coefficient bc and thresh-
old intensity Ic within the threshold model. For comparison, 
we also calculated the nonlinear absorption coefficient b 
within the non-threshold model (Table 1).

All the media under study can be divided into three 
groups. The media of the first group have a zero threshold 
intensity: Ic = 0. In this case, the data obtained within the 
threshold model coincide with the predictions of the non-

Table  1.  Parameters of limiter working media according to z-scan data.

No.Working medium l/nm U0/mJ t/ns d/cm a/cm–1 w0/mm b/cm GW–1 bc/cm GW–1 Ic/GW cm–2 References

1 MWCNTs in DMF

532

124 7 0.2 1.93 20 52.0 96 0.026

this study 
(experiment)

2 MWCNTs in DMFv 182 1.93 20 51.8 104 0.032

3 MWCNTs in THF 114 2.23 21 98.7 115 0.006

4 MWCNTs in THF 184 2.23 22 93.1 120 0.008

5 MWCNTs in PMMA 124 0.54 0.74 21 2.78 2.78 0

6 SWCNTs in PMMA 120 0.495 0.66 24 2.68 2.68 0

7 SWCNTs in THF 124 0.2 1.78 21 74.4 125 0.022

8 SWCNTs in THF 184 1.78 21 63.9 100 0.02

9 PD-792 in PGC 21 0.35 0.5 0.88 27 5.0 5.5 0.007

10 PD-7098 in PGC 22 0.57 29 6.9 7.2 0.007

11 DCM-627 in PGC 22 0.32 33 0.277 0.275 0.004

12 DCM-684 in PGC 22 0.35 33 0.28 0.28 0

13 PD-7098 in ethanol 22 0.08 29 6.1 6.0 0.005

14 PD-7098 in PGC 22 1.17 30 12.4 14.0 0.008

15 PD-7098 in 2-propanol 22 0.69 27 4.2 4.3 0.007

16 MWCNTs in DMF

1064

122 7 0.2 1.78 24 63.0 190 0.029

17 MWCNTs in DMF 188 1.78 24 70.6 190 0.027

18 MWCNTs in PMMA 122 0.54 0.95 22 0.5 0.5 0

19 SWCNTs in ПММА 122 0.495 1.03 23 1.59 1.9 0.028

20 ZnSe

532

0.1 0.027 0.27 0.27 26 5.9 5.9 0 [6]

21 PEO/MWCNTs in DMF 145 7 1 0.69 32 17 38 0.014 [16]

22

Graphene C60

7 5 0.1 2.87 21 132 145 0.0009

[28]

23 15 20 241 245 0.0004

24 25 21 259 295 0.0007

25 50 20 442 451 0.0002

26

Graphene-TPP

7 21 90 90 0

27 15 21 117 125 0.0006

28 25 20 144 144 0

29 50 20 214 216 0.0001
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Figure 2.  Experimental z-scan data (●) and theoretical curves calculated 
within the ( 1 ) non-threshold and ( 2 ) threshold models for (a) PEO/MWCNTs 
in DMF and (b) MWCNTs in DMF at an initial energy of 124 mJ.
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threshold model (the values of nonlinear absorption coeffi-
cients b and bc are identical). This group contains working 
media based on MWCNTs in PMMA, SWCNTs in PMMA, 
DCM-684 in PGC, ZnSe, and Graphene-TPP (investigated at 
a laser wavelength of 532 nm) and MWCNTs in PMMA 
(studied at a wavelength of 1064 nm). One can assume that 
the threshold effect is absent for the first-group media.

The media of the second group are characterised by a low 
threshold intensity Ic. For these materials, the nonlinear 
absorption coefficients b and bc differ only slightly. This 
group contains working media based on Graphene-C60; 
MWCNTs in THF; and all dyes, except for DCM-684 in 
PGC; they were investigated at a laser wavelength of 532 nm. 
One can state that the threshold effect in the second-group 
media is weakly pronounced (if exists at all).

