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Frequency standards based on ultracold atoms in tests of general
relativity, navigation and gravimetry

K.Yu. Khabarova, K.S. Kudeyarov, N.N. Kolachevsky

Abstract. Research and development in the field of optical clocks
based on ultracold atoms and ions have enabled the relative uncer-
tainty in frequency to be reduced down to a few parts in 10'8. The
use of novel, precise frequency comparison methods opens up new
possibilities for basic research (sensitive tests of general relativity,
a search for a drift of fundamental constants and a search for ‘dark
matter’) as well as for state-of-the-art navigation and gravimetry.
We discuss the key methods that are used in creating precision
clocks (including transportable clocks) based on ultracold atoms
and ions and the feasibility of using them in resolving current rela-
tivistic gravimetry issues.

Keywords: ultracold atoms and ions, optical clock, general theory
of relativity, relativistic gravimetry.

1. Introduction

Proposed by Einstein in 1915, the basic equations of the
theory of general relativity (TGR) relate the geometry of
space—time to matter and its motion, treating gravity as
the curvature of space—time. An essential role in the advent
of the TGR was played by two key experiments: the
Michelson— Morley experiment (1887), which proved that
the speed of electromagnetic waves is isotropic and con-
stant, and the Eotvos experiment (1890), which showed
that the inertial and gravitational masses are equivalent.
Immediately after its advent, gorgeous evidence was
obtained in support of the TGR, which accounted for two
effects: Mercury’s perihelion shift (Einstein, Schwarzschild,
1915-1916) and the deflection of light by gravity
(Eddington, 1919). One effect predicted by the TGR and
not detected previously was the gravitational frequency
shift and time dilation in a gravitational field. However,
because of the almost complete lack of new observations
and experiments up to the 1960s, many predictions of the
TGR were put into question.
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The golden age of the TGR was marked with the discov-
ery of pulsars in binary systems (Taylor, Hulse, 1976), which
offered a unique possibility of observing the behaviour of
natural millisecond clocks moving in a strong gravitational
field, and with a number of ground-based experiments. The
most important of them were the experiment performed by
Hafele and Keating (1971), who compared precision caesium
clocks that were flown around the world in opposite direc-
tions, and the Gravity Probe A experiment (1976). At present,
the TGR is widely used in addressing astronomical and satel-
lite navigation issues. Rapidly developing areas of research
include the physics of strong gravitational fields, the physics
of gravitational waves and a number of applied issues, which
are addressed in this paper.

The consequences of the TGR include time dilation in a
gravitational field and the gravitational frequency shift. Both
effects are of the order of AU/c? (where AU is the variation in
gravitational potential) and can reach relative values of order
107'%in near-Earth space. Accordingly, these effects should be
taken into account in addressing navigation issues and syn-
chronising clocks differing in altitude. In the case of standards
with a relative signal frequency uncertainty in the range ~10-'
to 10713, the gravitational effects can be taken into account by
accurately measuring the height difference using classical lev-
elling and ranging methods. Given that, near the Earth’s sur-
face, the height difference correction is just 107'® m~!, this
approach is suitable for most applications.

Advances in frequency standards and comparison meth-
ods have made it possible to invert the problem, i.e. to accu-
rately measure the gravitational potential difference and,
accordingly, determine the height difference between objects
on the Earth’s surface. Researchers in the world’s leading
laboratories (in the United States, Japan and Germany) have
created optical frequency standards with a relative frequency
instability as low as a few parts in 10'8[1, 2]. There are trans-
portable optical clocks based on ultracold atoms with a rela-
tive instability less than 107!° (see Riehle [3] and references
therein). A number of Russian scientific centres have also
focused considerable effort on high-accuracy optical clocks:
researchers at the All-Russia Research Institute of Physical
and Radio Engineering Measurements (VNIIFTRI) aim to
create an optical standard based on ultracold strontium
atoms with a relative instability of 10717

In a number of countries, researchers have demonstrated
the possibility of comparing optical frequency standards
using stabilised optical fibre communication links with a rela-
tive uncertainty at a level of 107! over distances up to
2000 km. In 2016, Deschénes et al. [4] demonstrated for the
first time the possibility of optical clock comparison using
open channels, in particular through a satellite. Such methods
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enable optical clock comparison with a relative uncertainty of
1078 at an averaging time near 1000 s. A European network
is under construction which will include existing standards
and communication channels [3].

