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Generation of attosecond electron bunches upon laser pulse
propagation through a sharp plasma boundary”

S.V. Kuznetsov

Abstract. The formation of an electron bunch produced due to
electron self-injection into a wake wave that is generated by a
relativistic-intensity laser pulse propagating through a sharp
boundary of semi-bounded plasma is studied in one-dimensional
geometry. Analytical expressions are obtained for estimating the
bunch length and the energy spread of electrons in the bunch.
Numerical simulation is performed which confirms the results of
analytical consideration.
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1. Introduction

Laser-plasma driven electron acceleration in low-density
plasma is a promising field of high-energy physics develop-
ment [1]. High expectations are based on the fact that the field
intensity of an accelerating plasma wave in a wake-field accel-
erator may be by several orders higher than in modern accel-
erators of conventional type. This opens possibilities for
designing new-type accelerators that will be small and rela-
tively cheap as compared to classical electron accelerators.
Presently, the best experimental result on laser-plasma driven
acceleration of electrons was obtained in [2] where the laser
pulse with a peak power of 300 TW (the pulse duration was 40
fs at a wavelength of 0.815 um) accelerated an electron bunch
to an energy of 4.2 GeV in a 9-cm-long gas-filled capillary.
Electron bunches with such an energy are interesting in vari-
ous practical applications.

However, the problem of obtaining electron bunches
possessing not only a sufficiently high energy (several GeV),
but also characteristics required in practical applications is
not yet solved. Such requirements are the energy homogene-
ity of the electron bunch after acceleration, its duration,
emittance, and charge. The characteristics of an electron
bunch after acceleration are mainly determined by the initial
parameters at the instant of injection into an accelerating
wake field, which substantially depend on the way of elec-
tron injection into the wake wave. In addition, for obtaining
an electron bunch of high energy and quality it is necessary
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to inject electrons at a proper instant, that is, at a certain
phase of the wake wave.

Many various injection schemes were suggested over the
period of studying laser-plasma electron acceleration: opti-
cal injection of electrons into a wake wave [3, 4]; employ-
ment of mixture of gases, among which one gas had a high
ionisation potential [S—7]; and electron self-injection when
the wake wave driver passes through plasma with an inho-
mogeneous density profile [§—12]. Currently, the most
intensive theoretical and experimental investigations are
devoted to so-called bubble-regime of electron acceleration
in a strongly nonlinear plasma wave, which at certain condi-
tions captures background plasma electrons in a non-sta-
tionary regime [13—18].

Further analysis of the suggested scheme and methods of
electron injection into a wake wave has shown that methods
of optical injection imply extremely exact spatial and tempo-
ral matching between several laser pulses. This introduces
great technical difficulties to experimental realisation of
such methods. Cavern evolution in the bubble-regime, which
in its nature is nonstationary, also strongly affects the pro-
cess of electron self-injection into a wake wave. This, in
turn, determines the main characteristics of accelerated
motion of an electron bunch such as energy spread of elec-
trons in the bunch, their angular divergence [18], and repro-
ducibility of experimental results. In our opinion, more
appropriate are the methods of introducing electrons into an
accelerating laser-plasma system based on self-injection of
electrons when the laser pulse generating a wake wave passes
through a plasma inhomogeneity. In this case, one can
choose such profile characteristics of inhomogeneous
plasma, which automatically provide self-injection of back-
ground plasma electrons into the appropriate phase of the
accelerating wake field.

A promising method for injecting background electrons
of plasma having a rising gradient of density into the first
period of the wake wave was relatively recently suggested in
[19], where a numerical modelling demonstrated that under
certain conditions the interaction of a laser pulse with plasma
generates electron bunches in a localised spatial domain
where the plasma density profile flattens out. While realising
this method of electron injection into a wake field, the condi-
tion of one-dimensionality of this field is substantial. The
one-dimensionality of the injection process is provided by the
fact that the motion of electrons in the transverse direction,
excluding their high-frequency motion in a laser pulse field,
can be neglected, because the size of the laser pulse focal spot
is very large. In this case, numerical modelling shows that the
length of bunches of injected electrons may be very short, tens
of attoseconds, at the bunch charge of ~1 nC.
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A theoretical study of electron self-injection into the first
period of the wake field was studied in [20, 21] in the case
where a plasma inhomogeneity has the form of a sharp vac-
uum-—plasma interface. It was found that this process results
from longitudinal breaking of the wave generated by a laser
pulse passing through the plasma boundary. The study of
this process showed that it is convenient to analyse this phe-
nomenon theoretically by presenting the electron compo-
nent of plasma as an ensemble of plasma oscillators, whose
motion characteristics are determined by the exciting laser
pulse. Under the condition that the laser pulse is short
enough, so that the process of wake wave breaking occurs
after the pulse action on plasma oscillators terminates, it
was found that characteristics of plasma oscillators com-
pletely determine the process of wake wave breaking, cap-
turing background electrons, and following acceleration of
captured electrons. Expressions have been derived for esti-
mating the duration of the electron bunch and the spread of
the electron energy in the bunch at long acceleration dis-
tances in the wake wave after electron self-injection, when
the bunch characteristics of captured electrons approach
certain asymptotic limits.

In the present work, we continue studying the physical
mechanism of electron self-injection into a wake wave of a
laser pulse passing through a sharp plasma boundary. By
numerical simulation and theoretical analysis, we will reveal
specific features of the process of selecting electrons from the
background to a captured bunch and obtain relationships for
estimating the bunch duration and the energy spread of elec-
trons in the bunch at the formation stage.

