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Abstract.  The effect of a double structure of saturated absorption 
resonance in the field of counterpropagating light waves interacting 
with atomic gas is considered, which was first studied experimen-
tally and theoretically by Vasil’ev et al. [V.V. Vasil’ev et al., J. 
Exp. Theor. Phys., 112, 770 (2011)]. The effect manifests itself as 
a new nonlinear resonance formed as a peak in the absorption spec-
trum of the probe wave. The resonance is observed inside a ‘conven-
tional’ dip in the spectrum of saturated absorption. Previously, this 
effect was theoretically described only in the frameworks of the 
two-level atomic model, i.e., without making allowance for degen-
eracy of atomic energy levels with respect to the projection of the 
total angular momentum and for the vector nature of light. We 
extend the theory of the effect to the case of real atomic systems 
with degenerate energy levels and arbitrary polarisations of light 
waves. In particular, on an example of the simple transition Fg = 1 
® Fe = 0 we show that polarisation parameters of light waves may 
significantly affect the contrast of the new effect and the possibility 
of observing it at all. Conclusions of the work are confirmed both 
analytically and bnumerically. 

Keywords: saturated absorption resonance, elliptical polarisa-
tion, quantum metrology, high-resolution spectroscopy, density 
matrix.

1. Introduction

With invention of lasers, nonlinear spectroscopy of gases was 
given a  second birth  (see,  for  example, monographs  [1 – 3]). 
This field of physics is intensively developing due to its impor-
tance  for  fundamental  science  and  for  numerous  practical 
applications. One of  the main  fundamental  phenomena  in 

the field of nonlinear laser spectroscopy of gases is saturated 
absorption  resonance  (SAR).  Presently,  there  is  a  great 
number of works devoted to versatile investigations of this 
resonance  in  various  configurations  of  electromagnetic 
fields  (see,  for  example,  first  basic  papers  [4 – 6]  and mono-
graphs [1, 2]).

Mostly, SAR  is  studied and practically employed  in  the 
configuration of  two counterpropagating  light waves of  the 
same  frequency  interacting  with  a  common  electro-dipole 
atomic (molecular) transition. As a rule, SAR is observed as a 
single  structure  in  the  absorption  spectrum  of  one  of  the 
waves (probe), that is, either a dip or a peak is observed at the 
centre  of  a  wide-band  Doppler  profile,  depending  on  the 
polarisation  of  the  counterpropagating  waves  and  on  the 
structure of atomic energy levels [7, 8]. 

Despite the fact that the main experimental and theoreti-
cal  investigations of SAR were performed  in  the 1960s and 
1970s, recently principally new features of this resonance have 
been discovered. In a theoretical work [9], a new ‘source’ of 
the shift of nonlinear resonance was found, which was related 
to polarisation parameters of  the  light waves. Another new 
effect in saturation spectroscopy was a contrast double struc-
ture of SAR observed  in 2010 at  the P.N. Lebedev Physics 
Institute of RAS  [10]. The  formation of  this  structure com-
prised  of  a  ‘conventional’  dip  in  the  spectrum of  saturated 
absorption  and  a  narrower  central  peak  could  not  be 
explained by effects known earlier (the recoil effect [11], the 
influence of higher spatial harmonics of atomic polarisation 
[12], the presence of a residual external magnetic field [13, 14], 
the effects arising in strong fields [15, 16], etc). An example of 
the double SAR structure is shown in Fig. 1.

New data on the saturation effect obtained in [9, 10] are 
important,  for  example,  from  the  viewpoint  of  quantum 
metrology  for  creating  frequency  standards based on SAR. 
The most widely known optical frequency standards (includ-
ing transportable ones) are He – Ne and Nd : YAG lasers sta-
bilised  by  SAR  on  vibrational – rotational  transitions  of 
methane  and  iodine  molecules  (see,  for  example,  [17 – 20]). 
There are also publications where the frequency of laser radi-
ation is stabilised by SAR, for example, in vapours of alkali 
metals (rubidium [21] and caesium [22, 23]), including stabili-
sation of frequency combs [24]. In addition, in many spectro-
scopic experiments, SAR plays an auxiliary role for matching 
the frequency of laser radiation with a desired spectral line in 
gases.  Also,  the  method  of  saturated  spectroscopy  gives  a 
chance to observe and study quantum and relativistic effects 
(the recoil effect [11, 25, 26] and pressure of light [27], the qua-
dratic Doppler effect [28], the quantum bistability effect in a 
cavity [29], and other) as well as the effects of atom scattering 
in gas [30].
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All the applications mentioned above confirm the impor-
tance of  the new knowledge about  the  saturation  effect  for 
atomic and molecular  transitions and  resonances  related  to 
the latter. In particular, the new contrast nonlinear resonance 
discovered  in  [10]  in  the  form of a peak at  the centre of an 
absorption line (Fig. 1) can be used instead of a conventional 
dip in the spectrum of saturated absorption for stabilising the 
frequency of  laser  radiation  in  cases of open atomic  transi-
tions,  because  the  new  resonance  can  be  several  times  nar-
rower than SAR.

The present work is devoted to development of a theory of 
the new nonlinear resonance that has been observed for the 
first  time  in  [10]. Here we pay a particular  attention  to  the 
polarisation aspect of the interaction between atoms and the 
field of laser radiation. The fact is that for qualitative under-
standing of the physics of the new phenomenon, a simplified 
two-level  model  of  atom was  used  in  [10],  which made  no 
allowance for degeneracy of atomic levels with respect to pro-
jections  of  the  total  angular momentum and  for  the  vector 
nature of light. This approach was useful in establishing the 
following conditions needed for observing the contrast dou-
ble structure of SAR:

1) the atomic transition should be open;
2) the more intensive wave should be monitored (from the 

two counterpropagating waves).
Whereas  the  first  condition  is  often  fulfilled  in  practice 

(especially for molecules),  the second condition convention-
ally is not. In other words, in most works mainly two cases of 
counterpropagating wave  intensities are  studied:  the  regime 
of a standing wave, where the two waves have equal intensi-
ties, and the so-called pump-probe regime when the intensity 
of the observed wave (‘probe’) is noticeably lower than that of 
the counterpropagating wave (‘pumping’). In our opinion, it 
is the failure of the second condition that has prevented inves-
tigation of the new effect for a long time.

