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Intramode wave packet in a thin left-handed film with the spectrum
near the frequency of the zero group velocity

D.A. Konkin, R.V. Litvinov, E.S. Parfenova, R.A.A. Rakhim, O.V. Stukach

Abstract. We consider the frequency dependence of propagation
constants (phase dispersion) and of the spatial distribution of the
electromagnetic field (shape dispersion) of guided optical TE modes
in a thin left-handed film. It is shown that the spatiotemporal trans-
formation of narrow-band intramode wave packets with the spec-
trum adjacent to the frequency of the zero group velocity is caused
by the dispersion of both types. The propagation velocity of the
power carried by such wave packets is significantly lower than the
group velocity of light in a bulk left-handed metamaterial.

Keywords: left-handed metamaterials, planar optical waveguides,
wave packets.

1. Introduction

The study of novel waveguide structures comprising left-
handed metamaterials with simultaneously negative permit-
tivity and permeability has revealed new regularities of propa-
gation of guided modes in them, qualitatively different from
those of mode propagation in waveguides based of usual
right-handed materials with positive permittivity and perme-
ability [1-21]. These structures extend the functional capa-
bilities of metamaterial optics [22—-27].

In dielectric waveguides, comprising left-handed metama-
terials, the propagation is possible not only for the fast wave-
guide modes with the phase velocity greater than the velocity
of plane electromagnetic waves in a bulk medium, but also for
the slow waveguide modes with the phase velocity smaller
than that in a bulk medium [1-12]. In these waveguides, the
direction of the power transfer for some guided modes in the
regions of left-handed materials is opposite to the direction of
the power transfer for the same mode in the regions made of
right-handed materials. Under certain conditions the total
power, transferred by a guided mode through a certain cross
section of the waveguide, turns into zero and, hence, its group
velocity vanishes as well, i.e., the mode does not leave the
location of its initial excitation [1].

The dispersion dependences of propagation constants
for the guided modes of waveguides, comprising left-
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handed metamaterials, on different parameters are gener-
ally nonmonotonic [2, 4, 5, 7,9, 11-17, 23], in contrast to
the analogous dependences in common waveguides based
on right-handed media (see, e.g., [27]). The point at the
continuous branch of the dispersion curve, at which the
group velocity of the mode is zero, divides this branch into
two parts, one of them corresponding to unidirectional
phase and group velocities and the other to oppositely
directed ones.

The specific features of dispersion in planar and cylindri-
cal waveguides based on left-handed metamaterials consid-
ered in Refs [2, 7, 8, 12, 14, 21] can lead to the appearance of
new regularities in the spatiotemporal transformation of
wave packets, propagating in such waveguide structures. In
the present paper the propagation of a narrow-band intra-
mode wave packet with the frequency spectrum adjacent to
the frequency at which the group velocity of the TE mode
turns into zero is considered in the case of a planar three-layer
waveguide structure with the central film made of a left-
handed metamaterial.

2. Dispersion of propagation constants
for the guided modes

In Refs [3, 21] it was shown that the propagation constants 8
of the guided TE modes in thin films with the thickness 4,
including those based on left-handed media (Fig. 1), are real-
valued roots of the dispersion equation
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Figure 1. Planar waveguide structure based on the thin film (I) of a left-
handed metamaterial and right-handed substrate (II) and covering me-
dium (III) in the chosen coordinate system.
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where @ is the frequency of the light field; y. = [B*> —
e (wlc)?]"?; = and e+ are the relative permeability and per-
mittivity, respectively; ¢ is the velocity of light in free space;
and the symbol < in the subscript is used instead of the char-
acters ‘¢’ (covering medium), ‘f° (film) and ‘s’ (substrate).
After the substitution i« <> &« in Eqn (1), the resulting relation
will determine the propagation constants § for the TM modes.

It is well known (see, e.g., [27—-30]) that the values of real
propagation constants in planar waveguides made of com-
mon right-handed materials in which both the permittivity
and the permeability are positive (¢, > 0 and u. ¢ > 0) are
bounded by the condition max(k. k) <p<k; Here
k. = y/e.u.wlc are the wavenumbers for bulk materials of the
waveguide layers. In this case the coefficient y, takes imagi-
nary values. The phase velocity of the guided (fast) modes of
such waveguides is greater than the phase velocity of plane
waves in a bulk medium made of the same material as the
film.

