
Quantum Electronics  46 (1)  61 – 67  (2016)  © 2016  Kvantovaya Elektronika and Turpion Ltd

Abstract.  A theoretical model of coherent beam combining (CBC) 
based on a self-imaging waveguide (SIW) is built and the effects of 
mismatched errors on SIW-based CBC are simulated and analysed 
numerically. With the combination of the theoretical model and the 
finite difference beam propagation method, two main categories of 
errors, assembly and nonassembly errors, are numerically studied 
to investigate their effect on the beam quality by using the M2 
factor. The optimisation of the SIW and error control principle of 
the system is briefly discussed. The generalised methodology offers 
a good reference for investigating waveguide-based high-power 
coherent combining of fibre lasers in a comprehensive way.
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1. Introduction

Since the first demonstration of self-imaging in a waveguide 
[1], a multimode waveguide based on self-imaging effects has 
become  an  important  device  to  split  and  combine multiple 
optical  beams  [2],  which  is  an  important  function  in  inte-
grated optics. Due to excellent properties (compact size, low 
loss, stable splitting ratio) and ease of fabrication (good fab-
rication  tolerances),  multimode  interference  couplers  based 
on a self-imaging waveguide (SIW) have been fabricated and 
incorporated  into  more  complex  photonic  integrated  cir-
cuits  for optical communication,  i.e.,  lasers/amplifiers  [3, 4], 
polarisation-insensitive Mach – Zehnder interferometers (MZI) 
switches [5 – 6], polarisation diversity receivers [7] and optical 
hybrids for phase diversity networks [8, 9]. Recently, Christensen 
et  al.  [10]  have developed  for  the  first  time SIWs  to  realise 
coherent beam combining (CBC) and Uberna et al. [11] have 
experimentally realised CBC of SIW-based fibre lasers under 
medium power levels. CBC based on a SIW can provide much 
better combining efficiencies and eliminate side  lobes  in  the 
far  field  [11].  These  SIW-based  CBC  properties  make  this 
approach  more  promising  as  compared  with  the  previous 
free-space phased array architectures, which is the prevalent 
architecture for CBC [12 – 19]. We have derived the analytical 
expression for self-imaging properties of SIWs and have simu-
lated  the  properties  by  finite  difference  beam  propagation 
method (FDBPM), which shows that SIW-based CBC allows 
one to obtain a combined laser beam without side lobes and 

with near-diffraction-limited beam quality [20, 21]. Due to the 
aforementioned  advantage,  SIW-based  CBC  is  one  of  the 
promising approaches to scale fibre lasers to a higher power 
with an excellent beam quality.

The compact structure is one of the advantages of a wave-
guide device, which results in a high degree of assemblage and 
operation accuracy of CBC systems based on SIWs. However, 
the  aforementioned  merit  also  leads  to  the  fact  that  SIW-
based CBC inevitably experiences many kinds of mismatched 
errors that are unique from those of free-space phased array 
architectures [13]. The beam quality of a coherently combined 
beam degrades due  to  these errors. We classify  these errors 
into  two  main  categories.  The  first  one  is  assembly  errors 
which are introduced by implementation of SIW-based CBC, 
including the array offset error (the axis of the SIW and fibre 
laser  array  are  parallel  to  each  other  but  are  not  aligned), 
array pointing error  (the axis of  the SIW cannot be exactly 
parallel to that of the fibre laser array), beam position error 
(the  incident  positions  at  the  SIW  are  not  always  exactly 
matched with  the  self-imaging position) and beam pointing 
error (the axis of the fibre laser in the array cannot be exactly 
parallel). The other category is nonassembly errors which are 
introduced by the fibre laser. Phase errors (phase differences 
between beamlets due to the performance of the phase con-
trolling  system),  power  fluctuation  (the  fluctuation  of  the 
output power of the fibre laser) and beam size error (the beam 
size of the fibre laser cannot be exact the same) fall into this 
category.  The  effects  of  mismatched  errors  on  coherently 
combined fibre laser beams based on free-space phased arrays 
have been studied in Refs [13, 22 – 24]. In our previous study, 
the self-imaging properties of SIWs have been derived analyti-
cally and the feasibility of SIW-based CBC has been studied 
numerically. The principle for the waveguide optimisation has 
been briefly discussed and some handy design rules have been 
obtained [20, 21]. However, to the best of our knowledge, the 
effects  of mismatched  errors  on  SIW-based  CBC  have  not 
been investigated in detail.

In  the present paper, we have  studied analytically SIW-
based CBC of fibre lasers by using the mode-decomposition 
theory and have employed the FDBPM to verify numerically 
the  analytical  derivation.  Based  on  the  combination  of  the 
analytical results and FDBPM, we have analysed the effects 
of the assembly and nonassembly errors on the beam quality 
of a coherently combined fibre  laser beam numerically with 
some instructive discussion. 