Despite the fact that the two-level model of the atom used 
in  [10] was  useful  in  establishing  the main  laws  of  the  new 
effect,  there  are  still  unsolved  problems.  In  particular,  this 
model may be rather rough because in experiments on SAR 
observation,  real  atomic  transitions  always  comprise  levels 
degenerated with respect to the projection of the total angular 
momentum,  and  the  beams  of  laser  radiation  have  certain 
polarisations. Hence, the model suggested in [10] can hardly 

describe  the  effect of  the SAR double  structure. Moreover, 
neglected influence of light wave polarisations may substan-
tially affect the contrast of the double structure in real experi-
ments. Indeed, it is known that the parameters of light field 
polarisation  strongly  affect  nonlinear  resonances  in  atomic 
gases (see, for example, [7 – 9, 31 – 33]). Thus, for better under-
standing of the physics of the new nonlinear effect (the double 
structure of SAR) it is necessary to extend the theory [10] as 
applied to the case of real atomic transitions and accurately 
take into account the polarisations of the counterpropagating 
light waves.

The theoretical analysis of this problem performed in the 
present work is based on the standard formalism of the single-
atom density matrix (the light field is assumed classical). As 
an example, we consider a comparatively simple atomic tran-
sition with a degenerated ground state: Fg = 1 ® Fe = 0, where 
Fg and Fe are the angular momenta of the ground and excited 
states,  respectively.  For  the  simple  configurations  of  laser 
field polarisations comprised of  linearly or circularly polar-
ised counterpropagating waves, analytical  results have been 
obtained. For arbitrary elliptical polarisations numerical cal-
culations were performed. In particular, a strong influence of 
the  polarisation  parameters  on  the  contrast  of  the  double 
SAR structure and on the possibility of observing the effect 
has been revealed. It was demonstrated that the first condi-
tion  concerning  the  open  transition  established  in  [10]  and 
mentioned above is not, strictly speaking, the necessary con-
dition for observing the contrast SAR double structure.

Note  that  the  polarisation  effects  on  an  example  of  the 
transition Fg =  1 ® Fe =  0 were  repeatedly  studied  earlier. 
However,  either  the  standing  wave  or  the  pumping-probe 
regimes have been most commonly considered (see, for exam-
ple, [7]). Absorption of a light wave in this transition has been 
investigated  in  [34]  for  arbitrary  ratios  of  the  intensities  of 
counterpropagating  waves.  Nevertheless,  the  problem  has 
only  been  solved  for  orthogonal  circular  polarisations  (the 
s+s– configuration) and only in the frameworks of homoge-
neous  broadening  of  atomic  levels,  which  does  not  corre-
sponds to atomic gas at room temperature;  in addition,  the 
case  of  the  exact  resonance  (that  is,  the  central  point  on  a 
resonance curve) was considered, hence, the effect of double 
SAR structure has been lost. In the present work we consider 
various polarisation configurations and make allowance for 
the inhomogeneous broadening, which is principal for reveal-
ing the effect of the double SAR structure.

2. Problem statement

Consider the configuration of a laser field comprised of plane 
monochromatic waves counterpropagating along the quanti-
zation axis z in an atomic gas:

E(z, t) = E1e1exp[–i(wt – kz)]  

  + E2 e2exp[–i(wt + kz)] + с.c.  (1)

Here Ej  is  the amplitude of  the  jth wave ( j = 1, 2), which  is 
assumed real; and e1 and e2 are the complex unit polarisation 
vectors. Geometry of the laser field is shown in Fig. 2.

Interaction of atoms with a light field will be described by 
using the formalism of the density matrix rt  with the Lindblad-
type equation [2, 35]:
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Figure 1. Coefficient of the probe wave absorption vs. detuning of the 
laser  frequency  from  the  transition  frequency  [10].  The  power  of  the 
counterpropagating wave is 90 mW, the power of the probe wave is shown 
near the curves (in mW). The diameter of a light beam in a cell is 10 mm.
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where u is the vector of atom velocity; Ht  is the Hamiltonian; 
and Gt  is the operator, which describes relaxation processes in 
the  atomic  system.  The  Hamiltonian  consists  of  two  sum-
mands: H H VE0= +t t t , here H0

t  is the Hamiltonian of the free 
atom and VEt  is the operator of interaction of the atom with an 
external field in the electro-dipole approximation.

In  the  case  of  the  two-level  spectroscopic  model  of  an 
atom, which was used  in  [10],  the density matrix dimension 
was 2 ´ 2. In the case of a real atomic transition with angular 
momenta Fg and Fe the situation is much more complicated 
because the dimension of  rt  can be substantially greater, and 
in the general form it is 2(Fg + Fe + 1) ´ 2(Fg + Fe + 1). Then 
the density matrix can be conveniently divided to the matrix 
blocks:
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Diagonal  elements  of  the matrices  grt   and  ert   describe  the 
populations of magnetic (‘Zeeman’) sublevels of the ground 
and  excited  states,  respectively,  whereas  off-diagonal  ele-
ments refer to the mutual coherence of these states (‘Zeeman’ 
coherences).  The  blocks  gert   and  egrt   are  called  the  optical 
coherences (they oscillate in time at an optical frequency w). 
In the present work we consider a stationary regime and use 
the approximation of the lowest spatial harmonics for atomic 
polarisation,  which  for  the  optical  coherences  means  the 
expansion

( , ) [ ( )]exp iz t t kzeg eg
1r r w= - -t ut
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where  the matrices  ert   and  grt   are  assumed  independent  of 
time and coordinates. For the scheme of counterpropagating 
monochromatic waves and in the regime of small saturation 
of the atomic transition this approximation is, as a rule, quite 
reasonable.

In the basis of a rotating wave, the operators H0
t  and VEt   

can be represented in the form

H Pe0 'd=-t t ,  (5)
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where d = w – w0 is the frequency detuning of laser generation 
from the atomic transition; Pet   is the projection operator to 
the excited atomic state; dt  is the operator of the atomic dipole 
momentum; Rj = dEj /'  is the Rabi frequency corresponding 
to the jth wave; d is the reduced matrix element of the opera-
tor of  the atomic dipole momentum; and Vjt  are  the dimen-
sionless operators of interaction of the atom with a laser field, 
related  to  the Clebsch – Gordan coefficients  [36]. For  short-
ness, we will  not  thoroughly  discuss  here  the mathematical 
approach used. One can find details of the formalism in [9].