If the central film of the waveguide is made of a left-
handed metamaterial (see Fig. 1), then the coefficient y; can
take real values, too [1—11]. In this case, the slow modes can
also propagate through the waveguide, for which the phase
velocity is smaller than the phase velocity of plane electro-
magnetic waves in bulk media with material parameters, cor-
responding to those of the waveguide.

Following Refs [1, 2, 4, 5, 7, 8, 12, 14, 21, 26], we assume
that the dispersion dependences of the permittivity (er) and
permeability (ug) of the bulk medium made of the left-handed
metamaterial on the frequency w of the electromagnetic filed
are described by the relations

& =1-wilw’, u=1-Fo* (o’ - wi)", (2)

where w), is the plasma frequency; w,, is the magnetic reso-
nance frequency; and F is the filling factor of the metamate-
rial (0 < F<1).

From the analysis of relations (2) it follows that under the
condition wy, < w, < wy/V1 — F theinterval of frequencies w,
in which both the permittivity and the permeability of such
media are simultaneously negative, lies within the limits w,, <
o <y, In the case w, > w,/V1 — F, this interval has the lim-
its from w,, to w,/V1 —F and is determined only by the
region of negative permeability. The dispersion of the mate-
rial parameters in a common right-handed material within the
above intervals of the optical-range wavelength is negligibly
small as compared to the dispersion of left-handed material
and will not be taken into account below.

Figure 2 presents the dispersion dependences of the prop-
agation constants S(w) of the guided TE modes in the left-
handed film having the thickness /2 = 330 nm in the case of air
covering the medium (¢, = 1 and u. = 1) and nonmagnetic
substrate (us = 1) with relative permittivity e, = 2, calculated
at the parameter values w, = 3.46x10" rad s!, w, =
1.63x 10" rad s! and F = 0.5, which agree by the order of
magnitude with the data of Refs [20, 31]. In this case the fre-
quency range in which the conditions &; < 0 and u; < 0 simul-
taneously hold lies within the limits from 1.63x 10" rad s
(the corresponding wavelength of light being A = 1.16 um) to
2.31x10% rad s! (1 = 0.82 um). Note that the indices used
here to specify the guided modes of the considered left-handed
film are the same as for the guided modes of common right-

S
S

(98]
W
T

Propagation constant/10° m™!
(3] (98]
wn (=}
T T

wlwy,

Figure 2. Dispersion dependences of the propagation constants for TE
modes in the left-handed film having the thickness # = 330 nm in the
case of air covering the medium and nonmagnetic substrate with the
relative permittivity e, = 2; kr and k are the dispersion dependences of
the wavenumbers for bulk materials of the film and the substrate, re-
spectively.

handed films, where the mode subscript corresponds to the
number of zeros in the transverse distribution of the y compo-
nent of the electric field strength of the mode [29].

The obtained dependences (w) for TE modes possess two
singular points. The first of them is due to the resonance of
the bulk material permeability u¢(w) at the frequency w,,. The
second singularity is located at point A = 1 um, where in the
considered case u; = —1. Near this point the dispersion curves
of the slow guided modes asymptotically approach the disper-
sion curves of the surface electromagnetic s-type waves
[32, 33], for which the phase velocities turn into zero at equal
permeabilities (42 = uf = u?). Under the assumed conditions,
this equality is valid at the wavelength of 1 um.

From Fig. 2 it follows that the distinctive feature of the
considered left-handed film is the existence of three frequency
ranges, such that only one guided mode, TE, TE; or TE,, can
propagate in each of them. This single-mode regime in com-
mon planar thin-film waveguides made of right-handed mate-
rials is implemented only for the lowest-order mode [27-30].

For the modes TE, and TE, the dispersion dependences
B(w) lie not only in the region of fast modes (k, < < k), which
is characteristic for usual films of right-handed materials, but
also in the region of slow modes [(f > max(ky; k)], which is
absent in usual films [27-30]. For the mode TE; the depen-
dence f(w) is divided into two branches by the point, where
the derivative is infinite, df3/dw = oo, and the group velocity
turns into zero, v, = dw/dB = 0. The phase and the group
velocity of the mode, corresponding to the lower branch of
the dispersion dependence, have similar directions, while
those corresponding to the upper branch have the opposite
directions. The dispersion dependences (w) of the rest modes
lie in the region of fast modes. However, in contrast to the
common film waveguides made of right-handed materials, in
which the dispersion dependences of modes are monotonic,
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the dependences B(w) for the fast guided modes of the wave-
guides with the left-handed film are divided into two branches
by the point, corresponding to the case v, = 0 (similarly to the
dependences for the TE; modes). In this case, with the growth
of the mode number of the left-handed film the corresponding
dispersion curves practically merge as they approach the
region of singular permeability ur.