The advantages of the threshold model are most pro-
nounced in the case of the third-group media, for which the 
threshold intensity Ic differs significantly from zero. The val-
ues of nonlinear absorption coefficients b and bc also differ. 
This group includes working media based on MWCNTs and 
SWCNTs in DMF, SWCNTs in THF, and PEO/MWCNTs 
in DMF, which were investigated at a laser wavelength of 
532 nm, and SWCNTs in PMMA and MWCNTs in DMF 
(studied at a wavelength of 1064 nm). Thus, the existence of 
threshold nonlinear interaction of laser radiation with the 
limiter working medium was experimentally proven for the 
third-group samples.

Using the found parameters of the media under study, one 
can calculate theoretical z-scan curves for the threshold and 
non-threshold models and compare them with experimental 
data. Figure 2 shows experimental z-scan data and theoretical 
curves calculated within the non-threshold and threshold 

models for PEO/MWCNTs in DMF and MWCNTs in DMF 
for a laser pulse with an initial energy of 124 mJ. It can clearly 
be seen that the predictions of the threshold model are in 
much better agreement with the experimental data.

For graphene-based working media, z-scan data were 
obtained at different initial pulse energies [28]. The nonlinear 
absorption coefficient was found to depend on the initial 
pulse energy (Table 1). Apparently, this may be caused by 
insufficient adequacy of the linear model (2) or (3) to the 
physical processes of interaction of high-power laser beam 
with the limiter working medium. In other words, the depen-
dence of the absorption coefficient on the laser radiation 
intensity has a much more complex character or there is some 
physical process (in particular, radiation scattering [28]) dis-
regarded by these models.

Knowing the parameters of the limiter working medium, 
i.e., a and b (for the non-threshold model), or a, bc and Ic (for 
the threshold model), allows one to calculate the output char-
acteristic for any other thicknesses of the limiter working 
medium and other values of initial radiation parameters, 
using expression (9) for the non-threshold model and 
(11) – (13) for the threshold model. The thus found parame-
ters of the limiter working media (Table 1) were used to calcu-
late the output characteristics of limiters for all media under 
consideration. The calculation was performed on the assump-
tion that the laser beam is always focused on the working 
medium to obtain a maximum intensity and, therefore, to 
maximally attenuate radiation, whereas the input pulse 
energy was varied.

As one would expect, the output characteristics calculated 
within the threshold and non-threshold models coincide for 
the first-group working media.

For the second-group media, characterised by a low thresh-
old intensity Ic, the output characteristics calculated within the 
threshold and non-threshold models differ only slightly.

The output characteristics of the third-group working 
media demonstrate a significant difference between the pre-
dictions of the threshold and non-threshold models. For 
example, Fig. 3 shows the output characteristics calculated 
within the non-threshold and threshold models for PEO/
MWCNTs in DMF and MWCNTs in DMF and a laser pulse 
with an initial energy of 124 mJ. It can be seen that the non-
threshold model underestimates the ability of these working 
media to limit the high-power laser intensity.

5. Conclusions

The threshold model proposed to describe the properties of 
high-power laser beam limiters takes into account the thresh-
old character of nonlinear interaction between the laser radia-
tion and limiter working medium. The generally accepted 
non-threshold model is a particular case of the threshold 
model if the threshold intensity is zero.

The threshold model, as well as the non-threshold one, 
allows one to use z-scan data to find the dependence of the 
absorption coefficient of a material under study on the radia-
tion intensity and calculate the output characteristics of the 
limiter for different values of the working medium thickness 
and laser radiation parameters. 

Based on experimental z-scan data, we determined the 
values of the nonlinear absorption coefficient and threshold 
intensity for the media under study (see table).

A threshold effect of nonlinear interaction of laser radia-
tion with some working media based on SWCNTs and 
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Figure 3.  Output characteristics of limiters calculated within the ( 1 ) 
non-threshold and ( 2 ) threshold models for (a) PEO/MWCNTs in 
DMF and (b) MWCNTs in DMF at an initial energy of 124 mJ.
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MWCNTs was experimentally found. At the same time, the 
absence of this effect was proven for a number of materials. 

It was shown that the predictions of the threshold model 
are much more consistent with experimental z-scan data. 

Examples of output characteristics of laser radiation lim-
iters, describing their nonlinear properties on the whole, were 
presented. It was shown that the non-threshold model may 
significantly underestimate the ability of a given working 
medium to limit the high-power laser radiation intensity.
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