
Quantum Electronics  47 (3)  199 – 205  (2017)	 © 2017  Kvantovaya Elektronika and Turpion Ltd

Abstract.  We study angular characteristics, such as emittance and 
fraction of electrons emitted into a prescribed solid angle, for elec-
tron bunches that are accelerated in wake fields generated in vari-
ous guiding structures – capillary waveguides and plasma channels, 
in which intense laser pulses propagate. The investigation is per-
formed at various injection energies, which simulate input condi-
tions to different cascades of a multistage electron accelerator. It is 
shown that, in contrast to the limitations issuing from the require-
ment of trapping and accelerating a substantial part of bunch elec-
trons, the condition of maintaining the low emittance of the bunch, 
needed for successful transfer of the accelerated bunch to the entry 
of the next acceleration cascade or other device, imposes much 
more strict limitations on the accuracy of focusing of laser radia-
tion to the guiding structure.

Keywords: electron acceleration, wake fields, plasma channels, 
capillary waveguide, emittance.

1. Introduction

The future of high-energy physics requires the development of 
accelerators capable of generating electron and positron 
bunches with an energy of ~10 TeV [1], which is well above 
the energy available now in conventional accelerators. 
Existing microwave accelerators have a maximal rate of the 
electron energy increase of ~100 MeV m–1. With such an 
acceleration rate, the accelerator should have a length of 
100  km in order to reach the electron energy of 10 TeV, which 
can hardly be realised in practice.

In many practical applications, cheaper and more com-
pact accelerators are needed. For example, presently the 
application of accelerators in medicine for sterilising materi-
als and producing isotopes is intensively expanded. The devel-
opment of acceleration technique makes it possible to pro-
duce intense sources of hard radiation employed in biology, 
diagnosis of extreme states of matter, investigation and treat-
ment of materials. All these possible applications necessitate 
the development of accelerators of new type that might be 
transferred from the category of unique to sufficiently cheap 

and compact devices, which, however, would be capable of 
generating electron beams possessing an energy from hun-
dreds MeV to several GeV.

The laser-plasma method of electron acceleration that was 
first suggested in [2] opens prospects for solving these prob-
lems [3]. Laser-plasma accelerators, in which electrons are 
accelerated in the fields of a wake wave generated in a plasma 
by an intense laser pulse, have demonstrated the rate of the 
electron energy increase of above 100 GeV m–1 [4]. This gives 
a chance to obtain bunches of accelerated electrons possess-
ing an energy of ~1 GeV over an acceleration distance of 
~1 cm [5]. Up to now, the best results have been obtained at 
the Lawrence Berkeley National Laboratory, where the setup 
was created [6], on which the laser pulse with a peak energy of 
300 TW (duration of 40 fs, wavelength of 0.815 mm) acceler-
ates electrons in a gas-filled capillary to an energy of 4.2 GeV 
over a distance of 9 cm.

Further increase in a particle energy in laser-plasma accel-
erators requires an additional analysis of possible accelera-
tion schemes. A single-stage electron acceleration is limited 
by the complexity of maintaining a stable accelerating field of 
high intensity in elongated plasma structures and by the accel-
eration length limitation due to the dephasing effect. For 
obtaining a higher energy of accelerated particles, one can use 
the scheme of multistage acceleration, where an electron 
bunch is multiply accelerated in similar laser-plasma sections. 
After each acceleration section, the bunch passes to an entry 
of the next stage for increasing the electron energy [7, 8].

The multistage acceleration scheme is principally capable 
of attaining the energy of accelerated particles exceeding mul-
tiply that obtained in a single section. However, there are the 
following difficulties.

First, the injection of an electron bunch to each successive 
acceleration cascade should match in time with the input of 
the laser radiation that generates the wake field. A sufficiently 
large increment of the electron bunch energy and the conser-
vation of the number of electrons during the acceleration pro-
cess require that electrons should be injected to a strictly 
specified domain of the wake wave phase, which possesses the 
corresponding focusing and accelerating characteristics. This 
implies a high synchronism between all the constituents of the 
multistage acceleration process.