The appearance of two branches in the dispersion depen-
dences of the propagation constants of guided modes in the
left-handed film, corresponding to opposite directions of the
mode group velocity, is due to the fact that the direction of
power transfer by the light field in the film is opposite to that
in the right-handed covering medium and substrate (see
Refs [1-4, 8, 14]). In the general case, depending on the fre-
quency w of the mode light field, the direction of the total
power transfer can coincide with the direction of the power
transfer either in the covering medium and the substrate, or in
the film. In the particular case of a certain frequency w, the
power, carried by the mode in the film, appears to be equal to
that carried in the covering medium and the substrate, so that
both the total transferred power and the corresponding group
velocity turn into zero. In common right-handed films this
effect is absent [27-30].

3. Intramode dispersion near the frequency
of the zero group velocity

Let us derive the analytical relations describing the dispersion
properties of the guided modes for the left-handed film in the
vicinity of the frequency w, at which the group velocity of the
mode turns into zero (v, = dw/df = 0). The frequency w, and
the corresponding propagation constant 5, can be determined
as the roots of the dispersion equation (1), implicitly defining
the function w(f), and the equation dw/df = —(3f/9B)/(df1ow)
= 0 [21]. Generally, the frequency w, belongs not only to the
domain of definition of the dispersion function f(w) of the
mode, for which at this point v, = 0, but also to the domain of
definition of S(w) for other modes (Fig. 2). The dispersion
properties of these modes near the frequency w, can be
described within the frameworks of the traditional dispersion
theory, based on the expansion of the function S(w) into a
truncated series in integer powers of the frequency increment
o —w [29, 34, 35], and are not considered below.

From Fig. 2 it follows that for the considered case at the
frequency w near the point w, (w < wg) the existence of two
guided modes is possible. One of them corresponds to the
lower branch of the dependence f(w), its phase and group
velocities being unidirectional. The other mode corresponds
to the upper branch of the dependence B(w) and for it the
directions of the phase and group velocity are opposite. The
dependences B(w) near the point wy cannot be approximated
by a truncated series expansion in integer powers of the fre-
quency increment Aw = w — w. In the considered case, they
can be presented as a series in powers of the square root of the
frequency increment (Aw'?). The dispersion dependences of
the propagation constant §* (the mode with similar directions
of the phase and group velocity) and the constant §~ (the
mode with oppositely directed velocities) in the first approxi-

mation with respect to the quantity Aw'’? can be described by
the expressions:
B =BoTVAwla = Bo(1FP), 3)

where 8y =B(w); a = —0.5(d’w/dB?), - o;and 58 = By 'V Awla.

Using the results of Refs [27—30], the dependence of the y
component of the electric filed strength vector Ex of the light
field of the guided TE mode, propagating in the plane of the
film along the z axis, on the coordinate x orthogonal to the
film surface (see Fig. 1) can be presented (to a certain factor)
in the form

E. = (-1)"(1 — uiyixe )P explye(h — )1, x > h, “4)

Er=(1—uixx)™"

x [cosh(yrx) + pueysyr sinh(yrx)], 0 < x < A, (5)
Ey= (1 —uixinr?) P exp(ysx), x <0, (6)

where 7 is the mode index. Formulae (4)—(6) and the well-
known relations, expressing the x and z components of the
magnetic field strength of the TE mode (H.+and H.-) in terms
of the y component of the electric field strength E«[27-30],
allow the general description of the dispersion dependence of
the spatial field distribution (shape dispersion) for both the
fast and the slow modes of the left-handed film.

In the first approximation with respect to the parameter
88 = Bo'V Awla , the relation describing the shape dispersion
of y and x components of the TE mode field with similar (‘+°)
and opposite (‘—’) directions of the phase and group velocities
can be derived in the form

Ei = (1 FEi0B) Evo, He = [1F (1 +EJB5BIHoy, (7)

where
2 (2 2
fn =X U)o ®)
c0 o (xfo — ufoxdo)
£:(x) = paro X0 — X0 sinh (yr0X)

Xsoxto €osh(¥roxX) + proxsoxro sinh(yrox)

+ iziln[cosh(xmx) + Mroxsoxro sinh(xrox)]
Xio dx

2 (2 L2
+ —5‘10(2’“0 2502) L0<x<h ©9)

Xro(%ro —,ufoXso)
g(x) _ X + luzf()(x% _XEO)

Xs0 2 (.2 RN 0.
0 x7o(2j0 = Hrox0)

(10)

The subscript ‘0’ means that the quantities are to be calcu-
lated at the frequency .

