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Abstract.  The filamentation of a femtosecond laser pulse in fused 
silica has been numerically investigated for the case of an annular 
beam with a phase singularity at a wavelength of 800 nm. The spa-
tiotemporal propagation dynamics of the pulse and the transforma-
tion of its frequency-angular spectra are analysed. It is shown that 
a tubular structure with a radius of 3 – 4 mm, peak intensity of about 
2.4 ´ 1013 W cm–2, and maximum plasma density on the order of 
1020 cm–3 is formed in the nonlinear focus; the length of this struc-
ture significantly exceeds the waist length in the linear case. The 
results of the analysis are compared with the data obtained for an 
annular beam free of phase dislocations and for a Gaussian beam.

Keywords: filamentation, optical vortex, phase singularity, annular 
beam.

1. Introduction 

The propagation of a high-power femtosecond laser beam in 
transparent  dielectrics  is  a  highly nonlinear process,  during 
which the light field energy can be localised in the form of a 
thin high-intensity structure (filament), which is retained at a 
distance of many diffraction lengths [1 – 3]. The filament for-
mation  is mainly due  to  the  influence of Kerr  self-focusing 
and defocusing in a plasma channel, self-induced as a result of 
the  nonlinear  photoionisation  of  the  medium.  The  mutual 
competition between these effects maintains the quasi-wave-
guide  regime  of  laser  pulse  propagation  in  a  nonlinear 
medium. A necessary condition for the formation of a femto-
second  filament  is  as  follows:  the  peak  pulse  power  must 
exceed  the  threshold value Pcr, which depends on  the beam 
wavelength, beam shape and the parameters of the medium. 
According  to  different  sources,  the  critical  self-focusing 
power for a Gaussian beam with a wavelength of 800 nm in 
air is 2 – 6 GW [4]. In solid dielectrics, this value decreases to 
several megawatts (Pcr » 2.7 MW in fused silica [5]). 

Filamentation  is  of  interest  for  many  applications. 
Radiation  self-channeling  in  gases  can  be  used  in  environ-
ment  sensing  [6],  filament-induced breakdown spectroscopy 
[7], and design of dynamic microwave waveguides  [8]. High 
power  density  in  a  filament makes  it  possible  to  carry  out 

micromodifications of solid dielectrics without their thermal 
decomposition [9].

The presence  of  a  phase  singularity  in  a  beam may not 
only increase the critical self-focusing power [10] but also sig-
nificantly  affect  the  character  of  pulse  propagation  in  a 
medium.  In  particular,  the  formation of  an  annular  spatial 
structure during filamentation of beams with a phase singu-
larity on their axis can  in principle be used to form tubular 
micromodifications in solid dielectrics.

The  possibility  of  using  optical  vortices  specifically  to 
delay  the multiple  filamentation onset was demonstrated  in 
[11]. An analysis (by means of the perturbation method and 
numerical calculations) predicted an increase by an order of 
magnitude in the distance to the start point of multiple fila-
mentation in a vortex beam with a relative noise intensity of 
10 % in comparison with super-Gaussian and annular beams.

Beams with vortex phase singularities can experimentally 
be  obtained  in  different  ways.  In  the  case  of  femtosecond 
radiation, it is important to provide conditions for the occur-
rence of an optical  vortex  in a wide  spectral  range. To  this 
end, one can use uniaxial crystals, where beams with vector 
singularities are formed due to the birefringence [12]. An opti-
cal system consisting of  two uniaxial crystals with mutually 
perpendicular  axes  and  a  polariser  transforms  a  circularly 
polarised light beam into a singular beam [13, 14].

Apparently, filamentation of vortex beams was observed 
for the first time in [15]. Annular beams with a phase singular-
ity  on  their  axis  propagated  in  sodium  vapours  to  be  self-
focused  and  form  a  high-intensity  ring,  which  was  then 
decomposed  into  separate  hot  points  due  to  the  azimuthal 
modulation instability. However, the break of the axial sym-
metry and beam decomposition into separate fragments may 
occur at a rather large distance. For example, it was experi-
mentally and numerically shown in [16] that the primary self-
focusing of an annular beam with a phase singularity in air is 
followed  by  the  formation  of  a  high-intensity  ring,  which 
induces  photoelectrons  of  plasma.  This  tubular  shape  is 
retained up to distances on the order of several hundreds of 
metres, after which it decomposes because of the modulation 
instability.

