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Conditions for circular polarisation retention

in highly scattering media

E.E. Gorodnichev, A.I. Kuzovlev, D.B. Rogozkin

Abstract. We analyse conditions for circular polarisation retention
in multiple scattering of light by disordered media. The effect of
circular polarisation memory is shown to appear when the depo-
larisation cross section is much smaller than the transport cross
section of elastic scattering. This situation occurs in media com-
posed of large (compared to the wavelength of light) weakly refract-
ing scatterers and of resonant Mie particles. Absorption in the
medium is shown to result in a significant increase in the depolari-
sation length.

Keywords: multiple scattering of polarised light, Mie particle,
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1. Introduction

Interest in the study of the depolarisation effect in highly scat-
tering media with different-size inhomogeneities is caused by
its use in diffusion spectroscopy of colloidal solutions [1, 2]
and, especially, in the diagnostics of biological tissues [3—6].
Among the most notable observed effects we should mention
a slow decrease in the degree (attenuation) of circular polari-
sation in multiple scattering by media with large weakly
refracting particles [7, 8]. In contrast to linear polarisation
that always attenuates at distances not exceeding the trans-
port mean free path of elastic scattering [8], circular polarisa-
tion is ‘retained’ even after isotropisation of the light flux over
directions. An especially strongly pronounced effect of circu-
lar polarisation retention has been discovered recently in the
scattering of light by dielectric particles of spherical shape in
the region of the first two Mie resonances [9, 10].

The differences in the attenuation of circular and linear
polarisations of the waves are due to two depolarisation
mechanisms, namely, ‘dynamic’ and ‘geometric’ [§]. Dynamic
depolarisation arises from differences in amplitudes of cross-
polarised scattered waves. Depolarisation by the ‘geometric’
mechanism is caused by the Rytov effect, which results in a
turn of the polarisation plane of linearly polarised light along
with a change in the direction of a light ray [11]. In the case of
multiple scattering of light, the orientation of polarisation
planes of different rays becomes chaotic, and depolarisation
of light occurs with isotropisation of the beam over direc-
tions. In scattering of circularly polarised light, depolarisa-
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tion is due to the dynamic mechanism, while in scattering of
linearly polarised light, depolarisation is due to both mecha-
nisms. Therefore, the linear polarisation decay length obvi-
ously cannot exceed the transport mean free path of elastic
scattering, at which the light flux becomes isotropic over
directions [8, 12, 13].

In media with large weakly refractive scatterers, single
scattering occurs mainly through small angles where the
amplitudes 4 and 4, of cross-polarised scattered waves dif-
fer weakly. Therefore, dynamic depolarisation occurs slowly
and becomes noticeable at distances greater than the trans-
port mean free path of elastic scattering [8, 12, 13].

Light scattering in dielectric particles with a relatively
high refractive index near Mie resonances is determined in the
first approximation by electric and magnetic dipole contribu-
tions [14—18]. This approximation ensures the fulfilment of
the so-called first Kerker condition [19], when ‘exactly back-
ward’ scattering is absent and the equality 4= A4, is achieved
at all scattering angles. The dynamic mechanism of depolari-
sation in this case is ‘turned off’, and circular polarisation is
completely retained in scattering by a single particle and by a
disordered ensemble of particles [9]. We have shown in
Ref. [10] that the results of paper [9] can be considered only as
a first approximation. The quadrupole contribution and con-
tribution of higher-order multipoles into amplitudes A4 and
A, make it impossible to exactly fulfil the first Kerker condi-
tion and hence to completely retain circular polarisation of
scattered light.

In this paper, we analyse conditions under which the effect
of a slow decay of circular polarization should be observed in a
multiply scattering medium. It is shown that the rate of depo-
larisation of light, first, depends on the ratio o,/04.,, Wwhere