Expressions (3)—(10) allow the theoretical analysis of
propagation of narrow-band intramode wave packets in the
thin left-handed film with the frequency spectrum near .

4. Power carried by the intramode wave packet
with the spectrum near w,

Consider the propagation of a transform-limited packet of
guided TE modes in the thin left-handed film. Let us assume
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that the propagation constants for the modes of this packet
belong to one dispersion curve, and their frequencies lie in the
narrow band adjacent to the frequency w, from below (AQ =
W) — Omin << 0, see Fig. 2). Generally, two different pairs of
intramode packets correspond to such interval, in which the
phase velocities are oppositely directed. In the modes of one
packets from each pair (with the propagation constants %)
the directions of phase and group velocities coincide, as in
usual right-handed films [27-30], and in the modes of the
other packet from each pair (with the propagation constants
B) these velocities are oppositely directed, which is impossi-
ble in right-handed films.

In the first-order approximation with respect to the
parameter 83 = B;' vV Aw/a , the spatiotemporal dependences
of the y components of the electric field strength vectors ( E})
and the x components of the magnetic field strength vectors
(H¥) of the packets of guided TE modes of the first pair (v =1,
the phase velocity in the forward direction of the z axis) and
the second one (v = 2, the phase velocity in the backward
direction of the z axis) in a certain cross section of the wave-
guide, corresponding to the coordinate z, can be presented in
the form:

E% = Eo()[9t(z,0) F Byt (2, E.(x)]

x exp{i[wot + (—=1)"Boz]} + c. c.,

(11

H = (=1 Hoo(0) {3 (2,0 F By (2,01 + E(0)]}

x exp{i[wot + (—=1)"Boz]} + c. c.,

(12)
where

Wiz 1) = fo M Ctexpi—ilAwt +(—1'VAwlaz]} dAw; (13)

AYE(z, 1) = fo s Aola

x exp{—i[Awt + (=1)'V Awlaz]} dAw; (14)

and C; = C;(Aw) is the spectral density of modes, depending
on the frequency detuning.

The fact that the group velocity of the mode at the fre-
quency w, (v, = 0) equals zero is a consequence of turning
into zero of the power carried by the waveguide mode in the
left-handed film (S, = fOOEOHde =0, the superscript <’
means the complex conjugation) [28]. Hence, the power car-
ried by the considered intramode wave packets can be written
in the form

483
+ — 4 (1) ! 0
Stz =% (1)1

< [TEME P IRy OGOl (9

where u(x) and &(x) are the dependences of the permeability
and the parameter £ on the coordinate x [see Fig. 1 and
Eqns (8)—(10)].

The terms in Eqns (11), (12) and (15), proportional to the
functions v}, describe the influence of phase dispersion on the
spatiotemporal transformation of wave packets in the process
of their propagation along the film. The terms, proportional to
the functions Ay}, describe the mutual effect of both the phase
and the shape dispersion on this transformation. Due to the
condition Sy = f EyHydx = 0 valid in the considered case,
the power transferred by the intramode wave packets has no
components proportional to the squared modules of the func-
tions 1; that describe the phase dispersion effect solely. If the
spectra of the intramode wave packets propagating in the left-
handed film were far from the frequency of the zero group
velocity of the mode, then the main contribution to the power
carried by them would be provided by the components, subject
to the effect of phase dispersion only and proportional to the
squared modules of the functions 7 [35]. Note, that in a right-
handed film the power carried by the mode does not turn into
zero at any of the frequencies, and the appropriate component
of the transferred power of the mode is always nonzero in such
a film and gives the main contribution to the power [27-30]. In
the considered case of the left-handed film, the major contribu-
tion to the power carried by the intramode wave packet having
the spectrum near the frequency w is given by the component
that describes the effect of both the phase and the shape disper-
sion.

5. Spatiotemporal transformation
of intramode wave packets and the velocity
of their propagation

Consider the features of spatiotemporal transformation of
the transferred power, general for all intramode wave packets
in a thin left-handed film. For this purpose we assume their
spectral densities to be similar, i.e., C; (Aw) = C(Aw). In this
case from Eqn (15) it follows that the dependences of the
power flows on the coordinate z and the time ¢ satisfies the
relation S5 (z,7) = Sy (z,1) =—S(—z,1) and S;(z,1) = S{(z,1)
= S(z,t). Below we restrict ourselves to the analysis of a wave
packet with the transferred power S(z, 7), the spectral density
of modes being constant and equal to unity (C(Aw) = 1).