2. Theoretical model of laser pulse interaction
with plasma and numerical simulation
of electron self-injection

Let us consider a semi-bounded plasma free of external static
fields. In its description, we will use the model of cold plasma
in which only its electron component is mobile. Ions form an
immovable, homogeneous, positively charged background.
To simplify the problem, we consider the one-dimensional
geometry and assume that the vacuum—plasma interface is
sharp.

Let the plasma surface be irradiated along the normal by
a short laser pulse, which is a one-dimensional packet of cir-
cularly polarised electromagnetic waves with a frequency w,
well above the plasma frequency w,, that is, the density of
plasma is low. We assume that the laser pulse propagates at
the group velocity V, from left to right in the positive direc-
tion of the z axis with the origin coinciding with the plasma
boundary. In the interaction with a laser pulse, each electron
from plasma will move along the z axis due to the Miller
ponderomotive force stemming from fast high-frequency
electron oscillations in the laser field in the transverse direc-
tion.

In the one-dimensional geometry, in the case of circular
polarisation of laser pulse electromagnetic waves, the longitu-
dinal motion of electrons along the z axis has no high-fre-
quency component and is described by the equations:

dP _ 0p 29[ ed P> (e ]
dr = lel oz "¢ 62<mc2) [2\/I+m262+(mc2> > ()

dz_ _ P Pr_jea |’
m_u_m[\/l+m2c2+<mcz>j , )

where A(z, ) is the amplitude of the envelope of the laser pulse
vector potential; ¢(z,7) is the scalar potential for the charge
separation field; P and u are the electron momentum and
velocity, respectively; and |e] and m are the electron charge
and mass. The charge separation field arises due to the action
of a laser pulse on electrons, which results in electron shifts
from the initial equilibrium position z,.

At the initial stage of interaction between the electron and
the laser pulse, the electron shifts in the direction of pulse
propagation. The arising charge separation field increases
with the shift of the electron and tends to return the latter to
the initial position. Hence, at a certain instant, the electron
starts to move in the reverse direction and the action of the
laser pulse on the electron stops. Then, the electron motion in
plasma becomes similar to that of a free relativistic oscillator,
when the electron oscillates relative to its equilibrium position
(oscillation centre), which coincides with the initial position
of the electron prior to the laser pulse action. A combined
motion of such plasma oscillators yields a wake wave, which
is generated by a laser pulse propagating across plasma.

Assume that at the spatial scale specific for our problem,
the laser pulse profile does not change as the pulse propa-
gates through plasma. This corresponds to a quasi-static
approximation, in which the driver of the wake wave evolves
on sufficiently greater time scales than plasma electrons
respond to the action of the driver. From this follows that at
a constant velocity V,, of laser pulse propagation in homo-
geneous plasma, the pulse acts on each successive electron as
severe as on the preceding electrons. Hence, all plasma back-
ground electrons subjected to the action of the laser pulse
are plasma oscillators with the same total energy E, that
is determined by the amplitude of the laser pulse vector
potential ay = |e|d,/(mc?), characteristic pulse duration 7y,
gamma-factor y,, = 1/4/1 — Vz/c*, and plasma concentra-
tion ny.

Since the laser pulse affects electrons successively as it
propagates inside plasma, trajectories of plasma electrons are
similar (i.e. equal), but with a certain time delay relative to
each other. The principle of trajectory similarity holds true
for any plasma electron unless the latter leaves the ion back-
ground limits, that is, crosses the boundary of plasma, or its
trajectory crosses the trajectory of other electron. The com-
bined electron motion after the action of the laser pulse is a
wake wave excited by the pulse in plasma, and in the spatial
domain, where trajectories are similar, the phase velocity of
the wake wave V), is equal to the group velocity of the laser
pulse Vp, = V.

Theoretical analysis [20, 21] of the method for generating
electron bunches by passing a laser beam through a plasma
boundary [19] has shown that the physical mechanism of this
method is electron self-injection into the wake wave of the
laser pulse due to intersections of trajectories of plasma oscil-
lators excited by the pulse. The necessary condition for this
physical process is an excess of the total energy of plasma
oscillators E, over a certain threshold value E, = yphmcz.
Availability of a plasma boundary is one more important fac-
tor that determines the spatial point at which electron self-
injection starts and relates the start instant of electron injec-
tion into the wake wave with dynamics of laser pulse propa-
gation in plasma.
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Numerical simulation is the most illustrative presenta-
tion of the features of start and further development of elec-
tron self-injection into a wake wave. For this purpose, in the
present work, we have simulated numerically the process of
interaction between plasma and the laser pulse with an enve-
lope having a time profile at the plasma boundary (z = 0) of

type

a= aocoszisgn(% —|l|),
where ay = 4.982 is the dimensionless amplitude of the vector
potential; and 7y, is the laser pulse duration, corresponding to
TewnMm = 1.14371, = 12 fs. It is assumed that the group veloc-
ity of the laser pulse in plasma corresponds to a gamma-fac-
tor ypp = 5. The plasma concentration is determined from the
relationship wy/wy, = yp, = 5, where v, = V 4me’nylm is the
plasma frequency; and ) is the centre frequency of laser radi-
ation corresponding to 1o = 1 um. From this we obtain 7, =
3.956w, ! These laser pulse parameters provide excitation of
plasma oscillators with the energy of E., = 5.08mc?, which is
slightly above the threshold value for initiating electron self-
injection Eq/(mc?) = Ypn << Vph-