Second, it is necessary to provide sufficiently good charac-
teristics of the electron bunch after each stage, which, as a 
rule, become worse in the process of electron bunch accelera-
tion in a wake field. Among these characteristics, the most 
important are the energy spread of the electron bunch, emit-
tance, and bunch length. It is known [9, 10], that the influence 
of the bunch length on the energy spread is decisive in the 
acceleration process. In turn, at a relatively low average 
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energy of bunch electrons, which is specific for first accelera-
tion stages, the spread of the electron energy at the input to 
the next acceleration section will make the bunch length lon-
ger as well. The bunch characteristics are strongly affected by 
its charge, initial emittance, and nonlinear dynamics of the 
laser pulse [11 – 16]. Hence, in each acceleration section, the 
conditions of electron bunch injection should satisfy certain 
requirements, which provide an optimal balance between the 
rate of the electron energy increase and the maintaining of 
sufficiently good characteristics of the bunch.

The characteristics of an electron bunch are also strongly 
affected by a drift gap between the acceleration sections. 
Characteristics of the electron bunch should not worsen while 
it passes the drift gap. Note again that the bunch is elongated 
in the drift gap caused by repulsion of particles due to their 
charge and energy spread [17]. Also important is the angular 
divergence of the electron beam, determined by its emittance 
at the output from an acceleration section.

Finally, the process of multistage acceleration is greatly 
affected by imperfect focusing of laser radiation into each 
successive acceleration section [18, 19] and also by mutual 
misalignment of acceleration sections over their entire set. 
This problem is being yet out of focus of researchers.

The present work is aimed at studying the angular charac-
teristics (the emittance and angular divergence) of an electron 
beam accelerated in a wake waves behind the laser pulses, 
which propagate in various guiding structures – capillary 
waveguides and plasma channels.

In multistage acceleration, the electron bunch obtained at 
the output from the preceding acceleration cascade passes to 
the entry of the next acceleration cascade. The angular char-
acteristics of the bunch depend on those at the output from 
the preceding cascade and on the dynamics of the electron 
bunch between the cascades. However, in the first approxima-
tion, one may consider acceleration of the electron bunches 
that have initially zero emittance at the input to each cascade, 
assuming that in the process of acceleration the electron 
bunch acquires the emittance far exceeding its initial value. In 
this approach, the electron bunch with the zero emittance at 
the input to each cascade plays a role of a probe instrument, 
which determines how this acceleration cascade with a par-
ticular initial injection energy will affect the characteristics of 
accelerated electron bunches. This approach is used in the 
present work.

We also estimate the part of electrons that can be trans-
ferred from the exit of a preceding cascade to the entry of the 
next acceleration cascade (at a prescribed input aperture of 
the latter) with taking no special measures such as plasma 
lenses [20, 21]. The shorter the drift gap between the cascades 
and the greater the input aperture of the next cascade, the 
greater this part of electrons. From the results obtained it fol-
lows that the angular characteristics of accelerated bunches 
critically depend on the accuracy of laser radiation focusing 
to the guiding structure.

2. Investigation technique

Acceleration of electron bunches in the wake fields, generated 
by laser pulses in parabolic plasma channels and capillary 
waveguides was simulated by using the previously developed 
model [19, 22]. This model utilises obtained analytical expres-
sions for the angular and radial modes of laser radiation in 
these guiding structures, expressions for the angular harmon-
ics of the wake field, and equations of motion for bunch elec-

trons, which were solved numerically by the Runge – Kutta 
method. This model allows one to determine the characteris-
tics of electron bunches on large spatial and temporal scales. 
It also takes into account an arbitrary asymmetry of the laser 
pulses and asymmetric injection of the latter into the guiding 
structure under the condition that the inequality (k0R)–1 << 1 
(for waveguides) [23, 24] or (k0 rch)–1 << 1 (for plasma chan-
nels) [22] holds. Here, R is the internal radius of the wave-
guide, rch is the characteristic radius of the plasma channel 
[see formula (1) below], k0 = w0/c is the absolute value of the 
vacuum wave vector of the laser radiation, w0 is the laser radi-
ation frequency, and c is the speed of light.