Under the assumed conditions the functions ¥(z,7) and
Ay(z, 1), for which the real part of the product describes the
spatiotemporal transformation of the power S(z, 7), carried by
the wave packet with the propagation constants S* [see
Eqn (15)] can be expressed in the form:

y = YExz,0 - 5 2= Erfi(2.0)|, (16)
Ay = t\;% Ex*(z, t)(\/er + ﬁ)
-5 - (% + 42—;>Erf2(z,t)], (17)
where
Ex(z,1) = exp[i(\/?z — AQI)] —-1; (18)

. . 2
Erfa(z,0) = %ﬁexp(%) X
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x{erf(lf‘;izjw>— erf[%i(wza - @)]}; (19)

and erf (¢) is the error integral [36].

From Fig. 2 it follows that for the left-handed film consid-
ered above the small vicinity of the frequency w, ~ 1.75x
10 rad s™' (B) ~ 1.02x10” m™!) that belongs to the domain of
definition of the dispersion dependence of the propagation
constant of the guided TE, mode with the parameter o ~
1.66 s cm~2 does not belong to the domains of definition of the
dispersion dependences for other modes. For this mode the
temporal dependence of power s(¢) = S(z, ) /max[S(0, 7)], nor-
malised to the maximum of the flow at z = 0, transferred by
the wave packet with the spectral width AQ2 =100 GHz in dif-
ferent cross sections z = const is presented in Fig. 3. The mul-
tiple-lobe shape of this dependence, caused by the rectangular
spectrum of the initial wave packet, is preserved in the course
of'its propagation. The effect of dispersion leads to the distor-
tions that manifest themselves in equalising the maxima of the
lobes in the dependence s(z) in the process of the packet tem-
poral broadening, its total energy being conserved in the
absence of absorption. Visible dispersion-caused distortions
of the packet manifest themselves even at small lengths z
(tenths of a millimetre). The numerical analysis has shown
that half the first lobe amplitude in the dependences s()
exceeds the maximum of the second lobe amplitude for
z<0.8 mm.

0.8+ z=40 uwm
o)
z
15
2,
= 0.6
2
= 0.14 mm
g
3 0.4
Z

02 0.5 mm

1 mm
0 0.5 1.0 1.5 2.0 2.5 2.0 3.5

Time/ns

Figure 3. Time dependence of the power transferred by the wave packet
of the TE, mode, normalised to the maximal value, in different cross
sections z = const for the left-handed film and the initial rectangular
spectrum of the packet with the width AQ2 = 100 GHz, adjacent from
below to the frequencyw, =~ 1.75x 101 rad s\,

Significant temporal broadening of the pulse with the
half-maximum time width of the first lobe 2rAQ~! & 6.28 ps
at z = 0 and the width of the same lobe ~0.2 ns at z = 1 mm is
not related to the contribution of material dispersion of the
left-handed material. Indeed, the estimation of this contribu-
tion, implemented using the relations from Refs [27, 29, 43, 35],
yields a negligibly small broadening ~4x 10~13 s for the con-
sidered (small) distances, in spite of strong material disper-
sion in the film (the ratio of phase velocity to the group one at
the frequency wy & 1.75x 10" rad s~! for the bulk left-handed
material is equal to ~6.3). In the left-handed film, the pulse
broadening is due to the wave dispersion of phase and shape.
The contributions of both kinds of dispersion are comparable

with each other near the frequency wy, in contrast to the con-
tributions at other frequencies, where the contribution of the
shape dispersion into the analogous broadening is small as
compared to the contribution of the phase dispersion. For
guided modes in usual right-handed films the frequency, at
which the group velocity turns into zero, does not exist, and,
therefore, the influence of the shape dispersion on the propa-
gation of wave packets in them is also negligibly small.
Under the strong distortions caused by the dispersion, the
usual notion of the propagation velocity of a narrow-band
wave packet as the group velocity (i.e., the velocity of the
envelope moving with conserved shape) loses its meaning
[37, 38]. In this case, a few approaches exist to define the
velocity of wave packets, based on the necessity to use this
notion for a particular application [39]. For example, the
velocity of energy propagation, equal to the ratio of the
power, carried by the wave packet in the direction of propa-
gation, to the energy density [40—42] in the case of planar
waveguide structures can be presented in the form

w0 = .