The process of electron self-injection was modelled by cal-
culating motion trajectories of electron macro-particles. For
this purpose, the plasma component of plasma was presented
as a combination of one-dimensional thin plasma layers of
width k,Az = 0.0005, where k,, = w,/c. Motion trajectories of
such macro-particles were calculated by solving numerically
one-dimensional equations (1) and (2) complemented with
the Poisson equation:

2
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where 7 is the electron density of plasma perturbed by a laser
pulse. Modelling was performed on a time interval sufficient
to completely finish the process of electron self-injection into
the wake field of the laser pulse and to form a bunch of cap-
tured electrons.

In Fig. 1, in the phase space z, P one can see a distribution
of an ensemble of plasma electron macro-particles at the start
of electron self-injection into the wake wave of the laser pulse
and the accelerating force F = —e|E./(mcw,,) acting on elec-
trons at this instant, which is determined by the value of the
wake wave electrostatic field E.. A scheme illustrating the
mutual disposition of the laser pulse, plasma electrons,
plasma boundary, and variation in the wake field potential
along the z axis at the beginning of electron self-injection into
the wake wave is presented in [21].

First of all, in Fig. 1 one can see that prior to the start of
self-injection, oscillating plasma electrons form an accumula-
tion point where their trajectories approach in such a way
that the electron concentration is singular at this point.
Hence, a further motion of electrons will result in that their
trajectories will cross, which is confirmed by numerical simu-
lation. In addition, the theoretical study in [20, 21] has shown
that under the condition E,/(mc?) — Yph << Ypns €lectron self-
injection into the wake wave or the process of trajectory
crossing begins with the electron that was initially separated
from the plasma boundary by a distance equal to the ampli-
tude of electron oscillations. Since the value of the restoring
force for a free oscillating plasma electron is proportional to
its shift from the equilibrium point z,
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Figure 1. Electron distribution on the phase plane z, P (points) at the
beginning of self-injection. The solid curve is the accelerating force F =
—le|E./(mcw,) that affects electrons in the wake wave (see the text).

E. ~ 4nle|ny(z - z), “4)

the amplitude of oscillations for a relativistic plasma oscilla-
tor with the energy E, is determined by the expression

A = Ey — mc’ )
2me’ny

The first electron injected into a wake wave we will call the
leader because under the condition E g /(mc?) — Yph << Yph it
remains the first at the head of the captured bunch during the
entire electron acceleration process. In Fig. 1 and the follow-
ing figures, the electron-leader is marked by circles of greater
diameter than the rest electrons.

It was shown in [20, 21], that the coordinate of leader-
electron injection into the wake wave is determined by the
expression

2
_ Eos — ypnme
Zinjld = Z0d —\/ — x> > (5)
2me " ny

where zg,y = A, is the initial position of the electron-leader
prior to the laser pulse action. The electron-leader energy at
the instant of self-injection is Ejpyjiq = )/phmc2 = E,, that is, its
velocity is equal to the phase velocity of the wake wave. The
corresponding value of the momentum P, = mcy/y, — 1 is
marked in Fig. 1 by a horizontal dashed line. Note that the
accelerating force acting on the electron-leader at this instant
is positive. Hence, immediately after self-injection into the
wake wave, the electron-leader transfers to the acceleration
regime in the wake field of laser pulse.

Analysis of Fig. 1 allows for a conclusion that in the con-
sidered case when the energy of plasma oscillators is slightly
above the threshold energy E. /(mc?) — Yph << Vph, the accu-
mulation point prior to electron self-injection into the wake
wave is formed by the electrons having the initial coordinate
zo >z 14- These electrons are disposed deeper in plasma than
the electron-leader and, hence, are self-injected into the
wake wave later because they begin to interact later with the
laser pulse propagating in plasma from left to right.
Electrons that were initially to the left from the electron-
leader, z; < z( 14, do not form an obvious accumulation point.
Hence, in theoretical analysis of the considered case of self-
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injection of electrons E./(mc?) — Yph << Yph» they may be
neglected.

The reason of the qualitative distinction in the behaviour of
electrons with the initial coordinates z, < zy)y from electrons
with zy > zj14 is that the trajectory of the former prior to self-
injection passes partially through vacuum. Since the restoring
force for the electron in vacuum is less [and is not determined
by expression (4) due to the absence of an ion background at
that place], electrons move in vacuum slower, which leads to
trajectory dithering in the phase space as electrons approach
the point zjyj14 of the start of background plasma electron self-
injection into the wake wave (the vertical dashed line in Fig. 1).

Further evolution of electron self-injection into the wake
wave is illustrated in Fig. 2, where the distribution of plasma
electron macroscopic particles is shown in the phase space z,
P at the instant £, of termination of the main regime of electron
self-injection into the wake wave. We will consider this case in
more details below. Analysis of Fig. 2 yields several important
conclusions concerning electron self-injection into a wake wave.
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Figure 2. Electron distribution on the phase plane z, P (points) at the
instant 7, of termination of the main self-injection regime. The solid
curve is the accelerating force F' = —Je|E./(mcw,), affecting electrons in
the wake wave (see the text).