The high accuracy and stability of novel frequency stan-
dards allow them to be utilised in gravimetry applications.
Comparing two identical strontium clocks spaced 15 km
apart and connected by an optical fibre link, Takano et al. [5]
measured the relative height difference between them. The
height difference was calculated using general relativity meth-
ods and was determined with an accuracy of 5 cm. Thus, a
new method for height difference evaluation, capable of com-
peting with the best classical geodesy methods, was demon-
strated experimentally.

Comparison of identical frequency standards in a global
network [3] allows gravitational potential differences to be
determined on a continental scale with an uncertainty of the
order of 1 cm. The first experiments have been carried out in
the framework of the ITOC international project [6], aimed at
resolving this issue.

Below, we present examples of how general relativity
results are used for frequency standard comparison, describe
advances in optical clock development and comparison and
demonstrate the possibilities of determining the relativistic
geoid using optical clocks.

2. General relativity effects in near-Earth space

Since the gravitational potential U is low near the Earth’s sur-
face, the space—time metric in an inertial, nonrotating frame
of reference can be represented as

8002—(1 _26,_(2]>’ gij:<1 +2C—(§[)5ij, 1)

differing from the Minkowski metric by the 2U/c? terms
(here, 6 is the Kronecker delta). The gravitational potential
U is contributed by the Earth’s potential Ug and the tidal
potential Uy (U = Ug + Ur). Retaining only lower harmonics,
we can represent the Earth’s gravitational potential in the
form

GMg

U = R

1 —sin?f
+J2GMEalT + ..., (2)

where GME is the product of the gravitational constant with
the Earth’s mass and R is the distance to the Earth’s centre. In
this approximation, the Earth is an ellipsoid oblate along its
axis due to its rotation, with a quadrupole coefficient J, and a
semimajor axis a; (0 is its polar angle). On the Earth’s surface,
the gravitational potential is Ug = 6.2x10” m? s, and the
tidal potential, due mainly to comparable contributions from
the Sun and the Moon, is Uy ~ 1077 Ug.

The surface of constant gravitational potential, with
allowance for the centrifugal potential due to the Earth’s
rotation, is referred to as the Earth’s geoid, which is close to
but does not coincide with the surface of the world ocean. In
the definition of the geoid, tidal effects are left out of account.
The shape of the geoid can be calculated with allowance for
gravitational anomalies and differs significantly from that of
the surface of the continents. Precise determination of the sur-
face of the geoid was the purpose of the Gravity Recovery
and Climate Experiment (GRACE, 2002) space mission,
whose operating principle was based on precision laser rang-

ing of two low (500 km) earth orbit satellites spaced 200 km
apart. This allows gravitational anomalies to be measured up
to about the 120th spherical harmonic. The mean error of
determination of the geoid from GRACE data is slightly less
than 1 cm [7]. The shape of the geoid can be more accurately
determined using gravity (g) maps. It is important to note that
global navigation satellite systems (GNSS’s) make it possible
to determine the height relative to a reference geocentric ellip-
soid, which does not coincide with the geoid.

The consequences of the TGR include a frequency shift of
electromagnetic waves and time dilation in a gravitational
field. Using (1), we can find that, when a wave propagates in
a gravitational field, its frequency varies as

v'=v<1+U/_2U>, 3)
C

i.e. the frequency of the wave increases as the centre of gravity
is approached. In turn, time slows down near massive bodies:

/:z(l_U’C;U). e

At the beginning of the development of the TGR, experi-
mental verification of these effects was impossible because of
the relatively low measurement accuracy and the influence of
motion of bodies (Doppler effect, time dilation and Sagnac
effect).