(20)

where W(z,1) is the density of electromagnetic energy of the
mode packet, averaged over the cross section of the wave-
guide structure [28, 42]. In the considered case, the quantity
vy (z,t) carries the information about the instantaneous
velocity of the packet energy at each point along the direction
of its propagation. The value of this velocity, significant for
technical applications, corresponds to the space points of the
packet with large transferred power.

The numerical calculations carried out for the considered
case have shown that in spite of the strong dispersion distor-
tions of the wave packet, the maximum of the first lobe in the
time dependence of the normalised power s(¢), carried by the
wave packet, is larger than the maxima of other lobes in any
cross section of the waveguide at the lengths up to a few
metres. The instantaneous velocity v of this maximum at a
certain cross section z can be calculated with necessary accu-
racy using the approximate relation v ~ Az/At,,,,, where Az is
the separation between two closely spaced cross sections; and
At max 18 the difference of times ¢, that determine the position
of the first maximum in the dependences s(¢), calculated at
these two cross sections. The mean velocity of the first lobe
maximum is determined by the relation V' = z/t,,.

Figure 4 presents the dependence of the instantaneous
[v(2), solid curve] and the mean [V(z), dashed curve] velocity
of the maximum of the power, transferred by the wave packet,
at different cross sections z for the considered left-handed
film. As follows from the figure, the instantaneous velocity
grows nonmonotonically from vy = 136V aAQ/105 ~ 5.27x
10°m s! in the cross section z = 0 to Vo= 2V aAQ ~ 8.14x
10° m s~! in the cross section z - o [43]. The values of v, and
Vo, were obtained analytically by performing the appropriate
passages to limits in Eqns (15)—(19). The length of the inter-
vals within which the first lobe maximum of the time depen-
dence of the transferred power is accelerated coincide by the
order of magnitude with the lengths of the intervals, within
which this maximum is decelerated. The total increase in the
instantaneous velocity of the transferred power maximum
v(z) with the growth of the path length of its propagation z
leads to the increase in its mean velocity V(z), too. In this case,
the condition V(z) < v(z) holds, typical for the accelerated
(including uniformly accelerated) motion of a material point.
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The reason for the growing motion velocity of the transferred
power s(¢) maximum with increasing z is the increase in the
contribution to its formation from the spectral components of
the intramode packet with the frequencies wg — 2 < w < w,,
for which the absolute value of the group velocity grows with
their frequencies shifted off the frequency w,. This contribu-
tion increases with the growth of z at the expense of the dis-
persion broadening of the packet.

9
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0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
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Figure 4. Dependences of the instantaneous (v) and mean (V) velocities
of the maximum of the power transferred by the wave packet of the TE,
mode in the left-handed film on the coordinate z along the direction of
its propagation (v, and v, are the limiting velocities); vy is the propaga-
tion velocity of the packet energy at point z at the time moments, cor-
responding to the arrival of the maximum of the ransferred power at
this point.

The results of calculating the velocity of the energy propa-
gation in the considered wave packet vy (z, ., using the
general relation (20) at the time moments #,,,,, corresponding
to the arrival of the first lobe maximum in the temporal
dependence of the transferred power s(¢) at the point z, are
presented in Fig. 4 by the dashed-dotted line. It is seen that
the spatial dependence of the velocity v (z, ) 1S similar in
its character to the spatial dependence of the instantaneous
velocity v(z) and the dependence of the mean velocity V(z).

Note that in the unlimited (bulk) weakly absorbing left-
handed medium the group velocity of the light waves does not
turn into zero at any of the frequencies in the range, where
both its permittivity and its permeability are simultaneously
negative. In Ref. [35] it is shown that inside this range the
frequency of zero group velocity dispersion can exist, at which
a narrow-band light pulse in a left-handed bulk material is
practically free of dispersion-caused distortions. For the
medium parameters used above in the numerical calculations,
this frequency is approximately equal to 2.15x 10" rad s ™! and
lies far beyond the limits of the considered range. In this case,
at the frequency wy = 1.75x10" rad s! the group velocity in
the bulk medium amounts to ~4x 107 ms~'. This is more than
by 50 times greater than the velocity of the power transfer by
the considered intramode wave packet, equal to ~7x10°m s™!
for its spectral width A2 = 100 GHz. The reduction of AQ2
leads to the decrease in this velocity in the left-handed film. At
AQ =1 GHz the power transfer velocity will be already by 500
times smaller than the group velocity in the bulk material. In
the limit case AQ — 0 the considered velocity of wave packet
propagation in the film also tends to zero, since in this limit
case the wave packet in the film degenerates into a single
guided mode with zero group velocity at the frequency .