Trajectories of background plasma electrons that were
initially to the right from the electron-leader, cross each other
as the laser pulse propagates from left to right in plasma. The
electron-leader is the first electron whose trajectory is crossed
by the trajectory of a background electron. However, this
does not imply that the background electron starts a self-
injection process. Self-injection of a background electron into
the wake wave occurs when its trajectory is crossed at a cer-
tain spatial point by a trajectory of a neighbouring electron.
One can see from Fig. 2 that the coordinate of the electron
self-injection point z; shifts following the laser pulse approxi-
mately according to the relationship

Z6i(1) = Zinj1a T Vet = finj1a)- (6)

The coordinate z; at the instant #, is marked in Fig. 2 by a
vertical dashed line. Real position of the self-injection point is
slightly behind. This is related with the fact that electrons
injected earlier into the wake wave have formed a bunch with
a charge that affects the motion of following background
electrons approaching the self-injection point.

In Fig. 2 one can also see that the energy of some self-
injected electrons is higher than the resonance energy E,., =
j/phmc2 and such electrons can be considered captured for
acceleration in the wake wave. The energy of the rest of the
electrons in the bunch is less than the resonance energy. In
Fig. 2, these groups of electrons are separated by a horisontal
dashed line corresponding to Py = mcy/ysn — 1. Such a dis-
tinction in the electron energies of the self-injected bunch is
related to the fact that, except for the electron-leader, the
momentum of other background electrons at the instant of
their self-injection is always less than the momentum corre-
sponding to the resonance energy E,.s = y,nmc?, which guar-
antees electron capturing into the wake wave. In order to be
captured by the wake wave, the electron after self-injection
should acquire an additional energy from the wake wave
field. It is possible if at the instant of self-injection the electron
gets into the accelerating phase of the wake wave.

Thus, the condition that the electron trajectory crosses the
trajectory of the neighbouring electron is the only necessary
condition for capturing into the wake wave. Further behav-
iour of the electron also depends on the electric field direction
of the wake wave at the point of electron self-injection.
Comparing Figs 1 and 2 one can see that the accelerating
force at the point of electron self-injection gradually falls as
the self-injection process evolves. Modelling shows that the
main part (more than 90% at the laser pulse parameters spec-
ified above) of electrons in the captured bunch comprises
electrons that fit the accelerating phase of the wake wave at
the instant of self-injection. Under the condition that the total
energy of plasma oscillators is slightly above the threshold
energy E,./(mc?) — Yph << ¥pn One may assume that fitting the
accelerating phase of the wake field is the sufficient condition
for electron capturing.

In Fig. 2, the instant #, of self-injection evolution is shown,
at which the self-injected electron fits into the wake wave
phase with a zero accelerating force. We can say that in the
time interval 14, 2, the main self-injection regime is realised
for background plasma electrons interacting with a laser
pulse. Modelling yields that for the parameters of the laser
pulse specified above this instant is #, = #pj19 + 0.4w, L

The formula for estimating the time interval needed for
injecting bunch electrons into the wake wave in the main
regime can be obtained from the condition that at the moment
1, the charge of all electrons to the right from the self-injection
point is equal to a total charge of all ions from the same side.
At the instant of self-injection of the electron-leader, the elec-
tric field at the self-injection point is calculated by formulae
(4) and (5):

Ezld = \/8nn0(Eos - yphmcz) . (7)

According to the estimate, the wake field at the self-injec-
tion point will turn to zero when it shifts by the distance

[ Eq — mc?
Zb — Zinjld = 727635;0 . 3

In Fig. 2, one can see that the point z, is actually slightly to
the left from the position z, = A, calculated by formula (8).
This is related to the fact that the modelling takes into account
a small contribution into the charge from electrons that were
initially to the left from the electron-leader: z; < zy 4.

Since the group velocity of the laser pulse at y,, >1 is close
to the velocity of light, in view of approximate relationship (6)
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one can obtain the following estimate for the time interval dur-
ing which electron self-injection occurs in the main regime:

2
Eos - Vphmc

)

Iy = linjia ™
: 2me’nyc?

Calculation by this formula at the laser pulse parameters
specified above yields the value that actually coincides with
results of modelling. Note that formula (8) gives an estimate
for the charge of the captured electron bunch per unit cross-
section area:

Eo—v, Lc>
Oy ~ —lelny(zy — zinjla) =~ —lelng %
0

Modelling shows that other electrons that constitute a
small part of the captured bunch fit into the bunch by a com-
plicated trajectory, which passes to a deceleration phase
domain of the wake wave. Their return to the accelerating
domain of the wake wave phase is possible due to the nonsta-
tionary character of the wake wave itself, which is caused by
the mass overflow of background plasma electrons from right
to left when passing through the laser-pulse-induced bunch of
electrons captured previously.

Figure 3 illustrates this situation at the instant ex = fi51q +
1.0120, !, Here, a multitude of plasma background electrons
passing through the bunch without self-injection looks like a
solid curve because separate macro-particles are not distin-
guished due to high concentration. These electrons did not
participate in the self-injection process, that is, their trajecto-
ries did not cross with that of the neighbouring electron.
However, a large electron charge transferred by them to the
opposite side from the bunch assists in that a small part of
self-injected electrons, which at the instant of self-injection
were not in the conditions favourable for capturing by the
wake wave, return afterward to the accelerating phase domain
of the wake wave and are captured. Diamond in Fig. 3 marks
the electron that, according to modelling, is the last in the
captured bunch. At instant 7., this electron from the deceler-
ation phase of the wake wave approaches the boundary of the
acceleration phase. Then, separation of electrons, which form
the laser-pulse-induced bunch from the total number of back-
ground electrons stops.
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Figure 3. Electron distribution on the phase plane z, P (points) at the
instant 7, of terminated separation of self-injected electrons in the en-
ergy space. The solid curve is the accelerating force F = —|e|E./(mcw,),
affecting electrons in the wake wave (see the text).