One of the most accurate measurements aimed at verifying
the general relativity effects (3) and (4) was performed using
an active hydrogen maser in the Gravity Probe A suborbital
spacecraft launched in 1976 upward to about 10000 km,
whose frequency was compared to that of a ground-based
standard [8]. Possible deviations from (3) and (4) were tested
at a level of 7x107° relative, which is still one of the most
sensitive tests of the equivalence principle. Relation (3) can be
obtained by considering ‘Einstein’s lift’, which suggests that
the effect of gravity and the Doppler shift are equivalent in
the Newtonian approximation.

In astrophysics, the time dilation effect (Shapiro time
delay) is observed e.g. in timing pulsars in binary star systems.
A pulsed pulsar signal passing near the gravitational field of
the pulsar companion slows down, which leads to a well-
observed time dilation effect, at a level of tens of microsec-
onds [9].

Relations (3) and (4) are widely used in practice as well.
Among space applications, it is worth mentioning the opera-
tion of GNSS satellite systems (GLONASS, GPS and others),
which orbit at an altitude near 20 000 km. Since the basic
principle of the GNSS’s is to compare the time signal of an
on-board clock to that of a ground-based clock, it is necessary
to make a frequency correction related to gravitational effects
and the motion of the satellites (time dilation). The two effects
are comparable in magnitude and opposite in sign [10]. To
synchronise the on-board and ground-based clocks, a correc-
tion of —4.5x107!° relative is introduced into the on-board
system (Fig. 1).

Another example is the RadioAstron radio telescope
[P.N. Lebedev Physical Institute (LPI), Russian Academy of
Sciences (RAN)], a functioning space laboratory with an
active hydrogen maser on board. Since the satellite has a
highly elongated elliptical orbit, the gravitational effect of the
Earth’s field varies with time. After compensation for the
Doppler effect, the observed frequency shift due to the gravi-
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Figure 1. Frequency correction of a standard in a circular-orbit satellite
for synchronisation with an observer on the Earth’s surface vs. satellite
orbit altitude R,: (1) GNSS and (2) geostationary satellite orbits.

tational field is up to 3 Hz at a carrier frequency of 8.4 GHz.
High-accuracy phase comparisons with ground-based fre-
quency standards are expected to ensure verification of rela-
tion (4) with a sensitivity of 2.5x 107 [11], which improves the
accuracy of the GPA mission result [§].

Changes in clock rate are also observed in the case of com-
parison of ground-based standards. Given that the relative
uncertainty of caesium fountain primary frequency standards
approaches 2x1071°[12], comparison between such standards
requires knowledge of relative heights to within 1 m. Given
that the Earth’s surface has height differences up to several
thousand metres, the time correction (4) is indispensable in
the case of remote comparison between standards (using
duplex communication, GNSS’s, optical fibre links etc.).

As an example, note one of the first precise optical fre-
quency measurements performed for the hydrogen 1S-2S
transition relative to the frequency of a remote caesium foun-
tain by a joint team from the Max Planck Institute for
Quantum Optics (MPQ), LPI and the National Metrology
Institute of Germany (PTB) [13]. Previous measurements [14]
were made using the FOM transportable caesium fountain,
which was generously provided by the LNE-SYRTHE labo-
ratory. In 2012, a 920-km optical fibre link was made between
PTB and MPQ (the straight-line distance between PTB and
MPQ is 460 km), which enabled precision comparisons in the
optical and radio frequency ranges [15]. This opened up the
possibility of measuring the 1S-2S frequency in atomic
hydrogen relative to a PTB national primary standard: Csl
caesium fountain. In those measurements, it was necessary to
take into account the height difference between PTB
(Braunschweig) and MPQ (Munich), which is 452 m (Fig. 2),
and make the corresponding frequency shift correction:
4.4x107'* The frequency of the transition in atomic hydrogen
was determined with an uncertainty of 11 Hz (fractional
uncertainty of 4.5x107). The absolute frequency obtained
coincided to within experimental uncertainty with the result
of a previous measurement [14], performed using the FOM
mobile fountain.