From Fig. 2 it follows that for the accepted conditions
only the guided mode TE, has the group velocity, different
from zero in the entire frequency range considered. Therefore,
the intramode packets with the spectra, adjacent from below
to the frequencies of zero group velocities, can be formed by
other modes, too, and not only by the TE, mode. The propa-
gation character of these packets will be analogous to that of
the mode formed by the TE, mode analysed above. The decel-
eration of propagation of intramode wave packages, formed
by these modes, relative to the wave packets, propagating in
the bulk left-handed medium, will be expressed weaker, since
the parameter a for them is considerably smaller than for the
TE, mode (a ~ 0.46 s m~2 for the mode TE; and a ~0.03 s m>
for the mode TEy).

6. Conclusions

Thus, it is shown that the dispersion properties of the guided
optical TE modes in a thin left-handed film are qualitatively
different from those in common right-handed films. Under
the assumed conditions, the first-order mode at any frequency
is slow, the second-order mode can be either fast or slow
depending on the frequency, and the rest modes are fast. The
single-mode regime can be implemented for three modes of
the lowest order. Generally, the group velocity of the mode
can coincide with the phase velocity, be oppositely directed to
it, or turn into zero. Only the slow guided mode TE, has the
group velocity different from zero in the entire frequency
range considered.

In the left-handed film at a single frequency near the fre-
quency w, of a certain guided optical mode in the general case
four guided modes can propagate having the propagation
constants belonging to one dispersion branch. In two of these
modes, the directions of phase and group velocities are simi-
lar, as in common right-handed films. Two other modes have
the oppositely directed phase and group velocities, which is
impossible in right-handed films. The spatiotemporal trans-
formation of the transferred power envelope for the modes of
narrow-band wave packets with similar initial spectrum,
adjacent from below to the frequency w,, satisfy simple sym-
metric relations and up to a sign can be described by a single
function. The considerable temporal broadening of the power
flow in such wave packet that manifests itself already at the
distances ~1 mm is caused by the waveguide dispersion, to
which the dispersion of both the phase and the shape of the
mode contribute. The velocity of the power maximum propa-
gation in such wave packet is proportional to the square root
of its spectral width and for AQ2= 100 GHz can be reduced by
two orders of magnitude as compared to the group velocity of
light in the bulk left-handed material.

Acknowledgements. This work was partially supported by the
Ministry of Education and Science of the Russian Federation
(Project No. 8.909.2914/K).

References

1. Shadrivov I.V., Sukhorukov A.A., Kivshar Y.S. Phys. Rev. E, 67,
057602 (2003).

2. Peacock A.C., Broderick N.G.R. Opt. Express, 11, 2502 (2003).

3. HeY., CaoZ., Shen Q. Opt. Commun., 245, 125 (2005).

4. Novitsky A.V., Barkovsky L.M. J. Opt. A: Pure Appl. Opt.,7,S51
(2005).

5. Novitskii A.V., Barkovski L.M. Opt. Zh.,73 (11), 8 (2006).
Cory H., Blum T. Microwave Opt. Technol. Lett., 44, 31 (2005).



1046 D.A. Konkin, R.V. Litvinov, E.S. Parfenova, et al.

7. Wang Z.H., Xiao Z.Y ., Li S.P. Opt. Commun., 281, 607 (2008).

Shen L.F., Wang Z.H. J. Opt. Soc. Am. A, 26, 754 (2009).