For revealing the role of the main geometrical factors 
related to the focusing and propagation of the laser radiation, 
which generates the accelerating wake fields, we will neglect 
nonlinear processes in the interaction between plasma and the 
laser radiation. We also take the maximal power P0 of the 
laser radiation much less than the critical power Pcr for the 
relativistic self-focusing: P0 << Pcr, where Pcr = 0.017g2ph TW; 
gph = w0 /wp = /n ncr e0  is the relativistic gamma-factor of the 
plasma wave; wp = 4 /n e m0e

2p  is the plasma frequency; e 
and m are the electron charge and mass, respectively (e < 0); 
ne0 is the concentration of the background electrons in 
plasma; and ncr = mw0

2 /(4pe2) is the critical concentration.
We will assume that the plasma density in capillary wave-

guides is homogeneous and the dielectric function of the 
plasma inside the capillaries is constant, e = 1 – ne0 /ncr = const; 
in addition, |1 – e| << 1 (see [19] for details).

We assume that the profile of the electron concentration 
n(r)   in plasma channels in the transverse direction is para-
bolic and does not vary in the longitudinal direction:

n(r)  = ne0[1 + (r/rch)2].	 (1)

For a channel radius matched with the radius of the laser 
beam possessing a Gaussian transverse profile of the electric 
field in the linear approximation we have rch = Rfit, where

Rfit  = kp r0
2 /2;	 (2)

kp = wp /c is the absolute value of the wave vector of the 
plasma wave; and r0 is the radius of a laser spot correspond-
ing to the field E µ exp(–r/r0

2). Under the condition rch = Rfit, 
the intensity of the electric field of the laser pulse does not 
change as it propagates in the channel [22].

The equations of motion for electrons in wake fields and 
expressions for the wake fields are presented in [19]. It is 
shown in this work that in the case of asymmetry of any type 
(it is always the case in real experiments), the wake potential 
in the plasma contains both zeroth and higher-order angular 
harmonics (dependent on the azimuth angle j in the cylindri-
cal system of coordinates as exp(ilj) for the l-th harmonics). 
The source of the l-th harmonic of the wake potential in this 
case is the lth angular harmonic of the square absolute value 
of the dimensionless transverse (lying in the plane normal to 
the propagation axis) component of the electric field |a^|

2
l. 

Here, a^= eE^/(mw0c), and E^ is the transverse component 
of the electric field of the laser pulse.

From results of works [18, 23 – 25] and [22] follows that 
near the axis of a guiding structure, the vector structure of 
electromagnetic fields of the laser radiation can be approxi-
mately described by a single scalar function within the accu-
racy of first-order terms of the expansion over the small 
parameter (k0R)–1 << 1 or (k0rch)–1 << 1. This function is deter-
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mined by the second-order wave equation with two boundary 
conditions. One condition is specified at the input to the guid-
ing structure at z = 0 (where z is the axis of the guiding struc-
ture). The other condition is specified at r = R (the condition 
of the continuity of tangential components of the electric and 
magnetic fields on the inner wall of the capillary waveguide) 
or at r ® ¥ (the condition of vanishing electromagnetic fields 
at r ® ¥) [22].

In this case, the value |â |2l  can be expressed as [22],
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are the mode coefficients with the constant factors Cl s n, which 
depend on the dimensionless coordinates related to the laser 
pulse x = k0(z – ct) and z = k0z, which are determined by the 
boundary conditions at the input to the guiding structure and 
have a different form for capillary waveguides and for plasma 
channels; a0 = eEmax /(mw0c); Emax is the maximal electric field 
intensity of the laser pulse prior to entering the guiding struc-
ture; F|| is the laser pulse longitudinal profile prior to entering 
the guiding structure; F l s n are the phases; and Dn

(p) are the 
radial functions, expressions for which are determined by the 
boundary conditions specified above and are different for 
capillary waveguides and plasma channels.