In  the present work we assume  that  there are  two main 
relaxation processes in the atom: the spontaneous relaxation 
of the excited level Fe and the ‘flight’ relaxation related to the 
departure of atoms from the zone of interaction with the reso-
nance  light  field.  These  processes  will  be  described  in  the 
frameworks of  the model of  relaxation  constants  ( g  and G, 
respectively).

Consider an absorption spectrum of one of the counter-
propagating waves, which we will conditionally call the probe 
wave (not  implying that  its  intensity  is  less  than that of  the 
counterpropagating wave). From the reduced Maxwell equa-
tion it follows that the intensity of this wave in medium varies 
according to the law

( , , , )
d
d
z
I I I I2

1 2 2a d u=- ,  (7)

where I1 and I2 are the intensities of the counterpropagating 
(pumping)  and  probe  waves,  respectively.  In  the  case  of 
atomic gas, the absorption coefficient a should be averaged 
over the velocity (Maxwell) distribution:
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Here u0 is the most probable thermal velocity of the atom in 
gas. Later on,  the  symbol  á. . .ñu will denote averaging of a 
certain  function  f (u)  over  the Maxwell  distribution,  simi-
larly to (8).

Based on the Maxwell and Lindblad equations (2), in the 
conditions  of  an  optically  thin  medium,  the  change  in  the 
probe wave intensity after passing through a cell of length L 
can be written as

DI = I2 – I2L » áañuI2L  = 2'wnLg12 
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is the saturation parameter; n is the concentration of atoms;  
V @t   is  the Hermitian  conjugate matrix;  k,1 2 "d d u=   are  the 
detunings  of  wave  frequencies  from  the  frequency  of  the 

x
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e1
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j
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Figure 2. Mutual  orientation  of  the  polarisation  ellipses  for  counter-
propagating waves: k1 = –k2 = k are the wave vectors; ej are the param-
eters of ellipticity; and j is the angle between the axes of the ellipses of 
the wave polarisation.
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atomic  transition with Doppler shifts  taken  into account  (k 
and  u  are  the  projections  of  the  atomic  velocity  u  and  the 
wave vector k onto the quantization axis z); and g12 = G + g/2 
is  the  relaxation constant  for optical  coherences. Operation 
Tr […] in formula (9) means the spur of a matrix. In what fol-
lows, as a signal to be analysed we will consider the value of h 
dependent on various parameters of the problem (u, d, e1, e2, 
j, R1 and R2), which is responsible for all resonance spectro-
scopic features of the absorption spectrum of the probe wave. 
For shortness, we will call h the absorption signal of the probe 
wave (in the case of atomic gas it will be áhñu).

3. Atomic transition Fg = 1 ® Fe = 0

In order  to obtain analytical expressions  for  the absorption 
signal of a probe wave h consider a relatively simple atomic 
transition Fg = 1 ® Fe = 0, which is assumed cyclic. Later we 
will show that in this case the contrast double SAR structure 
can also be observed, whereas in the two-level atomic model 
the transition must necessary be open [10].

In the case of the transition Fg = 1 ® Fe = 0, as opposed to 
Fg = 0 ® Fe = 1, one may a priori assume that the polarisation 
parameters of counterpropagating waves substantially affect 
the spectroscopic signal, in particular, the contrast of the dou-
ble  SAR  structure.  Indeed,  in  the  case  of  the  degenerated 
ground state (Fg ¹ 0), nonlinear resonances may be subjected 
to a strong influence of the optical pumping, namely, redistri-
bution  of  populations  between  magnetic  sublevels  of  the 
ground state. This influence may occur even at weak satura-
tion fields (S << 1). In turn,  it  is obvious that the effects of 
optical pumping strongly depend on the polarisation param-
eters of light waves. 

Generally,  for  the  considered  transition,  the  system  of 
equations  written  in  the  matrix  form  (2)  may  comprise  16 
unknowns, that is, the dimension of the density matrix (3) is 
4 ´ 4. However, the dimensionality of the system can easily 
reduced,  for  example,  by  excluding  optical  coherences.  In 
addition, in the case of simple configurations of field polarisa-
tions, system (2) may take a rather simple form. However, we 
dwell on mathematical details and start with analysis of ana-
lytical results.

Note that we do not use the theory of perturbations with 
respect to a small  intensity of the probe wave for obtaining 
the analytical expressions, because we are interested, first of 
all, in the regimes where the intensities of the counterpropa-
gating  waves  are  comparable.  Nevertheless,  for  arbitrary 
parameters  of  wave  polarisations,  the  expressions  for  the 
absorption signal h are cumbersome and inconvenient for a 
qualitative analysis. Hence, we will first consider the simplest 
particular  cases  of  wave  polarisations  (linear  and  circular) 
and in the general case of elliptical polarisations we will pres-
ent results of numerical calculations.

3.1. Counterpropagating waves with similar circular polarisa-
tions

Due  to  the  symmetry of  the  problem  it  is  obvious  that  the 
results for the waves with a similar right circular polarisation 
(s+s+ configuration) will not differ from those for the waves 
with  similar  left  circular  polarisations  (s –s –  configuration) 
for an arbitrary transition Fg ® Fe. For definiteness, we may 
consider the s+s+ field. A scheme of induced and spontane-
ous transitions is given in Fig. 3. For convenience, we intro-
duce the following notations for the energy sublevels: |Fg = 1, 

mg = –1ñ = |1ñ, |Fg = 1, mg = 0ñ = |2ñ, |Fg = 1, mg = +1ñ = |3ñ; and 
|Fe = 0, me = 0ñ = |0ñ.

By solving system (2) at the parameters of ellipticity e1 = 
e2 = p/4, we obtain the simple expression for the absorption 
signal of the probe wave:
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Formula (11) comprises terms, which describe both the self-
saturation  effect  (S2  in  the  denominator)  and  the  effect  of 
cross saturation from the counterpropagating wave (the sum-
mand with S1). Conventionally,  in gas  spectroscopy experi-
ments, the condition g >> G is fulfilled, and one may take c1 >> 
1. Formula (11) is exactly similar to the expression obtained 
in [10] for the two-level atomic model with an open transition. 
Indeed, according to formula (19) from [10] we have
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b = 1 – b is the coefficient of openness for the atomic transi-
tion; and b is the branching factor (in particular, b = 0 corre-
sponds to a cyclic transition).

