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Abstract.  We report an investigation of the optical feedback effect 
on the dynamics of a tunnelling-injection quantum dot (TI QD) 
semiconductor laser. Assuming the external cavity to be short and 
using a small signal analysis, the modulation response of a TI QD 
laser is calculated under optical feedback conditions. The impact 
of the tunnelling probability, bias-current density, feedback ratio, 
external cavity length and linewidth enhancement factor on the 
modulation response of a TI laser is studied. With the optical feed-
back taken into account, the modulation responses of conventional 
and TI QD lasers are compared. The obtained results demonstrate 
that at an appropriate feedback ratio and external cavity length, 
the laser bandwidth and its relaxation frequency can be improved.
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1. Introduction

Quantum dot  (QD)  lasers have attracted much attention  in 
the recent decade due to their suitable characteristics which 
originate from a three dimensional confinement of carriers in 
the active region and discrete nature of their density of states. 
The main advantages of QD lasers are the low threshold cur-
rent  [1, 2],  temperature  insensitivity  [3 – 6],  high  bandwidth 
[7, 8] and low chirp [9, 10]. However, one of the main draw-
backs of QD lasers is the hot-carrier problem which limits the 
modulation rate of lasers [11]. In order to alleviate problems 
related to hot carriers in the active region, a tunnelling-injec-
tion quantum-dot (TI QD) laser was proposed [11]. In TI QD 
lasers, carriers tunnel from a reservoir directly into the ground 
state or lasing state. Thus, by injecting carriers into the ground 
state,  some  characteristics  such  as  the  laser  bandwidth  are 
improved and several deleterious effects such as the frequency 
chirp are reduced [11]. In optical fibre telecommunication, the 
laser receives an optical  feedback from a fibre pigtail  tip or 
optical fibre connectors. Even a small backreflection of light 
into a diode  laser module  can be  considered as a  source of 
instability in many situations. On the other hand, the optical 
feedback  can  enhance  the  modulation  characteristics  and 
decrease the intensity noise [12]. In 2012, Otto et al. [13] inves-
tigated the first three external cavity modes using a bifurcation 
diagram of QD lasers under optical feedback. By calculating 

the  first  Hopf  bifurcation,  they  concluded  that  the  critical 
feedback  level  is proportional  to  the damping  factor of  the 
oscillation  frequency while  it  is  inversely determined by  the 
linewidth enhancement factor [13]. The influence of external 
optical  feedback  on  the  linewidth  enhancement  factor  of 
semiconductor lasers was studied by Yu and Xi in 2013 [14], 
who  showed  that  there  is  a  strong  correlation  between  the 
external  optical  feedback  and  the  linewidth  enhancement 
factor. Virte et al.  [15] demonstrated that an increase in the 
optical feedback rate leads to lasing from the excited state (ES) 
in  a  single mode, while  under  the  threshold  condition, QD 
lasers  emit  simultaneously  from  the  ground  state  (GS)  and 
ES. The frequency chirp of self-injected QD lasers has been 
investigated in 2013 by Wang et al. [16]. In their calculations 
they found that the chirp-to-power ratio (CPR) is sensitive to 
optical  feedback  conditions  at  any modulation  frequencies. 
Also, they showed that for short external cavity lengths, the 
modulation properties of the laser can be improved.

In this paper, we consider for the first time TI QD lasers 
under external optical feedback and show the impact of dif-
ferent parameters such as the feedback ratio, tunnelling prob-
ability, current density and linewidth enhancement factor on 
the modulation response of these lasers. 

2. Theoretical analysis 

The 1.3-mm TI QD laser heterostructure, the dynamics of car-
riers and photons  in the active region and the basic scheme 
of the TI laser operating under external optical feedback are 
shown in Fig. 1. The active region contains five InGaAs QD 
layers  within GaAs  barriers,  as  well  as  an AlGaAs  barrier 
layer  and  an  InGaAs  quantum-well  (QW)  layer.  The  laser 
uses only one QD ensemble of  equal  size and  shape, which 
includes two energy levels corresponding to the ground state 
and the excited state.