9. WangZ.H., Xiao Z.Y., Luo W.Y. J. Opt. A: Pure Appl. Opt., 11,
015101 (2009).

10. Atakaramians S., Argyros A., Fleming S.C., Kuhlmey B.T. J. Opt.
Soc. Am. B, 29, 2462 (2012).

11. Taya S.A., Kullab H.M., Qadoura .M. J. Opt. Soc. Am. B, 30,
2008 (2013).

12. Atakaramians S., Argyros A., Fleming S.C., Kuhlmey B.T. J. Opt.
Soc. Am. B, 30 (2013).

13. HouS., ZhangS., Liu Y., Wang D., Lei J. Optik, 125, 6127 (2014).

14. Kim K.Y., Lee J.-H., Cho Y.K., Tae H.-S. Opt. Express, 13, 3653
(2005).

15. Shen L.F., Wang Z.H. J. Opt. Soc. Am. B, 24, 1847 (2007).

16. Shadrivov L.V., Ziolkowski R.W., Zharov A.A., Kivshar Y.S. Opt.
Express, 13, 481 (2005).

17. Ferrari J.A., Frins E. Opt. Express, 19, 13358 (2011).

18. Guo Q.H., Cui H.X., LeiJ., Kang M., Wang X.L., Li Y.N., Chen J.,
Wang H.T. J. Opt. A: Pure Appl. Opt., 14, 045703 (2012).

19. Manenkov A.B. Radiotekh. Eelektron., 58, 1197 (2013) [J. Comm.
Tech. Electron., 58 (12), 1157 (2013)].

20. Shawon M.J., Ghafour A.M., Hasan Md.M., Shakibaei B.H.,
Gang S.Y., Mahdy M.R.C., Adikan F.R.M. IEEE Photon. J., 7,
4600812 (2015).

21. Konkin D.A., Shibel’gut A.A., Litvinov R.V. Izv. Samarskogo
Nauchn. Tsentra RAN, 17, 83 (2105).

22. McPhedran R.C., Shadrivov 1.V., Kuhlmey B.T., Kivshar Y.S.
NPG Asia Mater., 3, 100 (2011).

23. Yangl.J., Huang M., Tang H., Zeng J., Dong L. Intern. J.
Antennas, Propagation, 2013, 637270 (2013).

24. Raghuwanshi S.K., Rahman B.M.A. IEEFE Sensors J., 15, 4141
(2015).

25. XueaY.L.,Liu W.,GuY., Zhang Y. Opt. Laser Technol., 68, 28
(2015).

26. Taya S.A.J. Magnetism Magnetic Mater., 377, 281 (2015).

27. Barnoski M.K. (Ed.) Introduction to Integrated Optics (New Y ork:
Plenum Press, 1974).

28. Tamir T. (Ed.) Integrated Optics (New York: Springer-Verlag,
1975).

29. Unger H.G. Planar Optical Waveguides and Fibres (Oxford:
Oxford University Press, 1977).

30. Adams M.J. An Introduction to Optical Waveguides (New Y ork:
Wiley, 1981).

31. Kussow A.G., Akyurtlu A., Semichaevsky A., Angkawisittpan N.
Phys. Rev. B.,76, 195123 (2007).

32. Zhang H.-F., Wang Q., Shen N.-H., Li R., Chen J., Ding J.,
Wang H.-T. J. Opt. Soc. Am. B, 22, 2686 (2005).

33. Ruppin R. Phys. Lett. A, 277, 61 (2000).

34. Vinogradova M.B., Rudenko O.V., Sukhorukov A.P. Teoriya voln
(Wave Theory) (Moscow: Nauka, 1979).

35. D’Aguanno G., Akozbek N., Mattiucci N., Scalora M.,

Bloemer M.J., Zheltikov A.M. Opt. Lett., 30, 1998 (2005).

36. Abramowitz M., Stegun 1.A. Handbook of Mathematical
Functions: With Formulas, Graphs, and Mathematical Tables
(Mineola, NY: Dover Publications, 1965).

37. Akhiezer A.L., Akhiezer I.A. Elrktromagnetizm i elektromagnitnye
volny (Electromagnetism and Electromagnetic Waves) (Moscow:
Vysshaya shkola, 1985).

38. Gol’dshtein L.D., Smirnov N.V. Elektromagnitnye polya i volny
(Electromagnetic Fields and Waves) (Moscow: Sov. radio, 1971).

39. Davidovich M.V. Usp. Fiz. Nauk, 179, 443 (2009) [ Phys. Usp.,
179, 415 (2009)].

40. Umov N.A. Izbrannye sochineniya (Selected Works) (Moscow:
GITTL, 1950).

41. Landau L.D., Lifshitz E.M. Electrodynamics of Continuous Media
(Volume 8 of A Course of Theoretical Physics) (Oxford:
Pergamon Press, 1960).

42. Vainshtein L.A. Elektromagnitnye volny (Electromagnetic Waves)
(Moscow: Radio i svyaz’, 1985).

43. Konkin D.A., Litvinov R.V., Shibelgut A.A. PIERS Proc.
(Prague, 2015) p. 1825.

*®