2. Theoretical model

The system configuration of SIW-based CBC has been pre-
sented in our earlier work [20, 21] and, therefore, we do not 
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describe it here to save place. The theory has been developed 
for  a  two-dimensional  case. However,  the  presented  results 
are  also  relevant  for  square  and  rectangular  self-imaging 
produced by waveguides having square or rectangular cross 
sections [25, 26]. If we denote the input field of a single beam 
by  f (x),  then  the  total  input  field  distribution  of  a  phase-
locked laser array can be written as

f( ) ( ) ( ) ,exp jf x C
C

x x1
in q q

q

N

0

1

j= - -
=

-

= G/   (1)

where

N( ) ,exp expj j jC L W
xM q

q
q

N

0
0

1

pb j= - - -
=

-

` j/   (2a)

(2 1 ) ,x q N N
M W

2q = + -   (2b)

( 1) .q N q N
M

q pj = - -   (2c)

Here, xq  is  the beam position  at  the  input; jq  is  the piston 
phase, which is necessary to realise coherent combining and 
introduced by a control mechanism, i.e. a phase modulator; 
N  is  the number of  fibre  lasers; M  together with N  define 
possible waveguide lengths LN

M, which is due to the presence 
of several positions in the waveguide where self-imaging can 
be  achieved  (in  addition, M  and N  are  any positive  integers 
without a  common divisor);  and W  is  the active waveguide 
diameter  (Fig. 1) equal  to  the physical  thickness W0, which 
is  slightly  corrected  at  both  sides  by  the  Goos – Hahnchen 
penetration depth  in  the  cladding having  a  refractive  index 
ncl < n [25 – 27]. 

For a fibre laser, 

/ ( / ) ,expf P w x w1 /1 4
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where P  is  the  power  of  the  fibre  laser  and w  is  the  beam 
radius.

The  strongly  guided  eigenmodes  for  the  SIW  have  the 
form [26]

( ) ( ) ,sinE x i W
x1i p= +8 B   (4)

where i = 0, 1, 2, ... is the mode number. 

Using a spatial Fourier decomposition, the field distribu-
tion  f (x)  can  be  written  as  a  superposition  of  the  infinite 
number  of  strongly  guided  even  eigenmodes Ei(x) with  the 
coefficients ai :
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Equations (5) were obtained by using the symmetry properties 
of the input light distribution and the axially aligned incident 
light properties (the direction of incidence for the input light 
field is parallel to the z axis). Then
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and replacing the summation index q of the sum by N – q – 1, 
expression (8a) can be written as
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We introduce the coefficients A2i, which are defined as

A0 = exp(jb0LN
M),   A2i = A2(i – 1) exp [–jp(M/N) 2i ] .  (9)

According to Eqns (2a) and (8), we have A0 = B0. Using Eqns 
(2b), ( 2c) and (8a), we can obtain

F 2i, q – 1 = F 2(i – 1), q + p(M/N)(–2i).  (10)

Recalling the N periodicity of the summands, we have

B2i = B2(i – 1) exp[ –jp(M/N) 2i ] .  (11)

According to Eqns (9) and (11), the following relationship 
is established:

A2i = B2i .  (12)

With Eqn (12) taken into account, Eqn (6) can be expressed as
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In Eqn (4), the transverse propagation constants are

kxi = (i + 1)p/W.  (14)

The corresponding longitudinal propagation constants are

bi
2 = n2 k02 – k2xi .  (15)
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Figure 1. Schematic diagram of a waveguide.
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Using the paraxial approximation, one can obtain

bi » nk0 – k2xi /2nk0 .  (16a)

bi » nk0 – Db02 /8,  Db02 = b0 – b2 » 4p2/(nk0W 2),  (16b)

b2i » b0 – i (i + 1) Db02 /2,  (16c)

where k0 = 2p/l is the propagation constant in vacuum.
If the waveguide length 
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where Lc = p/Db02 is the coupling length between two lowest-
order modes, then the output field is:

N( ) ( ) ( ) .exp jf x C a A E x L Cfout i i i i
M

i
2 2 2 2

0

b= - =
3

=

( )x/   (18)

One can see from Eqn (18) that f (x) at different position 
numbered  by  q  =  0,  1, …, N  –  1  are  combined  into  one 
common sum, which means  that SIW-based CBC has been 
achieved.