For the capillary waveguides filled with the plasma pos-
sessing a constant dielectric function e(r < R) = ec, the follow-
ing relationships are valid:

Dn
(l) = Jl(ul nr/R),	 (5)

Fl s n = (z/2)(k2^l s n + 1 – ec),	 (6)
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where Jl are the lth-order Bessel functions of the first kind; ul n 
are the corresponding nth roots; k^l s n are the transverse wave 
vectors of the modes of the electromagnetic field; k RR 0= ;
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are the factors dependent on the properties of the capillary 
walls; and ew is the permittivity of the capillary wall.

For parabolic plasma channels with the concentration 
profile (1), the expressions for the radial functions Dn

(l) and 
phase factors F l s n have the form

Dn
(l) = Ln

|l|(Z)exp(–Z/2)Z|l|/2,   Z º kp r2/rch,	 (9)

where Ln
|l| are the generalised Laguerre polynomials; and

n
n

k r
n l

2
1 2 1

cr

e

p ch
l n

0zF = + + +
s c m.	 (10)

From the boundary conditions related to the continuity of 
electromagnetic fields at the entry to the guiding structure (at 
z = 0) and from expressions (5) and (9) for the radial modes of 
the electromagnetic field inside the capillary waveguides and 
plasma channels, respectively, we obtain the expressions for 
the constant factors Cl s n of mode coefficients (4):
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for the capillary waveguides [where F^(r, j) is the transverse 
profile of the laser field at z = 0, and h is the degree of laser 
pulse polarisation, h = 0 stands for linear polarisation, and h 
¹ 0 stands for elliptical polarisation] and
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for the plasma channels.
The values |â |2l and the corresponding expressions for 

wake field harmonics [19] were used for calculating the longi-
tudinal (accelerating) and transverse (focusing or defocusing) 
forces acting on the accelerated electrons. These forces were 
employed for solving the equations of motion numerically 
and determining the electron trajectories for a particular 
length z of laser pulse propagation in the guiding structure.

Note that formulae (3) – (12) extend the model of electron 
acceleration in capillary waveguides considered in [19] to the 
case of plasma channels.

After determining the position of accelerated bunch elec-
trons in the phase space, the normalised transverse emittance 
єn was calculated, which is related to the angular emittance є* 
by the relationship єn = gb bbє* [26]:

єn = 4 ( )R R b b
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where Px i, Py i, Pz i are the transverse and longitudinal 
momenta of the ith electron in the bunch, expressed in terms 
of mc; xi, yi are the transverse coordinates of the ith electron 
in the bunch; Nb is the number of electrons in the bunch; gb 
is the bunch gamma-factor, determined as the maximal 
value of 

1 P P Pxi yi zi
2 2 2

+ + + ;

and 1b b
2b g= - -  is the bunch beta-function.

In addition to the emittance, in the present work we have 
calculated the distribution of the electron density over a solid 
angle W(Q) with the apex angle Q relative to the z axis of the 
guiding structure, which was normalised to unity:

( ) ( ) /d dS N N1W W W= /
- ,   2 sind dpW H H= ,	 (14)

where dN(W ) = N(W, W  + dW) is the number of bunch elec-
trons within the element of solid angle dW with the apex angle 
dQ; and N/  is the total number of electrons in the bunch. By 
using the density S(W ) (14), we calculate the fraction of all 
electrons P(Q) which moves inside the solid angle W(Q) with 
the apex angle Q:

)Q
( ) ( ) .' 'dP S

(

0
W WH =

Wy 	 (15)

Once P(Q) at the exit from the accelerating cascade and the input 
aperture of the next cascade are known, one can determine the 
fraction of electrons entering the next accelerating cascade for 
the case when electrons freely propagate between the cascades.

