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Abstract.  Laser cooling of ions of electron – ion plasma is studied 
under the action of spontaneous radiation pressure forces. It is 
shown that the use of a constant detuning of the laser frequency 
from the quantum transition frequency w0 in ions significantly lim-
its the conditions under which the ions are cooled. To extend the 
range of initial temperatures of possible cooling of ions and to 
increase the cooling efficiency we suggest scanning the laser fre-
quency detuning so that the cooling rate remained maximal in the 
process of changing the temperature of ions. In the case of an opti-
mal detuning, we have found an asymptotic expression for the cool-
ing rate and identified intervals of electron concentrations and tem-
peratures, where cooling of ions is possible.

Keywords: laser cooling, nonideal electron – ion plasma, frequency 
scanning.

1. Introduction

Generation of plasma in a highly nonideal state and study of 
its properties have for a long time attracted the attention of 
many researchers [1, 2]. A promising object of research may 
be ultracold electron – ion plasma with a particle temperature 
T £ 100 K and concentration n £ 1010 cm–3. The possibility 
of generating such a plasma was first demonstrated in experi-
mental work [3 – 5]. Earlier Gavrilyuk et al. [6, 7] proposed the 
use of laser cooling of ions under the action of the spontane-
ous radiation pressure forces to produce strongly nonideal 
plasma. They also showed that in the quasi-stationary plasma 
it is possible to achieve conditions of Wigner crystallisation of 
the ionic subsystem. Kilian et al. [3 – 5] stimulated a next series 
of investigations [8 – 16] of the properties of ultracold plasma 
produced using a near threshold photoionisation of ‘cold’ (T 
» 10–5 – 10–4 K) atoms. In particular, these studies have shown 
that the fast relaxation of electrons and ions to an equilibrium 
energy distribution and the subsequent three-body recombi-
nation do not make it possible to reach a high degree of noni-
deality that is necessary to trigger crystallisation of an elec-

tronic or ionic subsystem. To solve this problem, Pohl et al. 
[14, 15] also considered the possibility of applying the meth-
ods of laser cooling of ions under the action of spontaneous 
radiation pressure forces. At the same time, as in [6, 7], so in 
[14, 15] the authors used a simplified (linear approximation) 
expression for the force, which is valid only in the case of slow 
ions:

ká |uix| ñ <<  g/ 2,   k = w /c, 

where k is the wave number of laser radiation; uix is the pro-
jection of the ion velocity on the х axis; g is the rate of spon-
taneous decay of the excited state of the ion; w is the frequency 
of laser radiation; and c is the velocity of light. Already at 
temperatures of ions Ti ³ 0.01 K, the use of the simplified 
expression leads to significant errors in the description of the 
dynamics of ion cooling [17]. Therefore, to study the process 
of plasma cooling at very low temperatures of ions, it is 
needed to use a more general, velocity nonlinear, expression 
for the spontaneous radiation pressure force. Moreover, the 
implementation of cooling of ions in a wide range of initial 
temperatures at a constant detuning of the laser frequency is 
not possible, because in this case, cooling occurs only in a lim-
ited range of ion velocities. 

We can expect that effective cooling (until a nonideal 
state) of initially not very cold plasma ions is possible by scan-
ning the laser frequency during a change in their temperature. 
This paper examines this possibility based on a model that 
takes into account the process of laser cooling of ions and the 
basic mechanisms of their heating. 

2. Model of cooling of ions 

In a weak ( |V0| <<     g ) standing light wave with frequency w 
and wave vector along the х axis, the force of the spontaneous 
radiation pressure [18], acting on the ion along the х axis, is: 
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where ћ is Planck’s constant; |V0| is the Rabi frequency of the 
standing wave; w0 is the quantum transition frequency; and 
D = w – w0 is the frequency detuning (D < 0, |D| <<     w0). 
Accordingly, the loss of the kinetic energy of ions per unit 
time due to laser cooling is described by 
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where f (uix, Ti) is the function of the ion velocity distribution, 
which is assumed close to the Maxwellian (see the Appendix); 
Ti is the temperature of the ions determined by their average 
kinetic energy ei = 3kBTi /2; and kB is the Boltzmann constant. 
In addition to cooling, the laser field is characterised by a 
fluctuation heating of ions due to the random nature of the 
spontaneous decay of the excited state and the absorption of 
laser radiation, which is described by the expression [18] 
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where М is the mass of the ion. Fluctuation heating plays a 
significant role at super-low temperatures of the ions 
(Ti £ 10–3 К). 

One of the main causes of the heating of the cooled plasma 
ions is the energy exchange with electrons in elastic collisions: 

( ),Q M
m2

ei ei e ie en= - 	 (4)

where m is the mass of the electron; nei is the rate of elastic 
electron – ion collisions; and ee is the average kinetic energy of 
the electrons.