The numerical factors 1/9 in (11) and 1/3 in (12) are exclu-
sively related to the fact that for a real transition Fg = 1 ® Fe 
=  0  one  should  take  into  account Clebsch – Gordan  coeffi-
cients  [9,  36], which are  absent  in  the model  (13),  (14) of  a 
two-level  atom  [10].  Hence,  the  configuration  s+s+  (and 
s –s –) of the field interacting with the cyclic transition Fg = 1 
®  Fe  =  0  completely  corresponds  to  the  two-level  atomic 
model studied  in  [10]. Moreover, a comparison of  formulae 
(12) and (14) yields that for such a transition there is a certain 
effective coefficient of openness b = 2/3. This  is an obvious 
value  because b  indicates  how many  atoms  initially  excited 
from  level  |1ñ  and  then  spontaneously  relaxed  from  excited 

Fe = 0

Fg = 1

1/3 1/3

1/3

s+

|1ñ |2ñ |3ñ

|0ñ

Figure 3. Atomic transition Fg = 1 ® Fe = 0. Here and in Figs 6, 9, 10 and 
12, the solid double arrow refers to the light-induced transition; dashed 
arrows show possible channels of spontaneous decay with equal prob-
ability of 1/3. Circles schematically show the stationary distribution of 
atoms over magnetic sub-levels of  the  fundamental state,  from which 
one can see that the angular atomic momenta are strongly oriented.
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level |0ñ do not return back to level |1ñ. From Fig. 3 immedi-
ately follows b = 2/3.

Obviously, the field configurations s+s+  and s –s – facili-
tate observation of a contrast double SAR structure (at R2 > 
R1), which is illustrated in Fig. 4. The dependences have been 
obtained by averaging numerically the signal h over the veloc-
ity distribution of atoms according to (8). In all the calcula-
tions, we  take G =  10–3g, which by  the order  of magnitude 
corresponds to standard experimental conditions in spectros-
copy of vapours of alkali metals at room temperature at the 
diameter of a laser beam of ~5 mm.

In view of the similarity of formulae (11), (12) and (13), 
(14), which is a consequence of the two-level atomic model, 
the  mathematical  background  of  the  arising  double  SAR 
structure in our case (the s+s+ or s –s – configuration) is the 
same as in [10]. In particular, from this background follows 
that the contrast double SAR structure can be only observed 
at R2 > R1. However,  in the present work we will  focus our 
attention on a qualitative interpretation of SAR. Such inter-
pretation is also given in [10]; it, naturally, remains valid for 
the considered field configuration. However, for studying the 
effect  at  other  wave  polarisations  (see  below)  we  should 
improve the theory in order to understand the absence of the 
double structure effect at certain polarisations. First, we will 
briefly recall the qualitative interpretation of the effect given 
in [10] for the considered case.

Thus, we use formulae (8) and (11) to analyse qualitatively 
physics  of  the  double  SAR  structure  formation.  Consider 
dependences of the signal of probe wave absorption h on the 

atomic velocity taking into account the Maxwell distribution, 
that  is,  h̃ (u, d, R1, R2)  =  h(u, d, R1, R2)exp[(– u/u0)2].  Let  us 
analyse the form of these functions for two fixed values of the 
detuning: d = 0 (exact resonance) and d = 5g (near the central 
resonance). For comparison, in Fig. 5, dependences h̃ (u) are 
presented in two regimes: the standing wave regime with R1 = 
R2 = g and the regime with R2 = g > R1 = 0.5g (the probe wave 
is  more  intensive  than  the  counterpropagating  pumping 
wave). The solid curve corresponds to the case h̃ (u, d = const 
¹ 0, R1 = const, R2 = const),  the dashed curve  is  the  same 
dependence without a pumping wave (R1 = 0), and the dash-
and-dot curve refers to the case of the exact resonance h̃ (u, d 
= 0, R1 = const, R2 = const). Note that according to (8) the 
area under each curve corresponds to the coefficient of probe 
wave absorption by all velocity groups of atoms, that is, by all 
gas, at the prescribed frequency detuning.

From Fig. 5a one can see that at d ¹ 0 there are two fac-
tors, which oppositely affect the area under the curve: increase 
the absorption of the probe wave for the group of atoms with 
ku »  – d  and  reduce  the  absorption  for  the  atoms  with  a 
Doppler  shift ku » +d. Physics of  this behaviour of  h̃ (u)  is 
rather simple. Recall that in the configuration s+s+ at d = 0 
(at  the  centre  of  the  resonance)  both  counterpropagating 
waves are involved in the optical pumping of the same atoms 
to off-resonance sublevels of the ground state |2ñ and |3ñ (so-
called pockets,  see Fig. 3). At d ¹ 0, both waves resonantly 
interact with various velocity groups of atoms in gas. Thus, 
atoms with  ku »  – d  mainly  interact  with  the  probe  wave, 
because  they are matched with  it  (d2 = 0).  In  this  group of 
atoms the probe wave is absorbed stronger than in the group 
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Figure 4. Signals of the probe wave absorption by all velocity groups of 
atoms áhñu vs. the frequency detuning for the field configuration s+s+ in 
the  regime of a  standing wave and a double  structure  (a),  the pump-
probe regime (b).

Absorption signal h
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Figure 5. Signals of probe wave absorption  h̃    vs.  the atomic velocity 
(Doppler  shift)  for  the  field configuration s+s+  in  the  standing wave 
regime  (a) and  in  the  regime where  the probe wave  is more  intensive 
than the pumping wave (b).
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with ku = 0 (at d = 0), because in the latter case, atoms actively 
interact with the pumping wave as well, which results in a cer-
tain bleaching of the transition for the probe wave. A notice-
able dip in the absorption spectrum of the probe wave in Fig. 
5a near ku » +d is related to that this velocity group of atoms 
interacts with the resonance pumping wave and the pumping 
wave  is mainly absorbed  in  these atoms and participates  in 
distributing atoms over the magnetic sublevels of the ground 
state.