It was shown in [17] by an example of optical vortices with 
a topological charge m = ±1 that, at sufficiently small initial 
amplitude – phase perturbations of the initial pulse, the stable 
propagation distance of the optical vortex exceeds the nonlin-
ear focusing length.

Along with  the  problems  of  spatial  stability  of  the  fila-
ment formation in beams with phase dislocations, the charac-
teristics and specific features of the transformation of propa-
gating-beam  frequency  spectrum  are  also  of  great  interest. 
Neshev  et  al.  [18]  experimentally  observed  supercontinuum 
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generation with conservation of the annular shape of a beam 
with  a phase dislocation and measured  the pressure depen-
dence of the supercontinuum bandwidth in argon [19].

The numerical  calculations based on  the approximation 
of slowly varying amplitude, performed in [17] for beams with 
the  same  peak  power,  showed  the  broadening  of  the  fre-
quency-angular spectrum of annular beams with a phase sin-
gularity under filamentation in air to exceed that for Gaussian 
beams. These results cannot be directly generalised to the case 
of  solid dielectrics, where one must  take  into account colli-
sions  during  ionisation  evolution  in  the  femtosecond-pulse 
plasma channel.  In addition,  the description of  the  spectral 
broadening must be performed with due  regard  to  the  self-
sharpening of pulse edges.

In this paper, we report the results of studying the femto-
second  filamentation during propagation of  annular  beams 
with a phase singularity in fused silica in the range of normal 
group-velocity  dispersion  at  a  wavelength  of  800  nm. 
Numerical  experiments  were  performed with  allowance  for 
the effects of wave nonstationarity within the slowly varying 
wave approximation [20]. A comparative analysis of the spa-
tiotemporal dynamics of radiation and its frequency-angular 
spectra is performed for these beams, an annular beam free of 
phase dislocation, and a Gaussian beam, provided that they 
have the same power.

It  is  shown that  the self-action  in  the optical vortex can 
lead to the tubular filament formation. In this case, the fre-
quency-angular  spectrum  of  the  pulse  acquires  a  complex 
structure  without  a  zero  spatial  harmonic  because  of  the 
phase  singularity  on  the  optical  axis.  Spectrum broadening 
occurs mainly in the Stokes region.

2. Mathematical model 

A  numerical  simulation  of  the  problem  of  propagation  of 
femtosecond pulses  in  fused  silica was  performed based  on 
the self-consistent system of nonlinear differential equations. 
In the absence of initial noise, the stable-propagation distance 
of  the  optical  vortex  exceeds  the  nonlinear  focusing  length 
[17], due to which one can use the axisymmetric approxima-
tion in the initial stage of pulse propagation and filament for-
mation by presenting the slowly varying light field amplitude 
in the form E(r, j, t, z) = A(r, t, z)exp(imj). Here, r is the trans-
verse coordinate, t is time in the coordinate system travelling 
with a group velocity ug = (¶k/¶w)–1|w = w0

, w0 is the centre fre-
quency, z is the coordinate along the pulse propagation direc-
tion, and m is the topological charge.

The  system of  equations  for  the  field A(r, t, z)  and  free-
carrier concentration Ne(r, t, z) can be written as 
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where k0 = w0n0/c = 2pn0/l0 is the wavenumber in the medium, 
n0 = 1.4533 is the linear refractive index of fused silica [21], c 
is the speed of light in vacuum, and l0 = 800 nm is the centre 
wavelength.

The  wave  nonstationarity  operator  1T = -t   (i/w0)(¶/¶t)  
[20] is retained in Eqn (1) for the light field amplitude A(r, t, z).
The  presence  of  this  operator  allows  one  to  describe more 
accurately the increase in the slope of the pulse trailing edge 
under conditions of nonlinear self-focusing.