Another reason for the heating of ions can be correlation 
heating (or disorder-induced heating) [8], which manifests 
itself in the initial random distribution of ions formed as a 
result of fast photoionisation of cooled atoms (Ti » 10 mK) 
[3,  4]. The relaxation of the ionic subsystem to a state with a 
lower potential energy of the Coulomb interparticle interac-
tion leads to an increase in the kinetic energy of the ions, i.e. 
in their heating. To estimate this effect, we use the simplest 
expression [19]: 
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a t a n0 9 3

4 1cor

2
3d p= = 	 (5)

where е is the elementary charge and а is the radius of the 
Wigner – Zeits cell. The introduction of the Dirac delta func-
tion d(t) means that the characteristic times of photoionisa-
tion of atoms and correlation heating are significantly less 
than the time of ion cooling. 

Taking all the above processes into account, we can write 
the equation for the ion temperature: 
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Obviously, the cooling of the system will be observed given 
that |Wlas| > Wei.

3. Effect of correlation heating on laser cooling 
of ions 

Immediately following the rapid formation of ultracold 
plasma as a result of its photoionisation [3 – 5], the major role 
in heating of the ions will be played by correlation heating, 

which in our approximation (5) is considered as a momentary 
jump in their temperature. Figure 1 shows the dependence of 
the rate of laser cooling |Wlas| on the temperature of Be ions. 
One can see that this dependence has a maximum associated 
with a nonlinear dependence of the coefficient c on the ion 
velocity uix. The horizontal lines in Fig. 1 demonstrate the 
dependence of the rate Wei of heating of ions by the electrons 
at their different concentrations. Arc arrows show schemati-
cally the jump of the ion temperature to a value Tcor, resulting 
from correlation heating [Tcor values for different concentra-
tions are given by curve ( 4 )].

In the region lying between the points of intersection of 
the dependences |Wlas| and Wei (e.g., points A and B), the rate 
of laser cooling of ions exceeds the rate of their heating by 
electrons. If the correlation heating temperature of the ions 
falls into this area, they will be cooled to a temperature cor-
responding to point A of intersection of the above-mentioned 
dependences. One can see that in the case of the straight line 
( 1 ), correlation heating does not allow the subsequent cool-
ing of the ionic subsystem. The critical concentration below 
which cooling can be achieved with the given parameters of 
laser radiation (|D| = 0.5 g, |V0| = 0.25 g), is n0 = 1.98 ́  106 cm–3. 
At lower concentrations, despite the initial correlation heat-
ing, the plasma will be cooled. Note that for heavy ions (Sr+, 
etc.) their temperature, reached by correlation heating, will 
not fall into the area where the heating of electrons prevails. 
In this case, curve ( 4 ) intersects curve |Wlas(Ti)| so that at Ti ³ 
Tcor the cooling rate continues to increase. An increase in the 
detuning |D| also leads to the same result for all types of ions 
(including Be+). However, the minimum temperature (point 
A in Fig. 1 is shifted to the right), reached during cooling, also 
increases. Thus, as noted above, the constant detuning of the 
laser frequency does not always make it possible to effectively 
cool the ionic subsystem, until it reaches a highly nonideal 
state. Especially it concerns the case when the ionic subsystem 
is initially not very cold (Ti0 ³ 1 – 10 K). In our opinion, effec-
tive cooling in this case is possible by scanning the laser fre-
quency during changes in the temperature of the ions. Thus, 
the detuning changes so that at a given temperature, the rate 
of laser cooling |Wlas| is maximal. 
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Figure 1.  Dependences of the rates of laser cooling of ions |Wlas| (solid 
curves), their heating by electrons Wei (Te = 100 K) ( 1 – 3 ) and correla-
tion heating ( 4 ) on the temperature of the ions at the plasma concentra-
tions of ( 1 ) 2.25 ́  106, ( 2 ) 1.98 ́  106 and ( 3 ) 1.70 ́  106 cm–3.
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4. Determination of the optimal detuning 

For convenience, we will use below the dimensionless Rabi 
frequency a, detuning b and velocity u:

u
u
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D

= = 	 (7)

The optimum value of βopt(Ti) is found from the condition of 
maximising the rate of laser cooling of ions at a given tem-
perature: 

Wlas ( βopt,Ti ) ® max.

Figure 2 shows the calculated values of βopt for Be and Sr, 
as well as the curves approximating these values by the for-
mulas 

. .T5 35 0 25opt i
1 2b = +    for Be,

.T 0 25opt i
1 2b = +    for Sr.	 (8)

One can see a good agreement of approximating dependences 
with the numerical results at both low (see the inset) and high 
temperatures. 