3. Calculation results

In the calculations, the laser pulse had a dimensionless ampli-
tude a0 = eEmax /(mw0c) = 0.5 and the maximal power P0 /Pcr = 
0.14, the relativistic gamma-factor was gph = 80. The profile of 
the laser pulse was Gaussian with the radius r0 = 50 mm in the 
transverse direction and the FWHM duration tL = 56 fs, the 
laser radiation wavelength was l0 = 0.8 mm. The calculations 
were performed for the two guiding structures: a silicon capil-
lary waveguide with an inner radius R = 82 mm and a plasma 
channel with the electron concentration n(r) (1) and matched 
radius Rfit  (2). In the calculations, we took rch = Rfit = 122 mm.

Electron bunches were injected along the axis of the guid-
ing structure to the first period of the plasma wave behind the 
laser pulse. Under the injection phase xinj we will imply the 
distance along the longitudinal coordinate x, related to the 
laser pulse, from the electron bunch centre to the point that 
corresponds to the maximal longitudinal acceleration force. 
In order to provide fitting for the maximal part of the most of 
bunch electrons into the focusing phase of the wake field, the 
injection phase was chosen in such a way that the dimension-
less value kp xinj /k0 be equal to 0.3 (for the capillary wave-
guides and low injection energies Einj = 50 MeV) or 0.1 (in the 
rest cases), where kp = wp /c.

At input to the capillary waveguide, the laser and, hence, 
the wake fields are irregular (see, for example, [24, 25]). Thus, 
in modelling the acceleration of electron bunches in capillary 
waveguides, electrons were injected not to the capillary 
face (z = 0), but to a distance zinj deep into the capillary (zinj = 
800/kp). This injection can be technically realised if the first 
part of the capillary will be empty rather than filled with 
plasma. An alternative solution of the problem of laser field 

irregularity at the capillary entry is to employ a specifically 
profiled (conical) input [25].

The investigations performed showed that the normalised 
transverse emittance of an accelerated electron bunch in the 
totally symmetric geometry of the problem (that is, under the 
exact focusing of the laser radiation into the guiding struc-
ture) is mostly affected by the longitudinal and transverse 
bunch sizes. In all calculations, the electron bunches had 
Gaussian concentration distributions over the longitudinal 
(along the propagation z axis) and transverse directions. The 
initial length kpsz and the transverse size kpsr of the electron 
bunch were, respectively, 0.05 and 0.15.

In Fig. 1, one can see the emittance of electron bunches as 
a function of the length z along the guiding structure, nor-
malised to the dephasing length Lph = l0 g3ph = 41 cm, at vari-
ous injection energies Einj. The injection phase in this case is 
xinj = 0.1k0/kp for all the curves, except for those pertaining to 
the capillary waveguides and the injection energy Einj = 
50 MeV, for which xinj = 0.3k0/kp. The various cases of focus-
ing laser radiation onto the face of the guiding structure are 
considered: the exact focusing without deviations of the laser 
axis from that of the guiding structure (the angle q between 
the axes is zero) and the case of inaccurate focusing, where 
q = 0.06 mrad for the plasma channels and 0.03 mrad for the 
capillary waveguides.

From Fig. 1 follows that the angles q = 0.06 mrad for 
the plasma channels and q = 0.03 for the capillary wave-
guides are the limiting angles, at which the low-emittance 
(no more than several mm mrad) accelerated electron 
bunches can be obtained at the acceleration distance z » 
0.5Lph corresponding to the maximal energy DEe = Ee – Einj 
acquired by the electron bunch*. Such a limitation in the 
angles q is, at least, by an order of magnitude stronger than 
the limitation that follows from the consideration of the 
energy characteristics of the electron bunch [19]. For the 
first acceleration cascade with the electron injection energy 
Einj = 50 MeV, at the chosen parameters the electron bunch 
with low emittance (єn » 1 mm mrad) can only be obtained 
with plasma channels.