The dispersion operator is 
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where    1 /T 0wW= +W
t   is  the  spectral  representation  of  the 

wave nonstationarity operator, W = w – w0  is the frequency 
detuning of the spectral component Au , and k1 = (¶k/¶w)|w = w0

. 
The  material  dispersion  is  calculated  according  to  the 
Sellmeier formula,
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where the coefficients for fused silica in the vicinity of the centre 
wavelength are C1 = 0.6962, C2 = 0.4079, C3 = 0.8975, w1 = 
2.75 × 1016 s–1, w2 = 1.62 × 1016 s–1, and w3 = 1.90 × 1014 s–1 [22].

The  quantity DnK  takes  into  account  the  change  in  the 
refractive index under the influence of Kerr nonlinearity:
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where I = cn0|A|2/(8p) is the intensity, n2 = 3 × 10–16 cm2 W–1 is 
the  cubic  nonlinearity  coefficient  for  fused  silica  [23],  and 
H(t)  is  a  function  describing  the  time-dependent  nonlinear 
response of the medium. Calculations were performed within 
the instantaneous response approximation (g = 0).

The following quantities are used in the system of equa-
tions (1), (2):
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Here, Dnpl is a nonlinear additive describing a decrease in the 
refractive index of the medium in the filament plasma chan-
nel; wpl is the plasma frequency; e is the elementary charge; me 
is the electron mass; s is the inverse bremsstrahlung absorp-
tion  cross  section; a  is  the  nonlinear  absorption  coefficient 
during photoionisation; K is the multiphotonity order; Ui  = 
9 eV is the band gap of fused silica [24]; RE(I ) is the ionisation 
rate, which depends on the beam intensity and is calculated 
within the Keldysh model for condensed media [25] (the latter 
is successfully used to describe the experimental results on the 
filamentation of  femtosecond  radiation  in  fused  silica  [26]); 
N0 = 2.1 × 1022 cm–3 is the concentration of neutral atoms [27]; 
the  quantity  ni(|A|2)  characterises  the  avalanche  ionisation; 
and nei =  1014  s–1  is  the  electron – ion  collision  frequency  in 
fused  silica  [26].  The  parameter  d  describes  the  radiation 
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extinction in the medium; it was chosen to be 10–5 cm–1 [28]. 
The parameter b = 1012 s–1 [29] characterises the free-carrier 
recombination.

To perform a comparative analysis during numerical sim-
ulation, we  considered  three  initial  conditions  for  the  laser 
beam complex amplitudes in the case of a transform-limited 
Gaussian pulse:
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for a Gaussian beam,
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for an annular beam, and 
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for an annular beam with a phase singularity (optical vortex). 
Here, r0 = 50 mm, t0 = 30 fs, and m = 2.

The beam powers were chosen to be identical and equal to 
several critical powers for a beam with a phase dislocation:
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2

0 2pl=  [30] and  ( )
crv
2P  [16] are the critical 

powers  of  self-focusing  for,  respectively,  a  Gaussian  beam 
and an annular beam with a phase singularity at m = 2. Their 

values  in  fused  silica  are  approximately  2.7  and  21.6 MW, 
respectively. The critical power of self-focusing for the annu-
lar beam without a phase dislocation is close to Pcr.

The nonlinear equation describing the femtosecond laser 
pulse propagation (1) under the aforementioned initial condi-
tions  was  numerically  solved  by  the  splitting  method  with 
respect  to physical  factors  [31, 32]. To reduce the computa-
tion time, the program code was parallelised on multiproces-
sor computers.

3. Filamentation of an annular beam  
with a phase singularity

Let us consider the spatiotemporal dynamics and frequency-
angular spectra of a pulse for an annular beam with a phase 
dislocation. Figure 1a shows the initial intensity distributions 
I for the pulse and the spectral power density S on the loga-
rithmic scale.

The intensity peak for the annular beam [see (12)] with a 
magnitude of about 4.6 × 1011 W cm–2 is located at a distance 
of about 70 mm from the optical axis. The frequency-angular 
spectrum  has  a  bimodal  structure  with  a  zero  spatial  har-
monic (due to the phase singularity) and a maximum at the 
centre wavelength l0 = 800 nm.