Odep = %fdn/‘ A”(nn') - Al(nn/) 2 (1)

is the depolarisation cross section introduced in Ref. [8]; oy, is
the transport cross section of elastic scattering; and n and n’
are the unit vectors in the direction of light propagation
before and after scattering, respectively. As follows from cal-
culations by Mie formulas presented in this paper, the depen-
dence of y,/0 4., on the parameter koa (k is the wave number,
and a is the particle radius) strongly changes with increasing
refractive index of the particles. For weakly refracting parti-
cles, the ratio 0y,/04,, increases with kya and reaches a limiting
value at kga >> 1. For particles with a large refractive index n,
the dependence of 0./04., 0n koa has a sharp peak at the first
Kerker point kgan = 2.74. The maximum value of 0./04e,
increases with increasing refractive index. The depolarisation
length of circularly polarised light /.. is calculated by a
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method based on the solution of the vector radiative transfer
equation in the asymptotic regime [13] and in the spatial dif-
fusion approximation. It is found that for a disordered system
of resonant Mie particle, the effect of circular polarisation
retention is expressed most strongly, i.e. the depolarisation
length ;. in the vicinity of the first Kerker point can be more
than an order of magnitude greater than the transport mean
free path /. It is also shown that absorption of light in a
medium can lead to a significant increase in the depolarisa-
tion length ..

2. General relations

Multiple scattering of polarised light in a disordered medium
is described by the vector radiative transfer equation for the
Stokes parameters S = (1,Q, U, V) [20, 21]

[,u% +ny(o + oa)]S‘(z,,u)
= m [dn' Lx— By d(nn') E(— ) S(z.0), @)

where o and o, are the cross sections of elastic scattering and
absorption; n, is the number of scatterers per unit volume;
U = nng; uW'= n'ny; nig 1s the unit vector along the internal
normal to the front surface of a sample; and the z axis is per-
pendicular to the layer surface. Matrices L(1t — ) and L(—f")
describe rotations in the space of directions n. Expressions for
the matrices ALA and angles § and f’are presented in Ref. [20].
The matrix d(nn’) in the scattering plane, appearing in (2), is
given by [20, 21]

ay b] 0 0

~ N bl ay 0 0

d(nn) B 00 [25) b2 ’ (3)
00 —b2 [75)

The elements a;, a,, by and b, are expressed in terms of the
amplitudes of the cross-polarised singly scattered waves,

=% 4 +]4.]), @ = Reaydl,

“4)
b1 = %(‘ A” ‘2 — | AL ‘2), b2 = ImA”AI,

and are calculated according to the Mie formulas [20]. The
value of a; has the meaning of a differential single-scattering
cross section.

In the case of normal incidence of a circularly polarised
wave on the surface of a medium, the vector equation (2) is
reduced to two independent systems of equations that couple
pairwise the first and second,third and fourth Stokes param-
eters, respectively (see, e.g., [13, 22]):

[u% + ny(0 + aa)](l(z’/”‘) )

O(z,u)
_ , a; blcosﬂ I(Z,//t,)
— fdn (blcosﬁ’ acosfcosf’ — arsinf Sinﬁ,)(Q(z,u’))’ )

[ﬂ% +ny(0 + oa)](U(z’”))

V(z,p)

_ ,[arcosfcosff’ — asinfBsinf’ bzcosﬁ) U(z,i) 6
nofdn< —bycosff’ a (V(z,,u/)). ©

For a unit incident flux, boundary conditions for (5) and (6)
have the form

Iz = 0.0) = V(z = 0,p) = 5-8(1 — ). (7)

The solution of system (5), (6) allows one to determine the
polarisation state of multiply scattered light at any values of
the medium thickness L.

It is known [23] that with increasing thickness L, the solu-
tion of equations (5), (6) tends to the asymptotic form when
the angular and spatial dependences of the Stokes parameters
are separated out. The angular dependence does not change
with L. The intensity /(L, ) in a nonabsorbing medium is
proportional to 1/L. In the presence of absorption, the inten-
sity decreases exponentially: 7 o< exp(—é&;L). As for the Stokes
parameter V characterising circular polarisation of light, in
the asymptotic regime it always decreases according to the
law [ oc exp(—ey L).

In an experiment, the dependence of the degree of circular
polarisation of scattered light Pc = V/I on the thickness L is
conveniently characterised by a circular polarisation decay
length /.. [3-5, 7]. In a nonabsorbing medium, we have /.

=¢j!, and in the presence of absorption we have

Lire = (ev — &) ®)

To determine the depolarisation coefficients &; and &y,
there is no need to solve system (5) and (6) for all values of z.
It is sufficient to consider only the asymptotic regime. In this
case, system (5), (6) is reduced to a system of characteristic
equations (see Appendix A in Ref. [13]). The values of ¢; and
ey are found as the smallest roots of this system [13].