In recent years, a number of more accurate comparisons
between remote standards were performed, including an opti-
cal clock comparison with a measurement uncertainty of
5x10717. The existing geodesic methods still have sufficient
accuracy for such comparisons and allow the relativistic cor-
rection (4) to be made using information about the height dif-
ference and, accordingly, about the gravitational potential
difference, with no significant effect on the uncertainty bud-
get. At the same time, achieving accuracy better than 1077
requires knowledge of the relative height of the clock with an
accuracy better than 10 cm, which is a serious problem in the

Figure 2. Schematic of comparison of the frequency of the 1S-2S opti-
cal transition in atomic hydrogen (MPQ) with the frequency of the
FOM transportable caesium primary standard and with that of the Csl
remote fountain (PTB) using a 920-km optical fibre link. In the case of
comparison with the Cs1 signal, the gravitational frequency shift due to
the height difference between MPQ and PTB, 4.4x 107", was taken into
account. The results of the two measurements of the absolute frequen-
cy, MPQ—FOM [13] and MPQ-PTB [14], coincided to within 5x 10715,

case of a remote clock. On the other hand, a possibility
emerges for inverting the problem and using identical preci-
sion clocks for determining gravitational potential and height
differences [16].

3. Optical clocks with a frequency uncertainty
below 10~!7 and comparison methods
for such clocks

The past few years have seen the advent of a number of sta-
tionary optical clocks with a frequency uncertainty below
107"7. These include clocks based on neutral atoms in optical
lattices (see e.g. Refs [1, 2]) and single-ion clocks (see e.g.
Refs [17, 18]). A detailed review of optical clocks was pre-
sented by Ludlow et al. [19]. At short times of order 1 s, the
relative instability of such clocks is determined by the spectral
characteristics of the laser system used to excite the transition
and can be as low as 10719 [20]. The laser frequency is then
actively stabilised to the transmission peak of an ultrastable
optical cavity. At longer times, laser frequency stability is
determined by the frequency of a transition in a laser-cooled
atom or ion. Optical lattice clocks [1, 2] demonstrate better
relative instability characteristics owing to the larger number
of atoms interacting with light. A typical relative instability of
the best optical lattice clocks depends on the averaging time ¢
(in seconds) as 5x107'°(z/s)"1/> [2], which allows the 1078
uncertainty level to be reached by averaging over several
hours. Ton standards have somewhat lower stability, but they
are comparable in accuracy with neutral-atom standards,
because a single ion in a Paul trap has a weak response to
external disturbances. Moreover, ion traps are compact (no
greater than 1 dm? in volume) and less sensitive to the settings
of the cooling and interrogating fields.

In Russia, researchers aim to create an optical clock based
on ultracold strontium atoms with a relative frequency uncer-
tainty at a level of 10~'7 (VNIIFTRI) [21]. Considerable effort
has also been focused on optical clocks based on single ions of
ytterbium [Institute of Laser Physics (ILP), Siberian Branch,
RAN] [22] and aluminium (LPI) [23] and neutral thulium
atoms (LPI) [24].

As seen in Fig. 3, the methods used to compare remote
microwave frequency standards (duplex and GNSS) are inca-
pable of comparing optical frequency standards with an accu-
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Figure 3. Relative instability (Allan deviation ¢,) due to different trans-
mission channels of the signals used for comparing standards: (/) com-
parison using a GNSS (carrier phase), (2) duplex (TWSTFT), (3) long
optical fibre (over 1000 km) with the use of the carrier phase, (4) optical
satellite channel (carrier phase). The shaded band represents typical
characteristics of the best optical clocks based on lattice-trapped neu-
tral atoms.

racy better than 1071°, This is the consequence of atmospheric
fluctuations, delays and the long time required for signal
acquisition.