In the initial stage of beam propagation in fused silica, the 
beam retains its annular structure (Fig. 1b); at the same time, 
due  to  the  radiation  self-focusing,  the width of  the annular 
structure  in  the  central  part  of  the  pulse  is  significantly 
reduced. This transformation of the pulse is accompanied by 
broadening of its angular and frequency spectra. 

–150 –0.06

–0.10

–0.20

–0.20

0.10

0.20

–0.10

0.10

0.20

–0.04

–0.02

–100

–50

90 60 30 –30

–7

–5

–3

–1

–7

–5

–3

–1

–5

–3

–1r /
mm

r /
mm

q /
ra

d
q /

ra
d

q /
ra

d

–0.10

–0.20

0.10

0.20

q /
ra

d

–0.10

–0.20

0.10

0.20

q /
ra

d

–0.10

–0.20

0.10

0.20

q /
ra

d

0.5
0.6

0.1
0.2
0.3
0.4

0.02

0.04

0.06

–7

0 0

0
0

50

100

150

t/fs t/fs

I/I0 I/I0

I/I0

Imax = 4.59 × 1011 W cm–2 Imax = 9.76 × 1012 W cm–2

Imax = 2.49 × 1013 W cm–2

Imax = 2.40 × 1013 W cm–2

–150

–100

–50

90 60 30 –30

r /
mm

0.6

0.2

1.0

1.4

1.8

0

0

50

100

150

t/fs

I/I0

Imax = 1.65 × 1012 W cm–2

–60

–40

–20

90 60 30 –30

r /
mm

1

2

3

4

0

0
0

20

40

60

t/fs

I/I0

Imax = 3.45 × 1012 W cm–2

575 725 875 l/nm

l/nm

log S
Smax

log S
Smax

log S
Smax

–7

–5

–3

–1

log S
Smax

–7

–5

–3

–1

–7

–5

–3

–1

log S
Smax

log S
Smax

400 8001200

l/nm400 8001200

l/nm400 8001200

l/nm400 8001200l/nm400 8001200

0

0

0

2
4
6
8
10
12

40 20

20

30

–20

t/fs040 20 –20

t/fs040 20 –20

–20

–10

–30
0

00

10

r /
mm 20

30

–20

–10

–30

10

0

r /
mm 20

30

–20

–10

–30

10

0

0

0

0

5
10
15
20
25
30

I/I0

0
5
10
15
20
25
30

a d

b e

c f

Figure 1. Spatiotemporal distributions of intensity I and frequency-angular spectra S for the filamentation of an annular beam with a phase singu-
larity at distances z = (a) 0, (b) 0.43, (c) 1.05, (d) 1.08, (e) 1.11, and (f) 1.15 cm; the angle q is counted from the optical axis.
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As the pulse propagates further, the energy of its central 
temporal layers tends to flow from the beam periphery to the 
optical axis, which is mainly due to the influence of diffrac-
tion. In the absence of nonlinearity, the annular beam diffrac-
tion  leads  to  the  formation  of  a  unimodal  structure with  a 
maximum located on the optical axis, which then broadens. 
The presence of a phase singularity on the axis  impedes the 
formation of this structure, and the beam is diffracted retain-
ing its annular shape, while the radius of the ring in the pulse 
centre is reduced. Due to a decrease in the group velocity of 
the  temporal  layers  affected  by  the  Kerr  nonlinearity,  the 
maximum of the  intensity begins to shift from the centre of 
the pulse to its trailing edge; the more rapidly this shift occurs, 
the  stronger  the beam  is  self-focused.  In  this  stage,  the  fre-
quency spectrum broadens mainly towards the Stokes region.

At  the  instant when  the maximum  intensity  exceeds  the 
initial one by a factor of 4 – 5, the plasma formation threshold 
is reached, and the density of electrons formed in the medium 
becomes  sufficient  to  suppress  the Kerr  self-focusing  in  the 
next pulse layers. Under these conditions, due to the plasma-
induced defocusing of the rear part of the pulse and sharpen-
ing of its trailing edge, one can observe splitting of the annu-
lar structure in two directions: to the beam periphery and to 
the beam axis. This process  is accompanied by a significant 
broadening of the spatial spectrum (Fig. 1c). Fringes caused 
by the interference from point radiation sources arise in the 
frequency-angular spectrum of the pulse [33].