Results of similar calculations are presented in Fig. 2 for 
one injection energy Einj = 0.5 GeV, various displacements 
dx of the focusing point of laser radiation relative to the axis 
of the guiding structure, various degrees of the laser beam 
asymmetry modelled by a distinct from unity ratio ry /rx of 
the semi-axes of the transverse profile ellipse of the laser 
pulse (given in the form E(x, y) = E0exp(–x2/rx

2 – y2/ry
2), 

where rx
2 +ry

2 = 2r0
2, at r0 = 50 mm), and for the exact (sym-

metric) focusing.
From Fig. 2 follows that the requirements for deviation of 

a laser pulse spot shape from cylindrically symmetric, which 
issue from the condition of maintaining the low emittance are 
not very strict (those are similar to the requirements issuing 
from the condition of maintaining the large acquired energy 
DEe and large part of trapped and accelerated particles Ntr 
[18, 19]). However, the requirements for the deviation dx of a 
laser radiation focusing point from the axis of the guiding 
structure and requirements for the angle q  between the laser 
beam and guiding structure axis are stronger by approxi-
mately an order of magnitude than those issuing from the 
conditions of maintaining the large values of Ntr and DEe.

* In all the calculations performed, DEe max » 0.5 GeV for acceleration in 
plasma channels and ~0.3 GeV for acceleration in capillary wave-
guides.
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Part of electrons outgoing within the solid angle with the 
apex angle Q is shown in Fig. 3 as a function of the angle Q 
for the acceleration distance z = 0.5Lph and various injection 
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the guiding structure for the parameters specified in the text and figures, 
at various injection energies Einj.

Capillary, dx = 0, ry = rx

Capillary, dx = 0.25 mm
Capillary, dx = 0, ry /rx = 1.4
Channel, dx = 0, ry = rx

Channel, dx = 0.5 mm, ry = rx

Channel, dx = 0, ry /rx = 1.8

Einj = 0.5 GeV

0

1

2

3

4

0.1 0.2 0.3 0.4 z/Lph

є n
/m

m
 m

ra
d

Figure 2.  Emittance of electron bunches vs. the dimensionless length of 
the guiding structure at various displacements dx, various ratios ry/rx, 
and at the exact (symmetric) focusing. The other parameters are the 
same as in Fig. 1.

Capillary, q = 0
Capillary, q = 0.03 mrad
Channel, q = 0
Channel, q = 0.06 mrad

Capillary, q = 0
Capillary, q = 0.03 mrad
Channel, q = 0
Channel, q = 0.06 mrad

Einj = 3.5 GeV

Capillary, q = 0
Capillary, q = 0.03 mrad
Channel, q = 0
Channel, q = 0.06 mrad

Einj = 0.5 GeV

Einj = 50 MeV

20

40

60

80
P (%)

0

20

40

60

80
P (%)

0

20

40

60

80
P (%)

2 4 6 8 10

Q/10–4 rad

Q/10–4 rad
12

0 2 4 6 8 10
Q/10–4 rad

12

0 2 4 6 8 10 12

100

100

100

Figure 3.  Fraction of electrons P(Q), the velocity vectors of which are 
within a solid angle with the apex angle Q for the point z = 0.5Lph, which 
corresponds to the maximal energy DEe acquired by bunch electrons. 
Calculations are performed for various guiding structures, various injec-
tion energies Einj, and various focusing conditions, corresponding to dif-
ferent angles q. The other parameters are similar to those in Fig. 1.
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energies Einj and focusing conditions. One can see that even 
the small inaccuracy of laser radiation focusing revealed in a 
small angle q (0.03 and 0.06 mrad), may markedly widen the 
angular spectrum and reduce the part of electrons outgoing 
within a small solid angle near the axis of the guiding struc-
ture. This effect is especially pronounced in plasma channels 
and at small injection energies, which is specific to first accel-
eration cascades.

In this case, the part of electrons reduces, which, having 
passed a distance X, may enter the input aperture of radius R 
of the next acceleration cascade, is reduced: for example, at R 
= 82 mm and X = 0.4, we obtain Q = 2 × 10–4. In this case, 
according to Fig. 3, if the injection energy of the first accelera-
tion cascade is 50 MeV and the laser radiation is exactly 
focused (q = 0), about ~80 % of electrons enter the plasma 
channel of the second acceleration cascade, whereas in the 
case of inaccurate focusing (q = 0.06 mrad) only 8 % of elec-
trons do. As shown above, at comparatively low injection 
energies, the emittance of the electron bunch accelerated in 
the capillary waveguides is much greater than that in the case 
of acceleration in plasma channels even under the exact focus-
ing. This is revealed in that (Fig. 3), regardless of the focusing 
conditions, part of electrons capable of fitting the entry of the 
second acceleration cascade does not exceed 20 % at the 
parameters R = 82 mm and X = 0.4 m in the case of the capil-
lary waveguide acceleration.