Thus, the two factors have been found which affect oppo-
sitely the total area under the curve h̃ (u) in Fig. 5,a. The influ-
ence of these factors is different. Namely, the dip near ku » 
+ d (see the solid curve) reduces the total area at a less degree 
than the peak at ku » – d increases this area, because the dip 
resides in a tail of the profile h̃ (u). The resulting effect of these 
two factors  is  the total  increase of  the area under the curve  
h̃ (u), which increases the absorption of the probe wave if the 
exact resonance (d = 0) is absent. In this way, a conventional 
SAR dip is formed (see Fig. 4a, dashed curve).

Obviously,  at  a  greater  detuning,  the  absorption  of  the 
probe wave will  stop  growing  because  the  number  of  reso-
nance  atoms  in  gas  falls  proportionally  to  exp{–[d/(ku0)]2}. 
Thus, a wide ‘Doppler’ profile of the spectroscopic signal is 
formed (see Fig. 4).

Consider the case of R2 > R1. Similar dependences of the 
absorption signal h̃ = hexp[–(u/u0)2] are shown in Fig. 5b. One 
can see that in this case the factor, which reduces the absorp-
tion, only slightly increases the area under the curve, that is, 
the maxima of the absorption signal at d = 0 and 5g  (dash-
and-dot and solid curves) do not differ so much as in the case 
of a standing wave (Fig. 5a). However, the dip in the absorp-
tion spectrum near ku » +d is still noticeable. Such a mod-
erate difference in the maxima of absorption signals h̃ (u) at 
d = 0 and 5g is related to the fact that in both cases the probe 
wave interacts with resonance atoms stronger than the coun-
terpropagating wave does. That is, in the regime R2 > R1, the 
counterpropagating  wave  weakly  affects  the  absorption  of 
the probe wave by resonance groups of atoms. On the con-
trary, in the velocity group of atoms with ku » +d, as earlier, 
the pumping wave bleaches the transition, which, in contrast 
to the probe wave, is in resonance with this group of atoms. 
Hence, by comparing the areas under the curves in the case of 
exact resonance (d = 0) and near it (d = 5g) one can see that the 
absorption of the probe wave falls – in this way a peak at the 
centre of resonance is formed (see Fig. 4a, solid curve). With 
increasing detuning, similarly to the case of a standing wave, 
the dip in the solid curve in Fig. 5b shifts to the tail and stops 
to noticeably reduce the area under the curve. In this case, the 
factor leading to a greater absorption near ku » – d becomes 
determining, and the absorption of the probe wave by all gas 
becomes greater with an increase in detuning. In this way, an 
ordinary SAR dip is formed. Hence, physics of origin of the 
double SAR structure in the regime R2 > R1 becomes clear.

3.2. Counterpropagating waves with parallel linear  
polarisations

This case is also sufficiently simple for analysis. However, it is 
more convenient to choose the quantization axis z along the 
vectors of the linear polarisation rather than along the wave 
propagation direction. Then the scheme of induced and spon-
taneous transitions will look like shown in Fig. 6. Instead of 
the orientation of angular momenta as in Fig. 3, now a strong 
alignment to extreme magnetic sublevels of the ground state is 

observed due to the induced transitions of the p-type and to 
the optical pumping.

From Fig. 6, one can  see  that  this  configuration  is very 
similar to that considered in Section 3.1. Indeed, in this case 
the counterpropagating waves also interact with the common 
transition, which includes only two magnetic sublevels, i.e. |0ñ 
and |2ñ, whereas the optical pumping excites levels |1ñ and |3ñ. 
It is intuitively obvious that a spectroscopic signal in such a 
scheme will be similar to the signal with the field configura-
tion s+s+ (Fig. 3). This conclusion is confirmed by direct cal-
culations, which  yield  the  same  formula  for  the  absorption 
signal as (11). Hence, in a scheme with parallel linear polarisa-
tions of counterpropagating waves (the configuration lin || lin) 
observation of the double SAR structure is also possible.

3.3. Counterpropagating waves with orthogonal  
circular polarisations

Consider now the field with the configuration s+s –, which in 
our problem is equivalent to the field with the s –s+ configu-
ration. As will be shown below, this configuration principally 
differs from the configurations considered earlier. By solving 
system (2) for the s+s – configuration we obtain the expres-
sion:
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Formula  (15)  qualitatively  differs  from  expression  (11),  in 
particular, by the summand with S1S2; hence, in this case one 
may expect a substantially different spectrum of the signal as 
compared  to  the  field configurations considered previously. 
In ordinary  experimental  conditions  (g  >>  G )  the  relation-
ship c1 >> 1 holds. Note that in the regime of small saturation, 
formula (15) agrees with expression (2) from [34] if we take I1, 
I2 << 1.

As  earlier,  we  will  study  features  of  the  function 
h̃ (u, d, R1, R2) at fixed R1, R2 and d. The corresponding depen-
dences are presented in Fig. 7, where one can see the absorp-
tion spectrum without any dip near ku » +d, unlike  to  the 
dependences in Fig. 5. Moreover, one can see that both in the 
regime of a standing wave and regime with R2 > R1, the pro-
files of  the probe wave absorption at d = 5g  are below  the 
profile corresponding to d = 0. This results in the formation 
of a peak at the centre of the resonance. In the cases of s+s+, 

Fe = 0

Fg = 1|1ñ |2ñ |3ñ

|0ñ

p

Figure 6. Transition Fg =1 ® Fe = 0 in the atom interacting with a field 
of the counterpropagating waves with parallel linear polarisations (the 
quantization axis is directed along the polarisation vectors).
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s –s –, and lin || lin configurations, at increasing d, the forma-
tion of  the  peak  stopped  and  a dip  started  to  reveal  in  the 
dependence  áhñu;  that  is,  the  double  structure  of  nonlinear 
resonance was formed (see Fig. 4a, the solid curve). The rea-
son for the dip formation was disappearance of the ‘hole’ in 
the profile h̃ (u) near ku » +d. However, since no such hole is 
formed in the configuration s+s – at all (at any d), at a greater 
detuning  of  laser  field  frequency  the  total  coefficient  of 
absorption (by all gas) for the probe wave still reduces. In this 
case one can assert that all nonlinear contributions near the 
centre of a spectroscopic signal have the same sign and over-
lap. All  these  features  result  in  that  in  the cases of s+s – or 
s –s+ wave polarisations the double SAR structure is absent 
(Fig. 8). 