When the peak intensity approaches values of ~1013 W cm–2, 
the  corresponding  region  of  the  pulse  begins  to  shift  to  its 
leading  edge,  because  the  plasma  nonlinearity  considerably 
defocuses the tail part (Fig.1d). The spatiotemporal structure 
exhibits low-intensity cones in both the front and rear tempo-
ral  layers;  these  cones  are  residuals  after  the  previous  self-
action. Because of the increased field gradients in space, the 
angular spectrum is broadened even stronger, and the fringes 
in it become wider and less pronounced.

Since the phase dislocation is retained during self-action, 
and the field on the beam axis is absent, the energy flow to the 
axis ceases during further pulse propagation (Fig. 2). The fila-
ment formed by this instant, jointly with its plasma channel, 
is  shaped as  a  ring  (Fig.  1e) with a  radius of  3 – 4 mm. The 
spatial  distribution  of  the  pulse  intensity  is  a  set  of  rings, 
whose radius  increases when moving from the centre of  the 
pulse to its front. The rings in the front part of the pulse are 
due to the  interference of  the radiations  from the periphery 
(which  continues  to  be  focused)  and  the  defocused  central 
part of each temporal layer. The structure of the frequency-
angular spectrum is complicated; one can observe broadening 
towards  both  the  Stokes  and  anti-Stokes  regions. 
Qualitatively, this pattern is retained at a distance of several 
hundreds of micrometers.

The intensity maximum continues to be shifted toward the 
pulse front without any significant changes in the spatiotem-
poral dynamics (Fig. 1f). The peak intensity is stabilised at a 
level of ~2.4 × 1013 W cm–2; the plasma density under these 
conditions  is  ~1020  cm–3.  Conical  emission  becomes  pro-
nounced  in  the anti-Stokes  region of  the  frequency-angular 
spectrum.

The distribution of the fluence for an annular beam with a 
phase singularity in the vicinity of the filament onset is pre-
sented in Fig. 2. One can clearly see a region with a close-to-
zero fluence (several micrometres in size) on the optical axis, 
around which  a  region of  a maximum  fluence was  formed. 
Solid lines show the ring boundaries in the nonlinear regime; 

the ring radius was determined from the maximum of the flu-
ence. The dashed lines correspond to the case where an annu-
lar beam with a phase singularity (with an initial radius coin-
ciding with the radius of the annular structure in the nonlin-
ear case at z = 1.09 cm) undergoes linear diffraction. It can be 
seen  that  the  ring  diffuses  under  the  diffraction, whereas  a 
quasi-waveguide regime of beam propagation (which can be 
referred to as an annular filament) is maintained in the non-
linear medium.

4. Analysis of the filamentation of beams  
with different profiles

Let  us  compare  the  specific  features  of  filamentation of  an 
annular beam with a phase singularity [see (12)] with the fea-
tures of filamentation of a unimodal Gaussian beam [see (10)] 
and an annular beam free of phase singularity [see (11)].

Numerical simulation was performed for the same radia-
tion power (13) and parameters r0 = 50 mm and t0 = 30 fs. The 
filament start was chosen to be the point where the pulse peak 
intensity reaches the first local maximum; this configuration 
corresponds to the local balance between the Kerr self-focus-
ing and plasma defocusing, which is typical of filaments. The 
peak intensity  in the filament for all  three beams is (2 – 4) × 
1013 W cm–2. Depending on the beam shape, the filament start 
point is located at significantly different distances. In the case 
of a Gaussian beam, the peak power exceeds the critical value 
by a  factor of 50, and  the  self-focusing of  the pulse  central 
layers very rapidly leads to the filament formation (at a dis-
tance of z = 0.21 cm), whereas the annular beam of the same 
power is first focused into a ring with an intensity elevated by 
a factor of no more than 5 and only then, as the annular struc-
ture is compressed, the intensity increases and a plasma chan-
nel is formed in the beam.