A number of methods have been proposed and imple-
mented for synchronisation with the use of actively stabilised
optical fibres. Examples of frequency synchronisation on a
continental scale can be found in Refs [15, 19]. Active stabili-
sation and information transmission methods that utilise the
phase of the optical carrier ensure instability at a level of a few
partsin 10'° [Fig. 3, curve ( 3)]. This proves to be sufficient for
optical clock comparison with no loss of accuracy. The net-
work of optical fibre communication links between the lead-
ing European metrological centres is constantly growing. Use
is made of both dedicated and ordinary Internet accesses with
proper modifications. This research direction has recently
been the subject of a review [25].

Another possibility is to compare optical standards using
an open channel, through a satellite. The operating principle
is similar to signal comparison using an optical fibre, which
allows the number of intermediate amplifier stations to be
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Figure 4. Relative instability in terms of Allan deviation o, due to a
short (30 m) optical fibre communication link: (/) without active stabi-
lisation, (2) actively stabilised link.

reduced. The first experimental efforts in this direction [4]
show that open-channel comparisons are not inferior in per-
formance to optical-fibre comparisons. It should be noted,
however, that the method may turn out to be rather sensitive
to ambient conditions and has not yet been tested using satel-
lite communications.

Researchers at LPI aim to create a stabilised optical fibre
link using information about the phase of the optical carrier.
Using a short link 30 m in length as an example, they showed
that, in the case of active stabilisation, frequency instability
was as low as 107" over a period of 1000 s (Fig. 4). Currently,
they investigate characteristics of signal transmission through
a long (4 km) optical fibre using frequency-stabilised laser
light. Tt is seen from Fig. 4 that the performance achieved to
date compares well to the best results so far in the world.
Similar studies are under way at ILP.

4. Transportable optical frequency standards

An alternative approach to frequency comparison and the
verification of various frequency standards is to employ
transportable standards. FOM, the only transportable cae-
sium fountain [26], was used in a wide range of international
comparisons and tests of fundamental theories and has com-
pletely justified its existence. The development of transport-
able systems is undoubtedly a more complex problem than
that of stationary clocks, because it requires compact solu-
tions, high reliability, mechanical stability and stability to
external disturbances.

To date, several transportable optical standards surpass-
ing the FOM fountain in performance have been demon-
strated. In particular, researchers at PTB created and charac-
terised a transportable optical standard (several cubic metres
in volume) based on ultracold strontium atoms in an optical
lattice [27]. The standard can be placed in a closed-top auto-
mobile trailer. At a rated frequency instability of 1.3x
105 (z/s)"2, the standard has a frequency uncertainty of
7x%10717. In the framework of the ITOC project, it was com-
pared to a remote primary frequency standard [6].

Researchers in China created and characterised a compact
transportable Ca™* standard [28]. It has a modular design and
its volume is about 1 m?. In spite of its poorer instability, 2.3x
107%(z/s)712, it is comparable in accuracy (7.7x107") to the
PTB strontium standard.

Transportable optical standards with an accuracy better
than 1071 (the limit achievable with caesium fountains) are
under development in a number of countries and are intended
for several purposes, one of which is to develop a synchro-
nised optical clock network and a model of a relativistic
geoid. Moreover, a modular configuration and high compact-
ness of proposed models are an important step on the way to
on-board space-based optical standards. Note that a number
of successful suborbital launches have already been per-
formed: in 2015 a femtosecond optical frequency comb stabi-
lised to a rubidium frequency standard was launched [29], and
in January 2017 a Bose—Einstein condensate was produced
for the first time on board a spacecraft (MAIUS-1 project)
[30]. This points to high technological readiness to produce
precise optical clocks on the Earth’s orbit, which will allow
the accuracy of time and frequency signal synchronisation
between orbital groups to be improved by orders of magni-
tude and open up additional possibilities for resolving relativ-
istic geodesy issues.
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5. Potential applications in relativistic geodesy