Variation dynamics of the energy spectrum n(E) of the
ensemble of electrons participated in self-injection including
both captured to the bunch and uncaptured electrons is inter-
esting. The corresponding energy spectra are presented in
Fig. 4 for the time instants #; = 7, + (i — 1)At with a step At =
0.153w,". The spectrum with the index i = 1 corresponds to
Fig. 2 and, consequently, indicates a singularity in the vicin-
ity of the energy value, at which the main regime of electron
self-injection stops. In time, the singularity of the energy
spectrum gradually spreads and transfers to the maximum
density (spectra i = 3, 4) due to the difference in the force of
the wake field acting on electrons. In this case, the left
boundary of the electron energy spectrum shifts to a domain
of lower energies. Low-energy self-injected electrons arisen
in the spectrum are related with that they are in the domain
of the decelerating phase of the wake wave. Finally, the
spectrum with the index i = 5, which corresponds to Fig. 3,
illustrates how a small part of electrons with a relatively low
energy still continue to loose energy and separate from the
main part of the spectrum which is comprised of electrons
that, on the contrary, are accelerated. Finally, electrons are
separated in the energy space and formation of the bunch of
captured electrons terminates.
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Figure 4. Energy spectra n,(E) of electrons self-injected into the wake
wave at the instants 7; = #, + 0.153w,( - 1).

The time interval 7., — ti,14 needed for separation of self-
injected electrons in the energy space is several times longer
than the interval #, — £, 14 during which self-injection of the
main part of electrons occurs; however, these intervals are of
the same order. Hence, for estimates one may assume that the
characteristic time of electron bunch generation by a laser
pulse is, by the order of magnitude, as follows

2

AT ~ ~ Eos_Vphmc

R =l d® A\~ 3 7
2me” ¢ ny

(taking into account that the group velocity of the laser pulse
is close to the velocity of light).

(10)

3. Determining characteristics of the bunch
of self-injected electrons
Analysis of Figs 1-3 shows that the spread of the electron

energy and the longitudinal length of the bunch of self-
injected electrons at the formation stage can be estimated
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from the energy time dependence and spatial position of the
electron-leader. The energy and the current coordinate of the
electron-leader determine upper limits of the energy interval
and interval along the z axis, in which all the rest electrons,
which are self-injected into the wake wave, are distributed.
For the lower limit of the energy interval one may take the
value y,ume?; the coordinate of the electron that closes the
bunch can be estimated from relationship (6).

The trajectory of the electron-leader after its self-injection
into the wake wave can be found by integrating the equation
of motion in the field of the wave E_:

dP _
W— |e|E;_-.

(1D

Since the electron-leader is the first one injected into the
wake wave, it accelerates in the wake field not perturbed by
electron self-injection. This wake field at each instant is deter-
mined by the dynamic distribution along the z axis of elec-
trons — plasma oscillators. Each of them performs free oscilla-
tions around its equilibrium position under the action of
restoring force (4). Oscillations of neighbouring oscillators
have a phase shift. A distinction in trajectories of electrons
initially separated by a distance Az, from each other arises
due to the time delay Azy/V,, of the laser pulse action.

Taking into account this circumstance, the set of trajecto-
ries for all background electrons residing in front of the elec-
tron-leader after the laser pulse action terminates can be writ-
ten in the integral form [21]:

ct — cty — 2o I(Z,Zo),

7 (12)

where

120 = | v

dy
— m?cH[Eos — 2me?ng (5 — zo)

72’
]

¢ty = I(~Ap, Ay); and Ay, = V(Ees — me)I(2me’ng) is the
amplitude of electron oscillations. The integration constant
for the set of electron trajectories in expression (12) is deter-
mined from the condition that the electron whose oscillation
centre coincides with the origin of coordinates passes the
centre at the instant 7 = 0 with the velocity vector directed
from plasma to vacuum. Representation (12) of plasma
oscillator trajectories is suitable for each background elec-
tron from plasma until this electron crosses the plasma
boundary or its trajectory crosses the trajectory of another
electron.

It was shown [21] that from relationship (12) one can
find the coordinate and instant of electron-leader self-injec-
tion (5):

- Am
tmjld =1+ Vph
dn

Zinjld
+ 13
f w A1 = m2 Y[ Eo — 2me’no(n — Am) )

Combined relationships (5), (12), and (13) under the con-
ditions

0<kp(zo—Am) <1, 0<ky(z-Ap) + Y 2[Eysl(mc?) — Ypn] <1

allow one to find the distribution of background electrons in
the wake wave at the instant of electron-leader self-injection:
/
B 'y?)h 1/2
=n >
2V 2AEol(me?) = ]

Von

X . (14)
Vko(z = Am) + V2 Eosl(mc?) — yoi]

Then, by integrating Poisson equation (3) with allowance
for the value of the wake wave field at the point of electron-
leader self-injection (7) one can find the expression for this
field at the instant of self-injection:

3 172
meaw, [ 2Yon

E.(z)=FE..q—
~(Z) z1d |€| l\/z[EOS/(mCZ) _yph]

Von

XV ko (2 = Zinjia) + Kp(2 — Zinjla)- (15)

Since the phase velocity of the wake wave is equal to the
group velocity of the laser pulse Vy,, = V', by substituting the
variable k,(z - zjyj14) in expression (15) for & — &;;, where & =
kp(Z - Vpht) and ginj = kp(ij 1d— Vph tinj ld)s we find the expres-
sion for the wake wave field, in which the electron-leader
accelerates, for arbitrary time.