A  group  of  carriers  (Fig.  1b)  that  are  injected  into  the 
separate  confinement  layer  (SCL)  tunnel  into  the GS  (with 
the tunnelling factor et) and the other carriers pass the barrier 
and enter the wetting layer (WL) and finally relax to the GS 
through  the ES. We use  the  following  system of  rate  equa-
tions to describe the dynamics of carriers, photons  [17] and 
the phase of the optical beam in the TI QD laser under optical 
feedback [12]: 
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Here, Ns and Nw are the carrier densities in the SCL and WL, 
respectively; NQ is the volume density of the QD; q is the elec-
tron charge; S1 is the photon density; J is the current density; 
Ls and Lw are the SCL and WL thicknesses; et is the tunnelling 
probability, which  takes  a  constant  value between 0  and 1; 
tt and td are the tunnelling and diffusion lifetimes in the SCL; 

f  and h  are  the  electron occupation probabilities  in  the GS 
and ES; tw2 and t2w are the electron relaxation times from the 
WL to the ES and the escape time of electrons from the ES 
to the WL; twr, t2R and t1R are the spontaneous emission life-
time to the WL, ES and GS; g1 is the maximum differential 
gain of the GS; Vg is the group velocity; G is the confinement 
factor;  tp  is  the  photon  lifetime;  and  b  is  the  spontaneous 
emission factor. The descriptions and values of all the param-
eters used in this model are below [12, 17]. 

Tunnelling probability   .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .   0.95

QD volume density/m–3    .  .  .  .  .  .  .  .  .  .  .  .  .  .    2.5 ́  1023

Group velocity/m s–1   .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .   8.57 ́  107

Spontaneous emission factor  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .    10–5

Electron relaxation time from the WL to the ES tw2*/s .  .  10–12

Spontaneous radiative lifetime at the GS t1R/s    .  .  . 0.7 ́  10–9

Spontaneous radiative lifetime at the ES t2R/s .  .  .  .  . 0.7 ́  10–9

Spontaneous radiative lifetime at the WL twr /s   .  .  . 0.7 ́  10–9

Electron relaxation time from the ES to GS t21**/s    .  .  8 ́  10–12

Diffusion lifetime into the SCL/s .  .  .  .  .  .  .  .  .  .  0.3 ́  10–12

Energy level difference between the WL and ES DEw2 /meV.  .   40
Energy level difference between the ES and GS DE21 /meV.  .   50
Photon lifetime/s   .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 12 ́  10–12

Modal gain Gg1/m–1 .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  1100

SCL thickness/m   .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .   10–9

WL thickness/m .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .   10–9

Facet reflectivity R1 .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .   0.33

External cavity length/cm .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .   0.35
Reflective index in the external cavity next  .  .  .  .  .  .  .  .  .  1.5

Linewidth enhancement factor aH  .  .  .  .  .  .  .  .  .  .  .  .  .  .  1

In equations (1e) and (1f), the strength of the optical feed-
back is defined as [12]:
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where R1 is the laser facet reflectivity and Fext is the feedback 
ratio, which is defined as the ratio of the returned power to 
the emitted one. In the last two rate equations 

Df = w0text + f(t) – f(t – text)  (3)

is the phase variation of the field [12], where w0 is the centre 
frequency of photons in the cavity, and the round trip time of 
photons in the laser cavity, tin, and the external cavity, text, are 
expressed as [18]

text = 2Lext next /c,  (4)

tin = 2Lin /Vg.  (5)

To calculate  the modulation response of a TI QD laser, 
small  signals  are  assumed  time  dependent  for  carriers  and 
photon densities

Ns(t) = NsQ + dNs exp(iwt),  (6a)

Nw(t) = NwQ + dNw exp(iwt),   (6b)
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Figure 1. (a) Schematics of a TI QD laser ( l = 1.3 mm), (b) dynamics of 
carriers and photons in the active region of the laser [17] and (c) TI QD 
laser under external optical feedback; Lin and Lext are the lengths of the 
laser cavity and external cavity with optical feedback; Sout is the output 
intensity; other notations are given in the text. 

