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Abstract.  We report a theoretical study of optical properties of 
AlGaAs/GaAs multiple quantum-well (MQW), slow-light devices 
based on excitonic population oscillations under applied external 
magnetic and electric fields using an analytical model for complex 
dielectric constant of Wannier excitons in fractional dimension. 
The results are shown for quantum wells (QWs) of different width. 
The significant characteristics of the exciton in QWs such as exci-
ton energy and exciton oscillator strength (EOS) can be varied by 
application of external magnetic and electric fields. It is found that 
a higher bandwidth and an appropriate slow-down factor (SDF) can 
be achieved by changing the QW width during the fabrication pro-
cess and by applying magnetic and electric fields during device 
functioning, respectively. It is shown that a SDF of 105 is obtained 
at best. 

Keywords: multiple quantum well; coherent population oscillations; 
magnetic and electric field; fractional dimension.

1. Introduction

The term ‘slow light’ refers to the propagation of an optical 
signal at a very low group velocity. Recently, there has been 
huge interest in the physics and applications of slow light 
[1, 2]. Several techniques to slow down the speed of light have 
been  demonstrated,  including  electromagnetically  induced 
transparency (EIT), coherent population oscillations (CPOs), 
stimulated Brillouin scattering (SBS) and stimulated Raman 
scattering (SRS) [3 – 6]. Using atomic vapours at a low tem-
perature, significant slow-down of light has been achieved by 
EIT [7]. Despite a considerable slow-down factor (SDF), EIT 
relies on a long optical decoherence time. The slow light via 
CPOs only needs a long relaxation time and is easier to imple-
ment as compared to EIT [1, 2, 8]. 

Slow light is achieved in a wide variety of media and struc-
tures. In recent years there has been great interest in the slow-
light effect in semiconductor nanostructures because of thier 
ability to integrate and better compatibility with optical inte-
grated circuits  [9, 10]. Slow light using excitonic population 
oscillations in QWs and quantum dots has been successfully 
demonstrated at low and room temperatures [1, 2, 11].

The significant characteristics of the exciton in a semicon-
ductor  with  a MQW  structure,  including  exciton  oscillator 
strength (EOS), binding energy and exciton energy, have been 
widely investigated. The experimental and theoretical reports 
demonstrate that the properties of the exciton are dependent 
on QW parameters [12 – 14]. Also, the properties of the exci-
ton can be changed by the application of external magnetic 
and electric fields [15 – 20]. Variation in the exciton character-
istics  affects  the  optical  properties  of  slow-light  devices. 
Therefore, the optical properties of slow-light devices can be 
tuned  by  changing  QW  parameters  during  the  fabrication 
process [21, 22]. Accordingly, applying external magnetic and 
electric fields allows optical properties to be tuned  during the 
device functioning [23]. 

2. Theory

2.1. Fully analytical model in non-integer dimension  
for a MQW, slow-light device based on CPOs

The group velocity of a light pulse as it propagates through a 
dispersive material is defined as [24]: 
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where n(w) is the refractive index of the material and c is the 
speed of light in vacuum. A considerable reduction in the speed 
of light can be achieved at very large and positive dn/dw. The 
slow-light phenomenon occurs in the vicinity of material reso-
nances, where  the  slope  of  the  real  part  of  refractive  index 
sharply varies. 

In a two-level system, if the difference frequency between 
the pump and the signal is within the range of the inverse car-
rier  lifetime, coherent population beatings will be generated 
at this frequency. Coherent population beatings can produce 
a  dip  in  the  absorption  spectrum,  and  at  zero  signal-pump 
detuning the group velocity decreases [1]. In a semiconductor 
nanostructure,  this  two-level  system  can  be  a  heavy – hole 
(HH) exciton of QWs. 