The equation of motion for the electron-leader (11) com-
prises the integral, which in the coordinate system related to
the wave corresponds to the energy conservation law for the
electron-leader moving in the wake potential:
nfcg =1+ Rk, (2 = Z'inj1a)

2328 V_f,h
3 VR

where R = /2[Eqo/(mc?) — ypnl lypn; and B = Vpple. In what
follows, the prime marks values in the coordinate system
related to the wave.

Subsequent consideration will show that the most inter-
esting range of variation in the parameter k;, (2" — zinjia) 18
given by the values of ~R?. Under this condition, the first two
summands in (16) can reach ~y3;R*, and the third summand
YonRS. If y,;,R? << 1, then the third summand in (16) can be
omitted. The physical sense of this approximation is that in
the time interval of the electron bunch formation, the elec-
tron-leader shifts in phase from the phase of its self-injection
into the wake wave so negligibly that a variation of the wake
field due to the ion charge at such scales can be ignored. Thus,
the change of the filed value in Poisson equation (3) is only
determined by a contribution of background electrons, which
form the accumulation density point near the coordinate of
electron-leader self-injection.

Relationship (16) is the equation for a trajectory of the
electron-leader in the coordinate system related to the wave.
At yth2 < 1, the trajectory can be defined as

+

[ (7 = Zii) P2 = 222k (2" = Zhwa) P (16)

ky (2 — zZijla ) = R x
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1 Yoh@p (1 — tinjia) ﬁ[ Ypu®p (' — tinjla) ]2}
X2{ R + 6 R . (17)

By passing to the laboratory system of coordinates in (17),
one can find the variation of the electron-leader phase in the
wake wave as a function of time:

£~ o= B (e 4 BN —yuR(1+ D)1+ 5] (8)

where

_ 0p(t = tinj1a) _ Wp(t = tinjia)
'Vth \/Z[Eos/(mcz) - 'yph]

In Fig. 5, one can see good agreement of modelling results
with calculation by formula (18). Taking expression (6) into
account one can obtain that the length L, of the electron
bunch at the formation stage is estimated as

kpLy ~ kp(z14(2) = z4i(2)) = & = &inj1a, (19)
where zj4(¢) is the time dependence of the coordinate of the
electron-leader accelerated in the wake field.

& —Einj1a/107
4
3 -
2 -
1 -
1 1 1 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1.0 1.2

@p(1 = tinj 14)

Figure 5. Time dependence of the phase shift of the accelerated elec-
tron-leader in the wake field relative to the phase of its injection into the
wake wave. Points refer to modelling, and the solid curve is calculation
by formula (18).

Under the condition y,,R* << 1, formula (16) gives an esti-
mate for the electron-leader energy excess over the resonance
energy AE = E — yphmcz, that is, the energy spread in the
bunch:

AE = mc Vi /23 V2L Eosl(mc?) — yon]

L2V (E -Gy [P
X\/g S ¥ 3 |V 2AE/(me®) =yl |

(20)

Figure 6 illustrates good agreement of modelling results
with calculation by formula (20).

El(mc?) — Yph
1.25

1.00 |

0.75F

0.25F

1
0.003
&—&injua

1 1
0 0.001 0.002

Figure 6. Dependence of the energy of the electron-leader accelerated
in the wake field on the current value of its phase in the wake wave. Points
refer to modelling, and the solid curve is calculation by formula (20).

One can estimate the parameters of the electron bunch at
the end of the main regime of electron self-injection by formu-
lae (18)—(20). In view of (9) it follows from (18) that the
bunch length at this moment #, is determined by the expres-
sion

kpLy, ~ 0.68R* = 1.92(\/E05/(mcz) — Vph /yph>3, (21)
and, according to (20), the energy spread in the bunch is
AE  3.1(Eqs — ypnmc?). (22)

Expressions for the length of the electron bunch (21)
and the energy spread between electrons in the bunch (22)
clearly show the obvious physical property of the electron
bunch generation by the laser pulse. Namely, under the
condition that the electron bunch is generated outside the
space domain occupied by the laser pulse, all characteris-
tics and features of this process, including parameters of
the electron bunch obtained, directly depend only on the
set of parameters specific for plasma oscillators (see also
[21]). These parameters comprise their total oscillation
energy E,; and the phase shift between oscillations deter-
mined by the phase velocity V,;, (or gamma-factor y,,). The
role of the driver of theses oscillations in formulae (20),
(21) is minor. This means that the laser pulse profile is not
principally important for generating electron bunches if
the pulse, while passing through plasma, leaves in its trace
plasma oscillators having the same energy and phase delay
relative to each other. Moreover, the driver type itself also
is not important for exciting plasma oscillations. For
example, a laser pulse as an exciter of plasma oscillations
can be replaced with an electron bunch possessing charac-
teristics capable of exciting longitudinal electron oscilla-
tions in plasma with the same E, and yp.