* The electron escape time from the ES to the WL is t2w = tw2exp(DEw2 /kBT).
** The electron escape time from the GS to the ES is t12 = t21exp(DE21 /kBT).
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h(t) = hQ + dh exp(iwt),  (6c)

f(t) = fQ + df exp(iwt),  (6d)

S1(t) = S1Q + dS1 exp(iwt),  (6e)

f(t) = fQt + df exp(iwt).  (6f)

For the phase term, we have the following relations [12]

cos (Df) = P[1 + aH dfexp(iwt)(1 – exp(–iwtext))],  (7)

sin (Df) = P[–aH + dfexp(iwt)(1 – exp(–iwtext))],   (8)

P = (1 + a2H)–1/2.   (9)

We  can  calculate  the  steady-state  values  (NsQ, NwQ,  fQ, 
hQ, S1Q) by solving the system of rate equations (6) using the 
Runge – Kutta method. After neglecting  the quadratic and 
higher-power small-signal terms in the rate equations, we can 
obtain the linearised equations:
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After the Fourier transform of the small-signal rate equa-
tions, we can write these equations as linear matrix equations
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The square matrix [bml ]6 ́  6 is formed by the coefficients of 
the system of equations (10a) – (10f). According to Eqn (12), 
for calculating the modulation response of a TI QD laser we 
should evaluate the value of Det[b'ml ]6 ́  6, which is the deter-
minant  of  the  matrix  coefficients  where  its  fifth  column  is 
replaced by a vector matrix  [Km ]6 ́  1. This vector matrix has 
zero elements except its mth element which is equal to unity. 
By solving the above equation, various quantities of a TI QD 
laser can be calculated. Based on these calculations, we will 
discuss in the following section the effects of different param-
eters,  such  as  the  tunnelling  probability  and  the  feedback 
ratio, on the modulation response of a TI QD laser.

3. Results and discussion

To study the modulation response and dynamics of a TI QD 
laser  under  external  optical  feedback,  firstly,  we  have  to 
determine the steady-state properties of the device by solving 
the rate equations at constant injection currents. The carrier 
occupation in the GS and the dependence of the photon den-
sity on the injection current density without optical feedback 
is shown in Fig. 2. The threshold current density Jth for the 
emission from the GS is 0.4 ́  105 A m–2. 

The modulation response of a TI QD laser  is calculated 
for three different values of the feedback ratio (Fig. 3). Cal-
culations  imply  that  by  increasing  the  feedback  level,  the 
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Figure 2. Dependence of the carrier occupation and photon density on 
the current density for a TI QD laser.
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Figure 3. Effect of  the  feedback  ratio on  the modulation  response of 
a TI laser in the absence of optical feedback ( 1 ) and at Fext = ( 2 ) 10–4, 
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modulation bandwidth of  the TI QD laser  increases.  In  the 
best case in our simulations at Fext = 5 ́  10–3, the modulation 
bandwidth  enhances  to  33.92  GHz,  in  agreement  with  the 
recent theoretical research on the modulation response of QD 
lasers [12]. 

Figure 4 shows the effect of the external cavity length on 
the modulation response of a TI QD laser for a feedback level 
Fext = 10–3 and J = 3Jth. One can see that the external cavity 
length plays a significant role in the formation of the reflected 
wave phase wtext and consequently the modulation bandwidth 
of the TI QD laser. 