Figure  1  shows  the  pump-probe  scheme  of  a  MQW, 
slow-light device based on the CPO effect. According to the 
model developed  in  [25, 26],  the  refractive  index of MQW 
structures in the vicinity of the band gap can be achieved by 
calculating the complex dielectric function of Wannier exci-
tons  in  fractional  dimension.  In  this  model,  the  complex 
dielectric constant  is calculated by solving the Schrödinger 
equation  in  a  noninteger  dimension  and  is  defined  as  fol-
lows:
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where G (X) is the Euler function; S is a parameter related to 
the EOS; and R and Eg are the effective Rydberg constant and 
band  gap  energy,  respectively.  The  total  dielectric  constant 
for  the MQW structure,  including HH and  light-hole  (LH) 
contributions, is:

( ) 1 ( ) ( )E E Ebackground HH LHe e e e= + + + .  (5)

For modelling  an MQW,  slow-light device, we  consider 
only the HH contribution while neglecting the LH contribu-
tion. Also for slow-light purpose, the sign of dielectric func-
tion of  the HH contribution  is  changed. This  is  due  to  the 
pump – signal  configuration  and  absorption  cancellation  in 
the  slow-light,  CPO-based  mechanism  [21].  The  refractive 
index ns, absorption As and SDF Rs are defined, respectively, 
as follows:
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Therefore, based on this modified model and using equa-
tions (6), (7) and (8), the absorbance, real part of the refrac-

tive  index  and SDF of  the MQW,  slow-light  device  can be 
calculated, as shown in Fig. 2. 

The  results  provide  good  agreement  with  both  the 
experiment and the theoretical model presented in [1]. The 
maximum  value  of  the  SDF  is  reached  at  an  energy  of 
1.5358 eV, which corresponds to the photon energy of the 
pump  and  hence  the  excitonic  energy.  The  values  of  the 
parameters  which  are  used  for  these  calculations  can  be 
found in [21, 25, 26].

2.2. Effects of QW width variations 

Dependence of EOS on QW width.  In MQW structures,  the 
area  under  absorption  peaks  for  heavy-hole  excitons,  is 
directly  proportional  to  f /Lw, where  f  is  the EOS quantity, 
and Lw is the QW width. In addition, for narrow wells, this 
area is inversely proportional to L2

w. As a result, f  is inversely 
proportional  to Lw  [12,  13,  21].  Figure  3  shows  the  depen-
dence of EOS on QW width for the AlGaAs/GaAs MQW. It 
is clear that as the QW width becomes narrower, the value of 
EOS becomes larger. The parameters which are used for cal-
culations are the same as in Refs [12, 13, 21].

Dependence of fractional dimension on QW width.  To 
describe  optical  properties  of  semiconductors,  which  could 
not  be  analysed  using  well-known  methods  in  pure  two-
dimensional  (2D)  and  three-dimensional  (3D)  spaces,  the 

15-layer, MQW, GaAs/AlGaAs 
structure with a well 
width of 13.5 nm and 
a barrier width of 15 nm

Signal           Pump 

Figure 1. Schematic  diagram  of  an  Al0.3Ga0.7As/GaAs  MQW,  slow-
light device based on CPOs and described in [1].
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Figure 2. (a) Absorbance,  (b) real part of  the refractive  index and (c) 
SDF appearing due to excitonic population oscillations as functions of 
energy. 
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concept of the fractional dimensional space is introduced. In 
this approach, the anisotropic problem in a 3D space becomes 
isotropic  in a  lower fractional-dimensional space, where the 
value of dimension is determined by the degree of anisotropy. 
In QW structures, depending on the ratio of the QW width to 
the exciton Bohr radius, the value of the fractional dimension 
can  vary  between  2  and  3.  Also,  fractional  dimension  is 
related to the spatial extension kb

–1 of the exciton in the barri-
ers [25 – 27]. 

The fractional dimension of a finite QW is given by [14]:

3 expd
k

L
a

2
2
1

b
w

0
= - - +

*c m; E,  (9)

where  a0*   is  the mean  value  of  the  three-dimensional  Bohr 
radius.