Physical reasons for the absence of a dip at all frequency 
detunings near ku » +d  in  the dependences  in Fig. 7  (solid 
curves) are also clear. A scheme of the corresponding atomic 
transitions is shown in Fig. 9. Indeed, the probe wave, which 
in  this  case  has  the  polarisation  s –,  induces  the  transition 
|3ñ « |0ñ. Part of atoms in such interaction still does not return 
back to level |3ñ due to spontaneous decays to levels |1ñ and |2ñ. 
The  counterpropagating  wave  with  the  polarisation  s+ 
(pumping), both at d = 0 (dash-and-dot curves in Fig. 7) and 
at d = 5g (solid curves), acts on the atomic groups with ku » 
±d in both interaction regimes (R1 = R2 and R2 > R1) in such 
a way that to return only a part of atoms from level |1ñ to level 
|3ñ. The return leads to the additional absorption of the probe 
wave, and hence  in both regimes  (Figs 7a and 7b)  the dashed 
curves are below solid curves as at  ku » – d so and at ku » +d . 

Thus,  the qualitative  analysis  of  the  spectroscopic  signal  in 
the case of s+s – makes us to conclude that no double SAR 
structure is formed. Also, there is no conventional SAR dip; 
however, a peak at the centre of the signal is observed. Similar 
results are also presented in [7].

3.4. Counterpropagating waves with orthogonal  
linear polarisations

This  configuration  is of particular  interest, because  each of 
the counterpropagating waves can ‘pump’ atoms to a specific 
coherent state –  the  ‘dark’ state which  is a superposition of 
states |1ñ and |3ñ. This state can be formed due to a quantum 
interference of the s+ and s – transitions induced by each of 
the waves (Fig. 10). The specificity of this dark state is that the 
atoms, ‘pumped’ by a light wave to this state, cease scattering 
the  energy  of  this wave  and make  the medium  transparent 
(see  pioneering works  [37 – 39]). This  phenomenon  is  called 
the coherent population trapping (CPT). Here we will not dis-
cuss essentials of the CPT theory; instead, we suggest reading 
a review [40].

Let us emphasise one more important feature of the con-
figuration  with  orthogonal  linear  polarisations  of  counter-
propagating waves (the lin ̂  lin configuration). As was men-
tioned, each of  the waves  separately can  form a CPT state. 
However,  for  each  of  the  waves  this  state  is  different. 

d = 5g, R1 = R2 = g
d = 5g, R1 = 0, R2 = g
d = 0, R1 = R2 = g

d = 5g, R2 = 2R1 = g
d = 5g, R1 = 0, R2 = g
d = 0, R2 = 2R1 = g

–40 –20 0 20 ku/g

–40 –20 0 20 ku/g

a

b

Absorption signal h̃

Absorption signal h̃

Figure 7. Signals of the probe wave absorption h̃  vs. the atomic velocity 
(Doppler  shift)  for  the  field  configuration s+s–  in  the  standing wave 
regime (a) and in the regime, where the probe wave  is more  intensive 
than the pumping wave (b).
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Figure 8. Signals of the probe wave absorption by all atomic velocity 
groups áhñu vs. the frequency detuning for the field configuration s+s– 
in three regimes with various field intensities: the pump-probe regime 
(dash-and-dot curve), standing-wave regime (dashed curve) and regime 
where the probe wave is more intensive than the pumping wave (R2 > 
R1) (solid curve).

Fe = 0

Fg = 1

s+ s–

|1ñ |2ñ |3ñ

|0ñ

Figure 9. Transition Fg = 1 ® Fe = 0 in the atom interacting with a field 
of the counter-propagating waves possessing opposite circular polarisa-
tions (the quantization axis is directed along the wave vectors). A quali-
tative stationary distribution of atoms over the magnetic sub-levels cor-
responds to the case of R2 > R1.
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Moreover, the dark state for the wave E1 is ‘bright’ for wave 
E2 (that is, leads to a strong absorption of the second wave). 
In the case where both the waves affect the same atoms in gas 
and have equal intensities, these CPT states are orthogonal, 
that  is, compete with each other so  that  the Zeeman coher-
ence does not arise at all. Thus, the new superimposed state 
with the mentioned properties, at first glance, complicates the 
physics of atom – field interaction, in particular, a qualitative 
analysis of the double SAR structure.

First, we analyse the analytical expression for the absorp-
tion signal h as it was made previously for other field configu-
rations. By solving system (2) we arrive at the new expression:

( ) [( ) ( ) ]
( / ) { [ /( )] [ ( )]}

S S S S S S
S S S S S

1 2
2 9 1 3

1 1 2 2 1 2
2

1 2
2

12 2 12 1 2 1 2h
c c x

g g xG
=

+ + + + - -

+ + + - .  (17)

Here, we introduced an auxiliary parameter x, which can take 
only  two values 0 or 1.  It gives one a possibility  to exclude 
artificially the origin of Zeeman coherence in the ground state 
and to ‘switch off’ the influence of the CPT state on a spectro-
scopic  signal  (x  =  0  corresponds  to  the  ‘switched-off’  CPT 
effect).

By taking x = 0 in (17) we obtain

( ) ( )
( / ) { [ /( )] ( )}

S S S S
S S S

1 2
2 9 1 3

1 1 2 2 1 2
2

12 2 12 1 2h
c c

g g G
=

+ + + +

+ + .  (18)

Consider  the  case  of  small  frequency  detunings  and  low 
atomic velocities, that is, ku and d ~ g. Dependences of the 
absorption  signal h  for R1, R2 ~ g  have been presented.  In 
those  conditions,  the  saturation  parameters  S1  and  S2  are 
approximately  1.  Taking  into  account  formulae  (11),  (12), 
(16), (18) and the condition g >> G, we arrive at the following 
approximate  expressions  for  the  absorption  signal  h  in  the 
configurations lin ̂  lin and s+s+, respectively:

( )lin lin
S S

S2
1 2

2=h G
=

+
,  (19)

( )
( / )
S S

S2
1 2

2s sh
G

=
+

+ + .  (20)

Thus,  at  low  velocities  of  atoms,  the  absorption  signals  of 
these  two  configurations  behave  similarly  (within  the  accu-

racy  of  a  factor  4).  Hence,  one  may  expect  that  at  the 
‘switched-off’  CPT  effect,  a  hole  in  the  profile  h̃ (u)  will  be 
burnt near ku » +d as in the case of the s+s+ configuration 
(see Fig. 5).