Figure 3 presents the rate of cooling of Sr and Be ions at 
optimal and constant ( β = 0.5) detunings. One can see that 
even at low temperatures (about 0.04 K for Be and 0.8 K for 
Sr) there is a significant difference in the cooling rates. The 
dashed lines in Fig. 3 indicate asymptotic values |Wlas| = 
|Wlas | max, which are found below. 

In addition to the numerical calculation of the optimal 
detuning βopt, of interest is the fact how it is defined and 
affects the rate of cooling of the ions, as well as changes the 
cooling rate with increasing temperature. To do this, we will 
analyse the process of laser cooling. 

When using notations (7), the expressions for the friction 
coefficient c take the form: 

u
u u

( ) , . . .
g g
k

g 0 5 0 252 2 2 2

2 2
2 2'

c
b b

a b
a=

- + + +
= +

^ ^h h6 6@ @K K N 	 (9)

Instead of the distribution function f (uix,Ti), we introduce the 
function 
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whose qualitative form is similar to the Maxwellian distribu-
tion function in the absolute velocity of the ions. At signifi-
cant temperatures Ti (when áu2ñ >>  g2K ), the function  c(u) in the 
vicinity of its maximum value, which is achieved at um = b, 
can be written as 

c(u) » 
u
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g
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Figure 2.  Dependences of the optimal detuning βopt(Ti ) on the tempera-
ture of the ions for ( 1 ) Be and ( 2 ) Sr. Points show numerical calcula-
tions, and solid curves are their approximation. 
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Figure 3.  Cooling rates |Wlas| of (a) Be and (b) Sr ions at ( 1 ) an opti-
mum detuning and ( 2 ) a constant detuning β = 0.5 at a = 0.25. The in-
sets show the same dependences at low temperatures.
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The characteristic width DuL of this function (FWHM) 
can be defined as follows: 

b u Du Du/ , .g g2 2m L L- + = =^ h K K 	 (12)

For comparison, we also define the characteristic width DuF 
of the function F(u,Ti):

DuF » u ,k
M
k T2

F
B i

g= 	 (13)

where uF is the velocity at which the maximum F(u,Ti) is reached. 
The found widths determine the characteristic regions of 

changes in these functions. For typical parameters a £ 0.3, 
g » 108 s–1 and k » 105 cm–1, we obtain DuL » 0.5 and DuF » 

/T A13 i i , where Ai is the atomic mass of the element. 
Accordingly, their ratio must satisfy the condition 
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From (14) it is clear that even for heavy ions (Ai ~ 100) 
already at Ti  ³ 1 K this ratio is much greater than unity. In 
this case, there is a reason to believe that in the neighbour-
hood of um – DuL £ u £ um + DuL, the function F(u,Ti) varies 
little; then, for Qlas instead of (2) we can write the expression 
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Through the integration, we find 

Qlas » u( , ) .arctanF T
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For β >>  gK  we finally obtain 
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Differentiating this expression with respect to β, we find  
βopt(Ti), at which the cooling rate is maximal: 
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M
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The asymptotic values of βopt for Be and Sr will be equal to 
. T5 3 i

1 2  and . T1 0 i
1 2 , respectively. They are in good agreement 

with approximating dependences (8) at Ti ³ 1 K.
Thus, by varying the detuning β according to (18) as a 

function of the ion temperature, we can ensure a maximum 
cooling rate, which is determined by the expression 
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It is noteworthy that it is not dependent on the ion tempera-
ture Ti. The corresponding values of |Wlas | max are shown by 
dashed lines in Fig. 3. 

On the basis of expression (19) from equation (6) for the 
temperature of the ions we can estimate the maximum plasma 
concentration n0m at various temperatures of the electrons at 
which laser cooling of ions is still possible. In this case, fluc-
tuation and correlation heating can be neglected. Comparing 

the heating of ions by electrons with a subsequent cooling of 
ions, described by expression (19), we obtain the cooling condition 
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which allows one to assess the feasibility of cooling the ions in 
specific circumstances by using a specified plasma concentra-
tion, electron temperature and frequency a. For example, for 
ions Be+ at n = 107 cm–3, Te = 100 K and a = 0.25, we obtain 
36.7(Te – Ti) and 3.07 ́  103 in the left- and right-hand side of 
this inequality, respectively. Then, for condition (20) to be 
fulfilled, the temperature of ions should exceed 16.6 K: only 
in this case they will be cooled under predetermined condi-
tions. 