3. Basic mode approximation

If nondiagonal elements b; and b, are small compared with
diagonal elements a; and a», separate equations for 7 and V'
can be retained in system (5) and (6). These equations follow
from equations (5) and (6), if we neglect the contribution of
terms quadratic with respect to small values of b; and b,
[12, 13], and have the form

[,u% + ny (o + oa)]l(z, u) = ngy jdn'al(nn')l(z, uw), 9)

[,u% +ny(o + oa)] V(z, u) =ny fdn'az(nn')V(z, w). (10)

Equations (9) and (10) correspond to the basic mode approx-
imation [12, 13] in the vector radiative transfer equation.

The difference between the differential scattering cross
sections a; and a, in (9) and (10) leads to an exponential decay
of the basic mode of circular polarisation ¥ even in the
absence of absorption. The quantity
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Odep = fdn'[al(nn') — ay(nn')] (11)
plays the role of an additional absorption cross section in
equation (10). In its physical meaning g, is a depolarisation
cross section of circularly polarised light. Formula (1) is
obtained from (11) if we substitute expression (4) into (11).

The depolarisation cross section (11) introduced in Ref. [§]
is the main factor determining the rate of a decrease in the
degree of circular polarisation of light in the process of mul-
tiple scattering. As shown in Ref. [8] (see also [12, 13]), if the
depolarisation cross section gy, is small compared to the
transport cross section

Op = jdn'(l —nn')ay(nn'), (12)
the effect of circular polarisation retention should be observed
in a multiply scattering medium, i.e. light is depolarised after
a transition to the spatial diffusion regime.

Thus, a necessary condition for circular polarisation
retention is the proximity of the diagonal elements «; and a,
of the scattering matrix (3).

Since in forward scattering of light the equality a; = a,
always holds true [20], scattering by large (greater than the
wavelength) weakly refractive particles is one of the cases
when the depolarisation cross section is small. Single scatter-
ing in a medium consisting of such particles occurs mainly
through small angles. The most typical examples of media
with large particles can be water droplets in the air and aque-
ous suspension of latex particles, which are most frequently
used in experiments [3—7] (dependences of the elements a;, a,
by and b, on the angle y between the vectors n and n' for this
medium are shown in Fig. 1a).

Another example, when the depolarisation cross section is
small, is scattering of light by resonant Mie particles with a
large refractive index [9, 14—18]. As shown in Ref. [15], scatter-
ing in this case is determined with good accuracy by the electric
and magnetic dipole contributions, and the first Kerker condi-
tion is satisfied between the first two Mie resonances when a; ~
a, at all angles. Angular dependences of the elements a;, ay, b
and b, at the first Kerker point are shown in Fig. 1b. In the
approximation, when only the electric and magnetic dipole
contributions are taken into account, the equalities 4y = 4,
hold true, and therefore, a; = a,, by = b, = 0. The inclusion of
the quadrupole contribution and multipole contributions of
higher order into the scattered field violates these equalities and
leads, in particular, to the difference between the elements
and a, near the backward direction (Fig. 1b).

Dependences of the ratio o,/04e, 0n the parameter koan is
shown in Fig. 2. According to calculations, for weakly refract-
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Figure 1. Angular dependences of scattering matrix elements (/) a,
(2) |as), (3) |by] and (4) |b,] for (a) latex particles in water (n = 1.2) and
(b) Si particles (n = 3.5) at the first Kerker point (koa = 0.784).

ing particles, this ratio increases with their size. The peak at
the first Kerker point is present, but its amplitude is less than
the value of 6y, /0y., at large koan. With increasing refractive
index the ratio o0y/o4, at the first Kerker point sharply
increases, and at large kyan it decreases and proves to be on
the order of unity. Therefore, circular polarisation retention
is observed at large radii @ and at the Kerker point for weakly
refracting and highly refractive particles, respectively.

This dependence of oy, /04,, directly affects the value of
the circular polarisation decay length /.. The results of the
calculations for the ratio /./l;, using the characteristic
equations [13], corresponding to system (5), (6), are given in
Table 1 and shown Figs 3 and 4. The calculations were car-

Table 1.