To  investigate  the  effects  of  the  linewidth  enhancement 
factor (LEF) on the modulation response of the TI QD laser, 
we have plotted the modulation response of the TI QD laser 
for three different values of the LEF (Fig. 5). One can see that 
the 3-dB modulation bandwidth of the TI QD laser increases 
with increasing LEF. The maximum modulation bandwidth 
is achieved at LEF = 5 and the resonance frequency Fr in this 
case reaches to 30 GHz.

Figure  6  shows  the modulation  response  of  the  TI QD 
laser  at  three  different  injection  currents.  The  calculation 
results  indicate  that  the  relaxation  frequency  and  damping 
factor  increase with  increasing  injection  current. Therefore, 
at the injection current of about 4Jth, the modulation band-
width reaches the maximum value of ~39 GHz.

As follows from the rate equations, the value of tunnelling 
probability also significantly affects the modulation response 

of TI QD lasers. In fact, with increasing tunnelling probabil-
ity,  the  number  of  injected  carriers  into  the  GS  increases. 
Figure 7  illustrates  the  impact of  the  tunnelling probability 
on the modulation response of a TI QD laser. For et = 0.95, 
we have the best modulation response and therefore a band-
width of about 33.27 GHz. 

Figure 8 compares the modulation response of a conven-
tional QD laser under optical feedback with that of a TI QD 
laser at et = 0.75. One can see that the bandwidths of a con-
ventional QD laser and a TI QD laser under optical feedback 
are ~23.8 and ~29.8 GH, respectively. Thus, under the sta-
bility conditions and in the presence of optical feedback, the 
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Figure 4. Effect of the external cavity length on the modulation response 
for J = 3Jth in the absence of optical feedback ( 1 ) and Fext = 10–3, Lext = 
( 2 ) 0.20, ( 3 ) 0.35 and ( 4 ) 0.45 cm. 
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Figure 5. Modulation  response  of  the  TI QD  laser  at  LEF =  ( 1 )  1, 
( 2 ) 3 and ( 3 ) 5. 
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Figure 6. Modulation response at injection current densities J = ( 1 ) 3Jth, 
( 2 ) 3.5Jth and ( 3 ) 4Jth. 
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Figure 7. Modulation response at tunnelling probabilities et = ( 1 ) 0.75, 
( 2 ) 0.85 and ( 3 ) 0.95. 
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Figure 8. Comparison of modulation responses of ( 1 ) a conventional 
QD laser and ( 2 ) a TI QD laser.
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modulation bandwidth of the TI QD laser is better than that 
of a conventional QD laser.

Finally, Fig. 9 shows the photon density in a TI QD laser 
at J = 3Jth as a function of time for the free running case and 
under optical feedback with Fext = 10–3. One can see that in 
a TI QD laser under optical feedback, the turn-on delay time 
is shorter which indicates that the carrier lifetime is decreased.

4. Conclusions

A new theoretical modelling has been presented to evaluate 
the modulation response of TI QD lasers under optical feed-
back through a small-signal analysis. The numerical solution 
of the system of rate equations for the carriers, photons and 
phase  shows  the  important  role of optical  feedback  in  the 
formation of the modulation response of TI QD lasers. The 
impacts of different parameters,  such as  the  feedback ratio, 
external cavity length, injection current, tunnelling probability 
and LEF, on  the modulation  response  and dynamics of TI 
QD lasers have been investigated. The results show that the 
modulation bandwidth and the relaxation frequency improve 
under an appropriate feedback level, a short external cavity 
and  a  high  tunnelling  probability.  Finally,  the  modulation 
response  of  a  TI  QD  laser  with  and  without  feedback  has 
been  compared with  that  of  a  conventional QD  laser.  It  is 
shown  that  under  proper  optical  feedback,  TI  QD  lasers 
would have a better bandwidth and dynamics than conven-
tional QD lasers.
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Figure 9. Time  dependence  of  the  photon  density  at  J  =  3Jth  for  a 
TI  QD laser ( 1 ) without and ( 2 ) with optical feedback at Fext = 10–3.