Figure 4 shows the dependence of fractional dimension on 
QW  width  for  a  GaAs/AlGaAs  MQW.  The  values  of  the 
parameters can be found in [14]. 

2.3. Effects of an applied magnetic field  
on an AlGaAs/GaAs MQW

Diamagnetic shift of exciton energy levels. Consider a MQW 
device  situated  in  a magnetic  field, which  is  parallel  to  the 
growth axis of excitons. The applied magnetic field leads to 
an enhancement of the exciton energy levels. The value of dia-
magnetic shift El for the 1s-level exciton can be obtained as 
follows [15]:
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where m is the reduced mass of excitons; B is the magnetic field; 
and x, y, ze and zh  are the components of the coordinate vectors.

Figure  5  shows  a  diamagnetic  shift  of  the  ground  state 
energy of the exciton in an AlGaAs/GaAs MQW as a func-
tion of the magnetic field calculated for Lw = 13.5 nm.

Enhancement of the EOS. The oscillator  strength of  the 
exciton can be  increased by application of a magnetic  field. 
An  applied  magnetic  field  draws  the  electron  and  hole 
together and modifies the in-plane motion of them and thus 
increases the EOS [19, 20, 15]. The exciton wave function can 
be defined as:

Y (ze, zh, r) = fe(ze) fh(zh)Y (r),  (12)

where  fe(ze)  and   fh(zh)  are  the  confined  electron  and  hole 
states in the well and Y (r) is the in-plane exciton wave func-
tion.  As  the magnetic  field  applies  to  the MQW  structure, 
Y (r) can be calculated by solving the appropriate Hamiltonian 
for the exciton motion under an applied magnetic field. The 
oscillator  strength of  the  exciton under  an  applied  field  is 
[19, 20]:

f µ |Y (0)|2 )dz( ) (f z f ze e h h

2y .  (13)

The dependence of the EOS on the magnetic field is due to the 
effect  of  the  diamagnetic  term  on  Y    [20].  Therefore,  an 
applied magnetic field leads to an enhancement of the EOS. 
Figure 6 demonstrates variations in the EOS due to an applied 
magnetic field for an AlGaAs/GaAs MQW. 
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Figure 3. Dependence of the EOS on the QW width for an Al0.3Ga0.7As/
GaAs MQW.

5 10 15 20 25 30 35 40

QW width/nm

2.3

2.4

2.5

2.6

2.7

2.8

2.9

F
ra

ct
io

n
al

 d
im

en
si

o
n

Figure 4. Dependence of the fractional dimension on the QW width for 
an Al0.3Ga0.7As/GaAs MQW.
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Figure 5. Dependence of the diamagnetic shift of exciton energy levels 
in an AlGaAs/GaAs MQW on the applied magnetic field.
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netic field applied to an AlGaAs/GaAs MQW. 
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2.4. Effects of an applied electric field  
on an AlGaAs/GaAs MQW

Stark shift in exciton absorption. An  electric  field, which  is 
applied to a MQW perpendicularly, pulls electrons and holes 
in opposite  sides. This phenomenon  leads  to a  reduction  in 
energy of an electron – hole pair and a Stark shift in the exci-
ton absorption [16 – 18].

Figure 7 illustrates the exciton peak shift due to an applied 
electric field for Lw = 13.5 nm. The parameters which are used 
for calculation are the same as in Refs [16 – 18]. 

EOS reduction. The oscillator strength of the exciton can 
be decreased by applying an electric field. According to equa-
tion  (13),  the  oscillator  strength  of  the  exciton  under  an 
applied electric field is proportional to a simple overlap inte-
gral  between  the  conduction  band  and HH wave  functions 
[17 – 20]. Figure 8 demonstrates the variation in the EOS due 
to  application  of  an  electric  field  for  a MQW  structure 
[17, 18]. 