3. Numerical calculations

To study  the  formulas derived  in Section 2 numerically, we 
use the FDBPM [28, 29] with ‘transparent’ boundary condi-
tions [30, 31] to simulate the light propagation in the planar 
waveguide section, which is the same as that in Refs [20, 21]. 
We consider a planar waveguide with W = 50 mm and n = 1.45. 
The waveguide  is  in  the air,  i.e., ncl = 1.00. We also assume 
that  l  =  1.00  mm.  In  combining  two  fibre  lasers  (N =  2, 
M =  1),  we  have L2

1 =  1833.5 mm  from Eqns  (3)  and  (18). 
As shown in Fig. 2, two equal-power Gaussian beams with a 
waist diameter of 5 mm are launched vertically into the wave-
guide at z = 0. The relative piston phase of two input fields is 
given by Eqn (2c). In our FDBPM simulation, we choose the 
discretisation sizes x = 0.02 mm. The field distribution of light 
in the waveguide is shown in Fig. 2, which indicates that the 
fibre lasers are coherently combined into a single beam.

Before we study the effects of the aberration, we have to 
find the optimal operation conditions, which result in optimal 

combining and can be used for the evaluation of the effects of 
mismatched errors. The parameter M2 is taken as a charac-
teristic parameter  to analyse  the combining performance of 
the  system.  Figure  3  presents  the  dependence  of  the  beam 
quality M2 on the waveguide length and the transverse inten-
sity distribution of light. The optimal waveguide length, which 
is 1834.5 mm corresponding to M2 = 1.156, differs from the 
calculated length, which is 1833.5 mm corresponding to M 2 = 
1.157. However, the relative length error is about 0.05 % and 
the degradation of the beam quality is about 0.08 %. The rela-
tive length error and the degradation of the beam quality are 
negligibly small, which indicates that the formulas in Section 2 
are accurate enough.

In the following simulation, the length of the waveguide 
is fixed and equal to the optimal waveguide length, which is 
1834.5 mm for the case considered here. We define the fill fac-
tor as tfill = 2w/(W/N). Figure 4 shows the dependence of M2 
on tfill. The optimal fill factor is 0.52, which corresponds to an 
optimal waist of 13 mm. It can be observed that the curve has 
a ‘U’-type profile and, when 0.4 < tfill < 0.6, the parameter 
M 2 is virtually independent of the fill factor and a diffraction-
limited beam can be produced.

3.1. Effects of mismatched errors

The primary requirement  for highly efficient coherent com-
bining of fibre lasers based on a SIW is that individual lasers 
must  be  virtually  identical  to  allow  perfectly  reverse  self-

–40 –30 –20 –10 0 10 20 x/mm

z/mm

1500

1200

900

600

300

0

1.0

0.8

0.6

0.4

0.2

0

I

Figure 2. Distribution of the light field.
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imaging. This means that the lasers must be spatially matched 
and co-aligned, as well as locked in phase with high precision. 
However,  these  conditions  are  hard  to  be  perfectly  met  in 
practical applications, which leads to a decrease in the com-
bining  efficiency.  Figures  5  and  6  show  near-field  intensity 
distributions of laser light without any errors and with errors, 
respectively. In the first case (Fig. 5), a single beam without 
any side-lobes is produced. However, with mismatched errors 
(piston phase errors among each laser beam, offset errors and 
pointing  errors)  there  appear  some  side-lobes  besides  the 
main-lobe (Fig. 6). Therefore, the errors cause the beam qual-

ity  degradation  and,  therefore,  it  is  important  to  study  the 
effects of various aberrations to get a detailed result. 

Uberna  et.  al.  [11]  experimentally  demonstrated  a  com-
bined 2 ́  2 fibre laser array in a two-dimensional SIW. This 
fibre laser array can be taken as an initial unit to scale to more 
fibre  lasers  in  accordance  with  the  cascaded  configuration 
(Fig. 7). Therefore, we mainly focus our attention on analysis 
of a 2 ́  2 fibre laser array.

To study the effects of the aberration on a combined laser 
beam,  use  is made  of  the  optimal  parameters  of  the wave-
guide:  the waveguide  length  is 1834.5 mm and the Gaussian 
beams with a waist 2wopt = 13 mm (tfill = 0.52) are launched 
vertically in the z = 0 plane. We define a tolerance on the error 
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Figure 4. Beam quality parameter M2 vs. the fill factor. 
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to  ensure M 2 <  1.2.  In  the presence of mismatched  errors, 
according Eqn (3), the field of the input fibre laser array can 
be written as
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where  dPq,  dwq,  dqq,  dxq  and  d jq  denote  the  variation  in 
power,  beam  radius,  pointing,  position  and  residual  piston 
phase of the qth laser beam.