The gravitational time dilation effect was demonstrated for
the first time using an atomic clock under laboratory condi-
tions by comparing two identical optical clocks based on sin-
gle aluminium ions [31]. During the experiment, one vacuum
chamber with an ion was 33 cm above the other, which led to
a relative frequency shift of (4.1 £ 1.6)x 10~'7. The experiment
laid the foundation of a new practical direction based on pre-
cise frequency standards: relativistic geodesy. Clearly, given
the levelling accuracy reached to date and the accuracy in
determining the geoid and reference ellipsoid (a few centime-
tres), serious competition with the above methods is only pos-
sible at a clock accuracy at a level of a few parts in 10'8,

The method builds on the definition of the geoid as an
equipotential surface with a potential U (Fig. 5). According
to relation (4), clocks located on this surface will tell the same
time. Thus, having a set of precision clocks and comparison
channels, one can reconstruct the shape of the geoid, obtain-
ing a so-called relativistic geoid. Accordingly, the height H
relative to the geoid can be measured using the relation

U-0,
g >

where g is the acceleration of gravity at the point of interest.
One obvious advantage of this approach is the possibility of
directly determining the gravitational potential, with no need
to integrate g over the trajectory of motion. Even though g
can be measured with a relative uncertainty down to a few
microgals, integration leads to considerable error propaga-
tion. The same refers to levelling methods, in which uncer-
tainty grows roughly as the square root of the distance
between points. In addition, clock comparison requires a
much shorter integration time (103 to 10* s) and can be used
to investigate dynamic processes, whereas the existing gravity
maps are essentially static.

H= (5)

Figure 5. Method for direct determination of the orthometric height H
using precision clocks: (/) ocean surface, (2) land surface, (3) surface
of a geoid with a constant gravitational potential U,.

One important step towards the development of relativis-
tic geodesy methods with the use of optical clocks is the exper-
iment carried out in 2015 in Japan by the Katori group [5].
They compared several cryogenic optical clocks based on
strontium atoms in an optical lattice: clocks at the Tokyo
University and the Metrological Institute, RIKEN, spaced
15 km apart. The institutes differed in altitude by about 15 m.
Given that the relative accuracy of the clocks was 4x107'8
and that the optical fibre communication link produced no
additional uncertainty, it was found that the gravitational
potential difference was —148.55 * 0.53 m? s2. This corre-
sponds to a 5-cm uncertainty in height difference. The mea-
surement result obtained using clocks coincided with a result

obtained using levelling (-148.14 + 0.06 m? s72). The higher
accuracy of the levelling method is here due to the relatively
small separation between the clocks.

Levelling is incapable of monitoring dynamic changes in
potential, which can be caused e.g. by the Earth’s crust dis-
placements. At the accuracy reached to date, tidal potentials
are essential. Their effect was analysed in detail by Voigt et al.
[32]. Tt increases with increasing distance between the clocks
being compared.

6. Conclusions

As a result of intense research in the past decade towards the
development of optical clocks, reaching relative frequency
uncertainty at a level of one part in 107 became essentially a
technical problem. Clearly, resolving this problem requires
intense work of experts and considerable resources. Com-
parison of remote standards with the use of optical fibre links
also became a technical problem. Researchers in Europe
actively develop a network of optical and microwave stan-
dards [6]. Its key goals are to produce a time scale with uncer-
tainty at a level of 107'7 and, as consequence, to begin work
aimed at formulating the concept of relativistic geoid. The lat-
ter will become an important supplement to the existing geo-
desic methods and, possibly, will soon compete with them.

To extend the capabilities of the network, a number of
transportable standards have been created to date. Their
accuracy has surpassed a few parts in 10'¢ and continues to
improve. Optical clocks were used to experimentally demon-
strate the capabilities of chronometric geodesy, which allows
height differences to be determined with 5-cm uncertainty.
Researchers in Europe performed a number of key test exper-
iments on board of spacecrafts, which opened up the possibil-
ity of launching optical clocks to the Earth’s orbit.
Unfortunately, no work on the creation of a transportable
standard or on-board apparatus elements has been begun in
Russia.

In a close-up perspective, precise optical clocks on board
of a spacecraft on an accurately determined orbit can extend
navigation capabilities for both improving GNSS synchroni-
sation and producing a reference orbit for accurate gravita-
tional potential measurements.
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