3. Results and discussion 

3.1. Prefabrication tuning of a slow-light device by altering 
the QW width 

Based on the theory presented in Section 2.2, QW width alter-
ations have two effects on MQW properties. Changing QW 
width affects the value of the EOS and the value of the frac-
tional  dimension.  Therefore,  the  optical  properties  of  the 
slow-light device, such as SDF and central frequency, can be 
changed by altering the QW width.

Figures 9 and 10 show the real part of the refractive index 
and slow-down factor of a slow-light device at different val-
ues of QW widths. One can see that the central energy of the 
slow-light device decreases with decreasing QW width. Also, 
the slope of the real part of the refractive index is higher for 
narrower QW widths. The variation in the central energy is 
due to changes in the fractional dimension, and the slope of 
the real part of the refractive index alters because of variation 
in the EOS. Therefore, the optical properties of the slow-light 
device can be tuned by altering the QW width during the fab-
rication process.

3.2. Tuning of slow-light device characteristics by applying  
a magnetic field

Figures 11 and 12 demonstrate the real part of the refractive index 
and slow-down factor for the slow-light device under an applied 
magnetic field. One can see that the presence of the magnetic field 
leads to an increase in the exciton energy and therefore to the oscil-
lator strength of the exciton. In addition, the slope of the real part 
of the refractive index increases with increasing EOS.

Figure 13 shows the variations in the maximum value of 
the  SDF  as  functions  of  QW  width  and  applied  magnetic 
field. One can see that the effect of the applied magnetic field 
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on the maximum value of the SDF is weak for narrow wells. 
Also, the effective length of the QWs is constant. 

3.3. Tuning of slow-light device characteristics by applying 
an electric field 

Figure 14  shows  the  real part of  the  refractive  index of  the 
slow-light device at different applied electric fields. One can 
see  that  when  the  electric  field  is  applied  to  the  slow-light 
device, the exciton energy decrease and causes a down-shift in 
the central energy of the device. In addition, the slope of the 

real  part  of  the  refractive  index  decreases  with  decreasing 
EOS.

Figure 15  illustrates  the real part of  the refractive  index 
and the slow down factor of the slow-light device as functions 
of energy and applied electric field. 

Figure 16 demonstrates the dependence of the maximum 
value of the SDF on the QW width and applied electric field. 
One  can  see  that  for  narrow wells  the  effect  of  the  applied 
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electric field on the EOS is weak, because for narrow wells the 
right-hand side of Eqn (13) becomes very small.

3.4. Post-fabrication tuning by applying magnetic  
and electric fields simultaneously 

An applied magnetic field affects the diamagnetic shift of the 
exciton energy  levels and the oscillator strength of  the exci-
ton.  Application  of  an  electric  field  decreases  the  exciton 
energy and hence the EOS value. Figure 17 shows the varia-
tion  in  the  central  energy  shift  and maximum  value  of  the 
SDF  for  the  slow-light  device  by  applying  simultaneously 
magnetic and electric fields. One can see that an appropriate 
SDF  and  central  energy  can  be  achieved  by  applying 
magnetic  and  electric  fields  to  the  slow-light  device  after 
fabrication. 

4. Conclusions 

In  this  work,  we  have  investigated AlGaAs/GaAs multiple 
quantum-well, slow-light devices based on excitonic popula-
tion oscillations under applied external magnetic and electric 
fields, using a fully analytical model in fractional dimension. 
The results demonstrate that both magnetic and electric fields 
cause alterations in the slow-down factor and central energy 
of the slow-light device. An applied magnetic field causes an 
up-shift in the central energy and leads to an enhancement of 
the SDF, whereas an applied electric field decreases the value 
of the SDF and causes a down-shift in the central energy. The 
slow down factor can be maximised by reducing QWs width 
under high magnetic fields and can be minimised by increas-
ing QWs width under strong electric fields. These results can 
be used for tuning optical properties of slow-light devices and 
can be applicable for all-optical switches, optical modulators 
and variable optical delays. 
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Figure 17. Dependences of (a) the central energy shift and (b) the maxi-
mum value of the SDF on the simultaneous application of the magnetic 
and electric fields.