Thus, the relationship between the total energy of plasma
oscillators excited by the laser pulse and the profile or
parameters of the pulse is not of unique character. For
obtaining the required value of E, these parameters can be
varied within possibilities of the experiment under the con-
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dition that assumptions made in the present work hold. The
problem of the energy of plasma oscillations excited in a
trace of the laser pulse propagating across plasma is equiva-
lent to a long-history problem [22] concerning the amplitude
of a wake field excited by a laser pulse in plasma.
Unfortunately, this problem has no simple analytical solu-
tion in the case of generating a high-amplitude nonlinear
plasma wave needed in the considered case. This is why it is
impossible to express analytically the value of the total
energy of the plasma oscillator in terms of characteristics
describing the laser pulse profile in order to substitute it into
formulae (21), (22).

Thus, let us estimate the length of the electron bunch and
energy spread for electrons in the bunch for a particular laser
pulse with the parameters specified above. By the time ¢,
when the main part of electrons is accumulated in the bunch
generated by the laser pulse, the bunch duration, according to
(21), (22), will be ~1 as, and the relative energy spread AE/E
between electrons will be ~5%. The average bunch electron
energy will be ~yphmcz. If for fixing the bunch length one
takes the moment ., when the process of the bunch electron
separation from a multitude of plasma background electrons
terminates, then formulae (18), (19) yield the estimate for the
bunch length ~6 as. The reason for the elongated bunch
length is that different bunch electrons are subjected to differ-
ent accelerating forces acting from the wake field, which
include repulsion of electrons in the bunch due to its own
charge.

Note that influence of the electron repulsion effect at the
stage of separation from a multitude of plasma background
electrons on the bunch length is automatically taken into
account, because the bunch length is only determined by the
trajectory of the electron-leader. After the bunch electrons
have been separated from the main group of plasma back-
ground electrons, this approach is no more applicable. It is
necessary to additionally determine the trajectory of the elec-
tron closing the bunch, which moves in the wake field; how-
ever, the wake field cannot be found in such a simple way as
in the case of the electron-leader. One approach to deter-
mining the length of the electron bunch in this case is pre-
sented in [21].

Finally, let us discuss applicability of the one-dimensional
model of plasma with a sharp boundary used in the present
work for studying generation of electron bunches by a non-
unidimensional laser pulse that crosses the boundary of inho-
mogeneous plasma with a transition layer.

From the general methodological point of view, the tran-
sition layer of plasma can be neglected if the layer thickness d
is much less than any other parameters characterising the
considered physical phenomenon in the z axis (for example,
the oscillation amplitude of the plasma oscillator 4,,, the
length of the wake wave 4, and the characteristic length of
the laser pulse ct),,). From the practical point of view, this is a
very strict condition.

Let us analyse qualitatively consequences from the pres-
ence of the transition layer between vacuum and homoge-
neous plasma at a boundary of inhomogeneous plasma. Some
conclusions can be made from the analysis of Fig. 2, where
results of numerical simulation demonstrate the plasma elec-
tron distribution at the instant f, corresponding to termina-
tion of the main regime of electron self-injection into the wake
wave. It is important that numerical simulation takes into
account all plasma electrons including those which get out to

vacuum and cross the sharp boundary of plasma at z = 0 in
the process of the electron bunch generation by the laser
pulse.

It follows from Fig. 2 that the coordinate of the point
Koz, = 2.8505, where the wake field turns to zero, is, although
close to, however, distinct from the coordinate kA4, = 2.8565
calculated theoretically. This is related to the fact that, in con-
trast to modelling, electrons disposed initially to the left from
the electron-leader (z, < z(q) were neglected and their trajec-
tories partially passed through vacuum. Analysis of the elec-
tron state of the bunch at this instant shows that the distinc-
tion between zy, and 4, with a sufficient accuracy is explained
by a small (less than 2%) part of electrons fitting the bunch
from the domain z; < z)y. As mentioned, so small a part of
such electrons in the bunch is explained by the fact that they
do not form the well expressed accumulation point to the left
from the electron-leader at the instant of self-injection of the
latter #iyj14. This circumstance, in turn, is a consequence from
that in vacuum, due to the absence of the ion background, the
force returning the electron to its centre of oscillations is sub-
stantially weaker than the restoring force acting on the elec-
tron in plasma.

It is clear that a transition layer will increase the frequency
of electron oscillations with the initial position z, < zg1q and
will result in a greater part of these electrons in the bunch
generated by the laser pulse. However, one may expect that
the presence of electrons in the generated bunch will not
change the physical picture of the phenomenon considered as
long as electrons with the initial coordinates z, > zyq play a
dominating role in the bunch. Thus, the simplification used in
the present work, namely, substitution of the transition layer
for a sharp boundary, can be used for studying mechanisms
of the electron bunch formation when a laser pulse crosses a
boundary of inhomogeneous plasma. Qualitative analysis of
the influence of the transition layer on generation of electron
bunches by a laser pulse in inhomogeneous plasma will be
performed later.