Material Eeirafglﬁrﬁgz; koaRen Odep i o,loy Leire !y
CdTe 2.73+i0.25 2.708 0.31 1.24 10.0 (10.4)
AlAs 2.9 2.743 0.0016 0 14.6 (14.6)
GaP 3.05 2.745 0.0012 0 16.5(16.5)
InP 3.15 2.744 0.0010 0 17.9 (17.9)
AlSb 3.28 2.745 0.0009 0 19.3(19.3)
GaAs 3.37 2.743 0.0008 0 20.8 (20.8)
Si 3.47 2.745 0.0007 0 22.0(22.0)
PbS 4.23+i0.35 2.673 0.35 2.79 28.3(30.9)
Ge 4.24 2.743 0.0003 0 32.6(32.6)
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Figure 2. Dependences of the ratio o/o4, for Si particles [n = 3.5; (1)],
aqueous suspension of latex particles [z = 1.2; (2)] and water droplets in
the air [# = 1.33; (3)] on the parameter kyan.
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Figure 3. Dependences of the ratio /. //;, on the parameter kya for (a)
an aqueous suspension of latex particles and (b) a disordered ensemble
of Si particles, obtained (/) with the numerical solution of the charac-
teristic equation [13] and (2) by the diffusion equation (16). The inset
shows the dependence of L,/ [, at the first Kerker point on the refrac-
tive index of particles.

ried out for commonly used semiconductor materials [24]
and an aqueous suspension of latex particles most frequently

used in laboratory experiments (see, e.g., [3, 4, 7]). Table 1
also shows the values of kyaRen, o4, /0y, 0,/0y at the first
Kerker point and the results of calculations of /;..//;; using
the characteristic equations corresponding to the approxi-
mation of basic modes (9), (10) (see the value in parenthe-
ses).
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Figure 4. Dependences of the ratio oy/o, of Si particles on the param-
eter kgaRen for wavelengths A = 1.6 um (n = 3.5 [24]; (1)) and 0.6 pum
(n=3.94+10.03 [24]; (2)).

4. Effect of circular polarisation ‘memory’
in spatial diffusion of light

If 04ep < 0y, then equations (9) and (10) can be solved
using the spatial diffusion approximation [§8, 12, 13].
This approximation assumes that the angular distribu-
tions of the Stokes parameters I(z, u) and V(z, u) are
close to isotropic and these parameters are determined
by expressions [8]

1z ) = 4] 1) —ut, 229

(13)

Veon) = goro -t 252)|

Quantities /(z) and ¥(z) in (13) obey the diffusion equations

2 2
0D gz =0, OV w0, (14)
0z Z
where ¢, = ”0(3%%)”2; and &, = n[3(0y + Ogep + Ta)X

(Oaep + 0,)]""%. In a nonabsorbing medium the solutions of
these equations have the form

_ynLoz py - pesinhe(L—2)
I(Z) - 3 L ) V(Z) - 3 Sinh(SVL) > (15)
which implies that the depolarisation length is
_ ltr[dep
Lire = \/; : (16)
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where [, = (ny0,)" is the transport mean free path of elastic
scattering, and lgep, = (noadep)’1 is the mean free path for depo-
larising collisions. The results of the calculation by formula
(16) and the numerical solution of the characteristic equation
[13] are shown in Fig. 3.

It should be noted that the spread of the particles in size
leads to a reduction of the maximum value of the ratio /.. //;,
near the first Kerker point. For example, at Aa/a = 0.05 we
obtain / ./, = 4. However, even this number is much higher
than the values obtained previously for large (greater than the
wavelength) particles (see Fig. 3a, and also [12, 13]). Thus, at
the first Kerker point a minimum depolarising ability of a
medium is reached.

5. Effect of absorption

If the light is scattered by absorbing particles, then there
appear two effects. On the one hand, absorption results in an
increase in g4, and smoothing of the dependence of g, on
koa. This is illustrated by the results of calculations given in
Table 1 and in Fig. 4. On the other hand, the presence of
absorption in a medium leads to a suppression of multiple
scattering in the backward hemisphere [12], i.e. the angular
intensity distribution of the scattered light in the asymptotic
regime is anisotropic (elongated in the forward direction).
Since in this region of angles the elements «;(y) and a,(y) do
not virtually differ, it can give rise to a noticeable increase in
the depolarisation length. This effect is also preserved, if the
particles themselves do not absorb light and are immersed in
an absorbing medium.