Now, let us ‘switch on’ the CPT by setting x = 1 in (17). In 
the  result, we obtain  the  formula  that  completely  coincides 
with  (15)  for  the s+s –  configuration,  in  which  case,  as  we 
know,  a  dip  in  the  absorption  signal  near  ku »  +d  is  not 
formed. Hence, we see that the CPT effect radically changes 
the  situation  and  results  in  the  absence of  the double SAR 
structure in the field configuration lin ̂  lin.

The aforesaid can be illustrated graphically as previously. 
Dependences of the signal of the probe wave absorption with 
the ‘switched off’ (x = 0) and ‘switched on’ (x = 1) SAR effect 
are shown in Fig. 11. In the first case, a deep hole is burnt in 
the profile h̃ (u) at the detuning from the exact resonance (d = 
5g), whereas in the second case no hole is observed. One can 
see that the dependences in Fig. 11a and 11b resemble similar 
dependences  in  Fig.  5b  (s+s+  configuration)  and  Fig.  7b 
(s+s – configuration), respectively.

The analogy between the configuration lin ̂  lin and con-
figurations s+s+, s+s – can be also explained if we analyse the 
scheme of induced and spontaneous transitions (Fig. 10). At 
x = 0, when  the s+ and s –  transitions do not  interfere and 
there is no Zeeman coherence (that is,  0g g

31r r= =13 ), the con-
figuration lin ̂  lin is a kind of superposition of configurations 
s+s+ and s –s –. In particular, consider the regime with R2 > 
R1 where the double SAR structure is formed in the s+s+ or 
s –s – field (see Section 3.1). At d = 0, for the relatively weak 

Fe = 0

Fg = 1

s+

s+

s–

s–

|1ñ |2ñ |3ñ

|0ñ

1 1

2 2

CPT-state ( r13, r31 ¹ 0)g g

Figure 10. Transition Fg =1 ® Fe = 0 in the atom interacting with a field 
of the counterpropagating waves possessing orthogonal linear polarisa-
tions (the quantization axis is directed along the wave vectors). Each of 
the waves participates in forming the superimposed states |1ñ and |3ñ in 
the result of s+ and s – transitions (dashed bent arrow shows formation 
of such superposition – Zeeman coherence).
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d = 5g, R1 = 0, R2 = g
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Figure 11. Signals of probe wave absorption  h̃ vs. the atomic velocity 
(Doppler shift) for the field configuration lin ̂  lin without (a) and with 
(b) the CPT-state formation in the regime with R2 > R1.
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pumping wave E1 and the probe wave E2, the resonance group 
of  atoms  is  the  same.  In  this  group,  the  wave E1  optically 
pumps atoms to  level  |2ñ  in addition to the pumping by the 
stronger wave E2, which reduces the absorption of the probe 
wave E2.  At  the  detuning  d =  5g,  the  counterpropagating 
waves interact resonantly with different groups of atoms: the 
wave E2 interacts stronger with the group ku » –d, whereas 
the pumping wave interacts with the group ku » +d. Similarly 
to the field configuration s+s+, the absorption of the probe 
wave increases in the group ku » –d because the influence of 
the  wave E1  becomes weaker. Hence,  the maximum  of  the 
solid curve in Fig. 11a is above the maximum of the dash-and-
dot curve. Similarly to the case of the s+s+ transition, a dip 
arises in the spectrum of the absorption of probe wave E2 by 
the group of atoms with ku » +d because, in this group, the 
wave E1 strongly affects the atomic transition and ‘bleaches’ 
it. Thus, at x = 0, the physical processes, on the basis of which 
the curves in Fig. 11a have been obtained, are absolutely the 
same as in the case of the s+s+ field configuration.

At  x  =  1,  Zeeman  coherences  gr31  and 
g
3r1   arise.  If  the 

influence of the pumping wave E1  is assumed weak, that  is, 
not destroying the Zeeman coherence formed by the wave E2, 
then the CPT state  itself also becomes a  ‘trapping’ state for 
the probe wave, similarly to the magnetic sublevel |2ñ. Hence, 
at d = 5g, the absorption of the probe wave by the resonance 
group of atoms with ku » –d is weaker than at d = 0, when the 
CPT  states  of  both  the  waves  stronger  compete  with  each 
other. The reason of the absence of the dip in the spectrum of 
the probe wave absorption by the group of atoms with ku » 
+d also becomes obvious, because in this velocity group the 
pumping wave E1 produces the superimposed state, which is 
bright  for  the  wave  E2.  This  results  in  an  increase  of  the 
absorption rather than in a reduction.

It is convenient to analyse the influence of the CPT state 
on the possibility of observing the double SAR structure not 
in the basis of eigen-states of the Hamiltonian of the free atom 
H0
t , with which we dealt so far, but in the new orthonormal 
basis

| (| | ), | (| | ), | , |NCC
2
1 1 3

2
1 1 3 2 0H H H H H H H H= + = -' 1.  (21)

In this basis, the dimensionless operators of the interaction of 
counterpropagating waves with the atomic transition Fg = 1 
® Fe = 0 take the simple form (in the configuration lin ̂  lin):

|0 |NCV
3
1

1 HG=-t ,  (22)

|0 |i CV
3

2 HG=t .  (23)

From formulae (21) – (23) immediately follows that the super-
imposed state |NC ñ (uncoupled) is dark for the probe field E2, 
that is,.  | 0NCV2 H=t . On the contrary, the state |C ñ is dark for 
the  pumping  wave,  but  bright  for  the  probe  wave,  that  is,  
| 0CV1 H=t  and  |CV2 Ht  ¹ 0. A scheme of atomic transitions  in 

the new basis is given in Fig. 12. One can see that the field E1 
interacts with only two levels  |NC ñ and |0 ñ, and the field E2 
interacts with levels |C ñ and |0 ñ. Each of the waves optically 
pumps two sublevels of the ground state as well. Note that the 
scheme in Fig. 12 is similar to that in Fig. 9. Hence, the spec-
troscopic signals for the configurations lin ̂  lin and s+s – are 
identical.