Applicability of the one-dimensional geometry for study-
ing the mechanism of electron self-injection into the wake
field generated by a non-unidimensional laser pulse is deter-
mined by the condition that the motion of background plasma
electrons is close to unidimensional. It is known [13, 16] that
dynamics of background plasma electrons in the so-called
bubble-regime of laser pulse propagation is strongly deter-
mined by the transverse size of the pulse. In this case, the size
of the arising cavern wj is estimated by the formula kpw, ~

ap , 1.e., it depends on the laser pulse amplitude. In view of
the correspondence between the cavern size wy and the width
o of the laser pulse (k,wy ~ k,0), in a stable bubble-regime
the amplitude of the laser pulse and its width should be
matched: k,0 ~ va,. Numerical modelling performed in [23]
refined this relationship for the case of linearly polarised laser
radiation: k,0 = 2v/ay .

The regime of one-dimensional interaction of laser radia-
tion with plasma considered in the present work excludes the
possibility of producing a cavern, which is not a one-dimen-
sional object. For generating a cavern, the width of the laser
pulse having the amplitude @, should satisfy the condition
k0 >> 2+/ay . This estimate was verified by the authors of this
method of injecting electrons into a wake wave [19] by means
of two-dimensional numerical simulation of the process of
plasma interaction with a linearly polarised laser pulse having
the profile
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and duration Tpwpyy = 12.13 fs aty,, = 5-7, 4= 1 um, 0 =
204; the results obtained were compared with the modelling
results in the one-dimensional geometry. It was shown that
fulfilment of the condition kyo > 2+, provides good
agreement for energy characteristics of the electron bunch
generated by a laser pulse in the interaction with semirest-
icted plasma as in the one-dimensional, so and in two-
dimensional geometry. Appropriateness of using the one-
dimensional approximation was more thoroughly consid-
ered in [21].

At a given laser pulse width ¢ one can also estimate the
value of the electron bunch charge. By using formula (8) for a
layer thickness of background plasma electrons and assuming
that the amplitude distribution of the laser pulse in the trans-
verse direction is a = agexp(-r*/c?), one can obtain the for-
mula for estimating the bunch charge:

O ~ —le| ky 'm0 2  Eos(a0) [(mc?) — yorl In(aglaw), (23)

where, at a prescribed laser pulse duration 7wy , the thresh-
old amplitude of the laser pulse a,, corresponds to the energy
of plasma oscillators E;,. Calculation shows that for a circu-
larly polarised laser pulse radiation with 4= 1 um and trwim
= 12 fs at yp, = 5, the threshold amplitude is apg, = 4.919.
Then, according to the estimate by formula (23), one obtains
that the laser pulse with the amplitude ay = 4.982 (E  /(mc?) =
5.08), o = 204, (i.e., power P ~ 0.427 PW), generates the elec-
tron bunch with a charge Q;, ~ 11.6 pC. Calculations of the
bunch charge at other parameters of plasma and laser pulse
are given in [20].

4. Conclusions

Investigation of the generation of short electron bunches
when a relativistic-intensity laser pulse propagates through a
sharp plasma boundary revealed the main features of the
physical mechanism underlying this process.

Numerical simulation has clearly demonstrated that the
generation of electron bunches by a laser pulse is a conse-
quence of multithread motion of the electron component of
plasma. In certain conditions, such a motion can be pre-
sented in the form of mutually intersecting trajectories of
plasma electrons, each electron being initially a plasma
oscillator excited by laser pulse, which executes free oscilla-
tions around the initial position, which this oscillator occu-
pied prior to the action of the laser pulse. The necessary con-
dition for oscillator trajectory intersection is an excess of
their total energy E,, over the threshold value Eg, = mc*/
1 — Vglc?, determined by the group velocity of the laser
pulse.

Intersection of the trajectory of the plasma oscillator
with that of the neighbouring oscillator results in self-injec-
tion of this electron into the wake wave produced by the
laser pulse, which is the physical mechanism of generating
an electron bunch. However, not all electrons after self-
injection are captured in the bunch produced, because the
critical item is the position of the point of electron self-injec-
tion in the wake wave. If the total energy of plasma oscilla-
tors insignificantly exceeds the threshold value E — E 4, <<

E i then the electrons whose self-injection point fits into
the accelerating phase domain of the wake wave are kept in
the generated bunch and captured by the wake field. Such
electrons constitute the main ensemble of the electron bunch
generated by a laser pulse. Other electrons, which perform
self-injection near the boundary of the accelerating phase or
in the decelerating domain of the wake field, are only par-
tially captured by the wake wave. Those can be captured
only after the plasma background electrons, not participat-
ing in the process of electron self-injection, start intensively
flow through the bunch of captured electrons, which follows
the laser pulse.

For determining the parameters of the electron bunch
generated by a laser pulse, we have analytically obtained the
trajectory for the electron-leader, i.e., for the first electron
injected into a wake wave, which resides in the head of the
bunch. It was shown that at the formation stage of the elec-
tron bunch when background plasma electrons are self-
injected into the wake wave, the duration of the electron
bunch and the spread of the electron energy in the bunch are
determined by the trajectory of the electron-leader and by
variation of its energy along this trajectory.

Simple formulae are obtained for estimating the dura-
tion of the electron bunch and the energy spread of bunch
electrons after the process of the bunch formation termi-
nates. It is shown that characteristics of the generated elec-
tron bunch are determined by the group velocity of the
laser pulse and by the energy of plasma oscillators excited
by the pulse. It was found that the electron bunch duration
may be ~10 as at the relative spread of the electron energy
less than 10 %.
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