Using expressions (19) in the equation for the temperature 
of the ions (6) greatly simplifies the description of the cooling 
dynamics. In this case (at Ti > 1 K), the temperature decreases 
linearly with time, making it easy to estimate the required 
cooling time. Figure 4 shows the time dependence of the tem-
perature found numerically using expressions (2) and (8), as 
well as analytical solutions of the equations for the tempera-
ture of the ions (6) in which Qlas is determined by its asymp-
totic expression (19). It is seen that a change in temperature in 
the region Ti > 1 K at an optimum detuning is linear, and the 
asymptotic expression for Qlas allows one to accurately 
describe this change. 
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Figure 4.  Dynamics of cooling of (a) Be and (b) Sr ions at Te = 500 K, 
n0 = 5 ́  106 3cm–3. The dashed lines show the calculation using the exact 
expression (2), and solid lines – using the asymptotic expression (19) for 
the cooling rate of the ions.
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Note that the linear dependence of the ion temperature on 
time at Ti > 1 K allows one to easily pass from βopt(Ti) to βopt(t), 
which facilitates the implementation of the scanning of the 
frequency detuning in this temperature range. 

As follows from the above, the optimal scanning of the 
laser frequency detuning can significantly extend the temper-
ature range of possible cooling of plasma ions. Also of inter-
est is to determine both the temperature range and the con-
centration range in which cooling of the plasma ions is theo-
retically possible. To address this issue, we use the solution to 
equation (6) at βopt specified by expressions (8). 

Figure 5 shows the areas (not shaded) where cooling of 
the ions is possible. They are determined by the electron tem-
perature and plasma density. It is assumed that the electron 
temperature is considerably higher than the initial tempera-
ture of the ions. In these areas, presented are numbered con-
tour lines corresponding to different values of the nonideality 
parameter Gi = e2/(akBTi) of the ionic subsystem. At the bot-
tom of the shaded areas, the electrons are not weakly noni-
deal and therefore the approximation of the pair electron – ion 
interaction used in this work is not correct. 

Using Fig. 5 we can determine the cooling feasibility and 
the nonideality parameter Gi, which can be achieved under 
these conditions, at a given concentration and temperature of 
the electrons. 

5. Conclusions 

We have shown that effective laser cooling (under the action 
of spontaneous radiation pressure forces) of plasma ions in a 
wide range of their initial temperatures is possible in the case 
of scanning of the laser frequency. For Be and Sr ions, we 
have obtained expressions for optimal frequency detunings, 
which provide a maximum cooling rate of the ions at their 
different temperatures. In the general case, we have also 
obtained asymptotic expressions for the optimal detunings 
and cooling rates. As it turns out, in an optimal case, the cool-
ing rate does not depend on the temperature of the ions. 
Based on the solution of the equation for the temperature of 
Be and Sr ions we have determined the regions (in the coordi-
nates Te and n0) of possible cooling (using optimal detunings) 
up to a highly nonideal state, which is particularly important 
for the preliminary estimates in experiments. 
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Appendix. Relaxation  
of the distribution function (DF) 

The action of the spontaneous radiation pressure force dis-
torts the distribution function of the ions. At the same time, 
the ion – ion interaction (collisions) interferes with this pro-
cess and determines the relaxation of the distribution function 
to the equilibrium (Maxwellian) one. If the relaxation rate of 
the distribution function is much higher than the rate of its 
deformation due to cooling, the distribution function will be 
slightly different from the equilibrium one. Let us compare 
the rates of these two processes. 

The maximum change in the momentum of the ion during 
its cooling can be estimated by the formula 

dp res
las  » ћgkdt,

where pres is the momentum of the ion (‘resonant’ to radia-
tion) in the region of the maximum action of the spontaneous 
radiation pressure force. 

A change in the momentum of the ion as a result of the 
interaction (collision) with other ions can be estimated by the 
formula 

dp res
ii  » presWiidt,

where Wii = min(wi,nii) is the relaxation rate of the distribution 
function, which in the case of highly nonideal ions is propor-
tional to the ion plasma frequency wi, and in the case of weakly 
nonideal ions – to the frequency of ion – ion collisions nii. 

We also use here the momentum of the particle in the 
region of a maximum force of the laser friction: 

kM
pres

g  » |D|,   pres » 
| |
.k

Mg D

For the distribution function relaxation to occur in the pro-
cess of cooling, the condition 
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presWii >>   ћgk

should be fulfilled, where 

k
M

ii
b

W  >>   ,k'
g    β >>   M

k
ii

2'
gW .

At characteristic parameters k » 105  cm–1, g » 108  s and 
M ~ (10 – 100) ́  10–24 g, we obtain 

β >>   (10–2 – 10–3)/Wii.

This condition may be violated (even at low concentra-
tions, n £ 106  cm–3) for reasonable values of the relative 
detuning (  β > 0.1) only at high temperatures of the ions (Ti > 
103 K). Thus, we can assume that in the process of laser cool-
ing of ions, their distribution function remains equilibrium. 
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