The effect of absorption on a decrease in the depolarisa-
tion rate can be easily demonstrated in the diffusion approxi-
mation when the ratios 04,/ and 0,/ are assumed small.
In the presence of absorption, formula (16) with (8) taken into
account is generalised as follows [25]:

—;_ ldep) la
i = 55 _zd( i (1 “/Hldep)

lrlde
t3 p’ Idep<laa

=1 (17)
2s " aep >

where Iy = e7' = V/,1,/3 is the diffusion length, at which the
intensity / undergoes a transition to the asymptotic propaga-
tion regime; and /, is the absorption length. According to (17),
in the case of a relatively strong absorption (/, < /4ep) the depo-
larisation length /.. exceeds the diffusion length /g, i.e. the
degree of circular polarisation decreases after a transition to
the asymptotic regime. With increasing absorption, the diffu-
sion equation (17) becomes inapplicable. At arbitrary values
of the ratios /,/l;, and Iy /1, the length [, should be calcu-
lated using the solution of the characteristic equations corre-
sponding to systems (5), (6) or, if we neglect the off-diagonal
elements b; and b,, to systems (9), (10).

The results of a numerical calculation of /. for an absorb-
ing medium with the vector radiative transfer equations (5)
and (6) are shown in Table 1 and in Fig. 5. For comparison,
Fig. 5 shows a dependence of ;. /I, obtained in the diffusion
approximation. Note that even at /,/I,, < 1, when the spatial
diffusion approximation is not applicable, the diffusion equa-
tion (17) makes it possible to evaluate /.., with a small error

lcirc/ ltr
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Figure 5. Dependences of the ratio /;.//;; on the ratio /g.,//, for latex
particles immersed in an absorbing medium, obtained ( /) with the nu-
merical solution of the system of characteristic equations [13] and (2)
by the diffusion formula (17).

[even at /], = 5 the value of [, calculated by formula (17),
differs from the exact one by 25%].

The applicability of the diffusion approximation for the
optical wavelength range (A = 0.6 um) is also confirmed by the
calculations. In particular, for AISb (n =4.01 +10.006) and Si
(n=3.94 +10.03) [24], the ratio [ .//;; in the diffusion approx-
imation is 517.5 and 115.3, respectively, and the solution of
the system of characteristic equations yields /.. //,= 526.0
and 136.8.

Figure 6 shows how /. /[, changes at the first Kerker
point with increasing imaginary part of the refractive index
(i.e. the light absorption coefficient in the material of parti-
cles). With a growth of the imaginary part, absorption and
depolarisation cross sections increase monotonically. The
competition of these factors leads to a nonmonotonic depen-
dence of /. /l;;. The reduction of the ratio /. //;begins almost
simultaneously with the growth of the cross-section ratios
adep/alr~
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Figure 6. Dependences of the ratios (1) Lirc/ly, (2) 0,/0 and (3) 04ep/0y
on the imaginary part of the refractive index at a given value of the real
part of the refractive index of particles (Ren = 4).
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6. Conclusions

We have shown that in multiple scattering of circularly polar-
ised light, the media consisting of scatterers, for which the
depolarisation cross section g, is much less than the trans-
port cross section gy, have abnormal depolarising properties,
i.e. circular polarisation attenuates after the establishment of
the diffusion regime.

The results of this work may be of interest in the study of
highly scattering media by polarisation optical techniques.
The effect of circular polarisation retention in a disordered
ensemble of resonant Mie particles, when the first Kerker
condition is met, can be used, for example, to measure the
difference between the absorption coefficients of the right-
and left-hand circularly polarised light in media with circular
dichroism [26]. Multiple scattering by a disordered ensemble
of resonant Mie particles, placed in such a medium, leads to a
lengthening of the trajectories of light rays without changing
their polarisation. As a consequence, there sharply increase
differences in the attenuation of the intensity of left- and
right-hand circularly polarised light. In this situation, as in
the case of a ‘random laser’ [27], a disordered ensemble of Mie
particles acts as a space distributed resonator.
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