Calculations for high injection energies, which give an 
estimate for subsequent acceleration cascades, show that in 
the considered example (R = 82  mm, X = 0.4 m), about 
80 % – 90 % of electrons get into the entry of the next accelera-
tion cascade (at Q = 0.2 mrad) in the case of exact focusing 
and ~30 % of electrons in the case of inaccurate focusing at 
q = 0.06 mrad for the plasma channel and injection energy 
Einj = 0.5 GeV or at q = 0.03 mrad for the capillary waveguide 
and Einj = 3.5 GeV.

Stronger than for plasma channel requirements to the 
accuracy of laser radiation focusing in the case of the capil-
lary waveguide are explained by that the laser fields in a 
plasma channel (and, hence, the generated wake fields) are 
more regular. This is related to softer conditions of laser radi-
ation reflection from walls of the plasma channel possessing a 
smoothly varying profile of electron concentration.

The emittance was also calculated for wider laser beams at 
r0 = 100 mm. In this case, the matched internal radius of the 
capillary waveguide was R = 1.64r0 = 164 mm [23, 24], and the 
matched radius of the plasma channel according to (2) was 
Rfit = 490.9 mm. The power of laser radiation in this case is 
four times greater as compared to the initial calculations; 
however, it is still less than the critical power, P0 /Pcr = 0.56. 
According to [18], the limiting admissible angle qmax between 
the propagation direction of the laser beam and the axis of 
the guiding structure, estimated from the energy characteris-
tics and from the number of trapped particles, can be deter-
mined as qmax -2R/Lph = 2R/(l0 g3ph). If the radius R increases 
twice, then this angle becomes also twice greater. However, 
according to calculations, the angle determined from the 
condition of maintaining the low emittance does not increase 
in this case.

4. Conclusions

For practical applications and for possible multistage elec-
tron acceleration to high energies, it is important to provide 
the minimal angular divergence of the accelerated electron 

bunch, that is, the minimal emittance and the maximal part of 
electrons outgoing within a small solid angle near the axis of 
the guiding structure of the accelerator.

For revealing the factors affecting the angular divergence 
of the accelerated electron bunch we have investigated the 
emittance and the part of particles outgoing within a pre-
scribed solid angle for the electron bunches accelerated in the 
wake fields generated in various guiding structures, capillary 
waveguides and plasma channels, in which the intense laser 
pulses propagate.

It was shown that the angular divergence of the electron 
bunch is determined by the initial energy of electron beam 
injection into the accelerating cascade and, to the highest 
degree, by the geometry of accelerating wake fields, which, in 
turn, is determined by the geometry of the laser electromag-
netic field that generates the wake fields. The latter geometry 
is related to the accuracy of laser radiation focusing to the 
guiding structure.

It was established that, in contrast to the limitations 
related to the requirement of trapping and accelerating a 
substantial part of bunch electrons, the condition of main-
taining the low bunch emittance, needed for the efficient 
transfer of the accelerated bunch to the input of the next 
acceleration cascade or other device, imposes the constraints 
on the accuracy of laser radiation focusing into the guiding 
structure, which are stricter by an order of magnitude. In 
particular, the characteristic tolerance for the deviation 
angle of the laser radiation propagation direction from the 
axis of the guiding structure is at most 0.1 mrad for the 
parameters considered (see Fig. 3). The characteristic toler-
ance for the relative shift of the laser radiation focusing 
point, calculated as the ratio of the shift of the focusing 
point from the axis of the guiding system to the characteris-
tic transversal dimension of the guiding structure does not 
exceed 0.5 %.
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