3.1.1. Effects of the assembly factors. There are mainly four 
kinds  of  assembly  errors:  array  offset  error,  array  pointing 
error, beam position error and beam pointing error. Limited 
by the precision of machining and assembling, the symmetric 
axes of lasers emitted from a fibre laser array cannot strictly 
parallel to that of the waveguide, which is defined as the array 
offset  error  (tarray = dx/W, dx0 =  ... = dxN – 1 = dx)  and  the 
array pointing error (dq0 = ... = dqN – 1 = dq). Figure 8 shows 
the variation of the beam quality as a function of the array 
offset  error  tarray  and  array  pointing  error  dq. One  can  see 
that the M2 value decreases proportionally to the mismatch 
between  the array and  the waveguide. The offset  error  and 
pointing  error  should  be  controlled  within  0.02°  and  0.5°, 
respectively (for M2 < 1.2).

In  fact,  the optical  axes of  lasers  in  an  array  cannot be 
strictly parallel to each other and the relative position of each 
laser beam cannot be strictly matched to the correct position 
on the waveguide, which is defined as the beam position error 
(tposit = dxq /W ) and the beam pointing error (dqq). Figure 9 
presents  the  beam  quality  as  a  function  of  the  beam  posi-
tion error and beam pointing error. One can see that for the 
condition M2 <  1.2  to  be  fulfilled,  the  position  error  and 
pointing error of a single beam should be controlled within 
– 0.025 < tposit < 0.021 and dqq < 0.55°, respectively. 

3.1.2. Effects of the nonassembly factor. There are mainly three 
kinds of nonassembly errors: piston phase error djq, power 
fluctuation  tP  =  dPq /P  and  beam  size  error  tb  =  dwq /wopt 
(Fig.  10). One can see that the beam quality of the combined 
laser beam depends on the aberrations of separate beams. To 
ensure  a  near-diffraction  limited  combined  laser  beam,  the 
residual piston phase error must be controlled to within p/10, 
the fluctuation of the power must be less than 1 and the beam 
size error must lie in the range from –0.07 to 0.11. 

The tolerances of mismatched errors are listed in Table 1, 
which shows that each kind of mismatched errors affects the 
beam quality  of  a  coherently  combined beam. However,  in 
engineering practice, we think that the effect of several errors 
can  be mitigated  or  eliminated  by  technical  improvements. 
The power fluctuation and beam size error can be mitigated 
by  improving  the  reliability of  commercial  fibre  lasers. The 
array offset error and array pointing error can be mitigated by 
accurately adjusting the experimental platform and optimally 
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Figure 8. Beam quality M2 as a  function of  (a)  the array offset error 
and (b) array pointing error (points show the calculated data and the 
solid curve is the fitting curve). 
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Figure 9. Beam quality M2 as a function of (a) the beam position error 
and (b) beam pointing error (points show the calculated data and the 
solid curve is the fitting curve). 
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designing  the  experiment  configuration.  The  position  error 
and pointing error of a single fibre laser can be mitigated by 
precision assemblage of  the  fibre  laser. Although  the phase 
noise of the kilowatt-level fibre laser has been demonstrated 
to  be  eliminable  experimentally  [18],  questions,  such  as  the 
effects of  the SIW on the phase characteristics and whether 
the phase noise of  the CBC system based on a SIW can be 
mitigated, remain open and require a further investigation.

4. Conclusions

Coherent combining of fibre lasers based on a SIW offers an 
attractive  method  for  obtaining  a  high-power  laser  with  a 
good beam quality. The beam quality of the combined laser 
will be degraded due to aberrations. The theoretical model of 
SIW-based  CBC  is  a  setup  based  on  mode-decomposition 
theory and the effects of aberrations on SIW-based CBC are 
simulated using the FDBPM. We categorise the aberrations 
into assembly and nonassembly factors, and propose a general 
methodology to study the effects of all the aberration factors. 

By using the M2 factor, we have shown that there exists 
an optimal beam width of the input fibre laser, with which we 
can  achieve  a  diffraction-limited  output  laser  beam  (M2  = 
1.0054). Because the M2 factor weakly changes, a diffraction-
limited beam can be produced in the range 0.4 < tfill < 0.6. By 
investigating the effects of the aberrations using the analytical 
formulas and the FDBPM, it is found that for the condition 
M2 < 1.2 to be fulfilled, the phase error must be controlled to 
within p/10, and the pointing error of the fibre array and of 
the single fibre laser should be less than 0.55° and 0.5°, respec-
tively. One should also take into account that a slight array 
offset error or a slight beam position error induces a significant 
degradation of the beam quality; the influence of the power 
fluctuation and beam size error also should be considered. 

Of all the aberrations, the effects of the power fluctuation, 
beam size error, offset error and pointing error of an array or 
a  fibre  laser  in  the array  can be mitigated or  eliminated by 
technical improvements, while the phase errors is still a chal-
lenge  to  the use of  SIW-based  coherent  combining  in  engi-
neering practice. Our methodology investigates the coherent 
combining of fibre laser beams in a more comprehensive way 
and  the  results  can provide a  reference  for  the designing of 
CBC of high-power SIW-based lasers. 
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