The spatiotemporal dynamics of annular beams in the ini-
tial stage of self-action is qualitatively similar (Fig. 3a); how-
ever, the energy flow to the optical axis for the beam with a 
phase dislocation occurs more slowly, and, at each distance z, 
the ring radius for the optical vortex somewhat exceeds that 
for the conventional annular beam. For the beam free of sin-
gularity, the intensity maximum in the nonlinear focus arises 
on the optical axis, and the presence of a phase vortex leads to 
focusing  into a  ring  (Fig.  3b). As  the annular beam propa-
gates  further,  the  nonlinear  focus  is  displaced  to  the  front 
temporal  layers;  this  transfer  is accompanied by  the  forma-
tion of interference rings behind them, which are of the same 
nature as  the  concentric  cones  formed during  the Gaussian 
beam  filamentation  (Fig.  3c).  The  pulse  rear  layers  on  the 
beam axis, which are defocused by plasma, interfere with the 
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pulse periphery, which continues to be focused. In the case of 
the optical  vortex,  a  chain of  local maxima  is  also  formed; 
they are due to the energy flux redistribution along the direc-
tions toward the optical axis and away from it. In a Gaussian 
beam,  in  contrast  to  annular  beams,  a  nonlinear  focus  is 
formed at the pulse centre and then rapidly moves to its lead-
ing edge; this behaviour is related to the plasma defocusing, 
which begins to manifest itself in the early stage of self-action.

The  frequency-angular  spectra of annular beams have a 
complex structure (see Fig. 4). They are qualitatively similar; 
however, the presence of a phase singularity on the beam axis 
leads to the absence of the zero spatial harmonic, in particu-
lar, during the self-action.

In the wavelength range above 1200 nm, the angular spec-
tral  broadening  of  annular  beams  is  more  homogeneous, 
whereas a Gaussian beam exhibits pronounced conical emis-
sion with a divergence angle of about 4°. In contrast, in the 
anti-Stokes  wavelength  range  (400 – 700  nm),  the  conical 

emission is more pronounced for the optical vortex; here, the 
radiation  divergence  angle  increases  with  decreasing  wave-
length.

To estimate quantitatively the energy redistribution from 
the central part of the spectrum to the neighbouring regions 
during the beam filamentation, we will arbitrarily select three 
spectral  regions:  anti-Stokes  (l <  760  nm),  central  (l Î 
[760 nm, 840 nm]), and Stokes ( l > 840 nm) (Fig. 5).

Initially all the beams under consideration have approxi-
mately the same spectral width: almost 100 % energy is con-
centrated in the range of 800 ± 40 nm. During the propaga-
tion of  the  annular  beam at  a  distance  larger  than  1  cm,  a 
large  part  (about  30 %)  of  its  energy  is  transferred  to  the 
Stokes  region,  and  a  much  smaller  part  (less  than  5 %)  is 
transferred to the anti-Stokes region. In the Gaussian beam, 
at distances up to z = 0.3 cm, about 90 % of energy remains in 
the central spectral region and only about 10 % of energy is 
transferred to the long-wavelength part of the spectrum. For 
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the beam with a phase dislocation, as compared with a con-
ventional annular beam, the energy rise is more efficient in the 
anti-Stokes region and less efficient in the Stokes region; as a 
result, the energy transfer from the central spectral region is 
significantly slowed down.

5. Conclusions

The self-action of an annular beam with a phase singularity in 
fused silica at a wavelength of 800 nm may lead to the forma-
tion of a structure with a cross section in the form of a ring 
with  radius of  3 – 4 mm and width of  1 – 2 mm,  respectively, 
and a peak intensity of (2.0 – 2.5) × 1013 W cm–2. This tubular 
structure can be referred to as a filament, because it is retained 
at a distance of no less than ten diffraction lengths and forms 
a plasma channel behind it; this channel is also tubular, and 
the maximum electron concentration  in  it  is  1020  cm–3. The 
dynamics  of  the  frequency-angular  spectrum of  an  annular 
beam with a phase singularity  is similar to that of the spec-
trum of a conventional annular beam (except for the absence 
of the zero spatial harmonic). During the optical vortex fila-
mentation, about a third of the energy may be redistributed to 
the Stokes region and a much smaller part of the energy may 
be transferred to the anti-Stokes region. The contrast of the 
conical emission in the Stokes region is much worse as com-
pared with a Gaussian beam.
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