3.5. Arbitrary elliptical polarisations

So  far  we  have  considered  particular  and  relatively  simple 
polarisation configurations of the field. These configurations 
are more often used in practice. However, for completeness of 
knowledge about the influence of polarisation parameters of 
fields on the formation of the double SAR structure we will 
briefly present calculation results concerning arbitrary ellipti-
cal polarisations.

In Fig. 13a, dependences are shown of the signal of probe 
wave absorption by atomic gas versus the frequency detuning 
for  the waves with  similar elliptical polarisations  (e1 = e2 = 
p/10) and for the waves with the elliptical parameters equal 
in absolute values but rotating oppositely (e1 = – e2 = p/10). 
The principal axes of the ellipses are assumed parallel, that is, 

Fe = 0

Fg = 1|Cñ |2ñ |NCñ

|0ñ

E2 E1

Figure 12. Transition Fg = 1 ® Fe = 0  in  the atom interacting with a 
field of the counterpropagating waves possessing orthogonal linear po-
larisations (stationery states of atom are presented in the new basis). A 
qualitative stationary distribution of atoms over the magnetic sub-levels 
corresponds to the case of d = 0, R2 > R1.
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Figure 13. Signals of probe wave absorption by atomic gas áhñu vs. the fre-
quency detuning for different configurations of the fields of counterpropa-
gating elliptically polarised waves for parallel (a) and orthogonal (b) princi-
pal axes of polarisation ellipses in the regime with R1 = 0.5R2 = g. 



  D.V. Brazhnikov, A.S. Novokreshchenov, S.M. Ignatovich, et al.462

j = 0. From the figure it follows that the sense of rotation of 
the polarisation vector for elliptically polarised waves is also 
important, as it was in the case of s+s+- and s+s – configura-
tions: in the first case, a contrast double structure is observed, 
and in the second case such a structure is absent. In Fig. 13b 
one can see the same dependences as in Fig. 13a for the case 
of orthogonal elliptical polarisations (e1 = e2 = p/10, j = p/2, 
and e1 = – e2 = p/10, j = p/2).

As  follows  from  the  dependences  shown  in Fig.  13,  the 
central peak in the case of the double SAR structure is nar-
rower as compared to the resonance curves observed without 
the  double  structure.  Thus,  the  regime  of  the  double  SAR 
structure may be of particular importance in nonlinear laser 
spectroscopy and its applications, for example, in stabilising a 
laser radiation frequency. In addition, a new problem arises: 
determination of the polarisation parameters of counterprop-
agating waves (e1, e2, j), at which the double SAR structure 
arises and the central peak has a maximal contrast, for exam-
ple, with  respect  to  the dip. Naturally,  for  different  atomic 
dipole transitions (Fg ® Fe) it is necessary to find a particu-
lar  set  of  such  polarisation  parameters.  This  set  will  also 
depend  on  the  wave  intensities  (R1,  R2).  Here  we  briefly 
present calculation results for the transition Fg = 1 ® Fe = 0 
at R1 = 0.5R2 = g.

In Fig. 14 we present calculation results for the ratio of the 
central peak amplitude to the amplitude of the dip in a spec-
trum of saturated absorption (see Fig. 13a, the solid curve) at 
e1,  e2 ³  0and j  =  0. The  picture  is  presented  in  grey  half-
tones,  where  the  black  colour  corresponds  to  the maximal 
amplitude ratio. A ‘corridor’ of parameters e1, e2, in which the 
double SAR structure can be observed, is clearly seen in the 
picture. In particular, near the line e1 = e2, the amplitude of 
the central peak is approximately equal to the amplitude of 
the dip (see Fig. 13a, solid curve), and farther from this line 
the amplitude of the dip sharply falls so that only the central 
peak remains, which merges with a wide ‘Doppler’ profile and 
the double  SAR  structure  vanishes  (see Fig.  13a,  the  dash-
and-dot curve). It is important that the results of calculations 
of nonlinear  signal parameters  (the amplitude and width of 
the central peak, its contrast and so on) are symmetric relative 
to the line e1 = e2.

4. Conclusions

In the present work we have investigated the effect of the dou-
ble SAR structure that was first considered in [10]. The main 
attention was paid  to  the polarisation aspect of  atomic gas 
interaction with the field of counterpropagating light waves. 
In [10], a qualitative understanding of physics of the new non-
linear  phenomenon  was  based  on  the  simplified  two-level 
atomic model, which  ignored the vector nature of  light and 
degeneration of atomic levels with respect to the projection of 
the total angular momentum. We have extended the theory of 
the new effect as applied  to  the case of  real atomic systems 
with degenerated energy levels.

The influence of the polarisation parameters of the light 
field on a possibility to obtain the double SAR structure was 
studied by an example of a simple atomic transition Fg = 1 ® 
Fe = 0 with the degenerated ground state. A strong influence 
of  the  polarisation  parameters  both  on  the  contrast  of  the 
double SAR structure and on the possibility of obtaining the 
effect has been demonstrated. Based on the detailed analysis 
of analytical expressions and dependences of the absorption 
signal for the probe beam and on the results of numerical cal-
culations, we have established a number of  important spec-
troscopic laws for various configurations of light field polari-
sations. 

The  results  obtained  substantially  supplement  those  of 
Ref.  [10]  and  reveal  new  physical  conditions  necessary  for 
obtaining the effect of the double SAR structure. The theo-
retical  analysis  performed,  in  addition  to  purely  academic 
importance,  is also interesting for practice, because the new 
nonlinear resonance can be used, for example,  in transport-
able frequency standards based on SAR in atoms and mole-
cules.

Note that in the present work we used the approximation 
of lowest spatial harmonics of atomic polarisation, which is 
valid at weak saturation of the atomic transition. However, 
actually,  in using SAR  this  regime of weak  saturation may 
fail, because in the conditions of optical pumping the satura-
tion intensity is not high. Hence, further development of the 
theory  of  the  double  SAR  structure  presented  above,  from 
our point of view,  should  include  investigation of  the  com-
bined influence of polarisation parameters of light waves and 
higher  spatial  harmonics  of  atomic  polarisation.  However, 
the considered approximation of the lowest spatial harmonics 
is necessary for understanding the influence of the polarisa-
tion effects on the origin of the double SAR structure.
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