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Abstract. The kinetics of atoms in a bichromatic field formed by 
waves with an arbitrary elliptical polarisation is considered. 
Analytical expressions are derived for the force and the friction and 
diffusion coefficients within the model of an atom with the jg = 
1/2  ® je = 3/2 optical transition. These expressions are presented in 
the general form as an expansion in gradients of light field param-
eters. Some specific features of the kinetics of atoms are found, 
which are due to the interference contributions to the friction and 
diffusion coefficients. The kinetics of atoms in the field of an opti-
cal lattice formed as a result of the interference of a wave with a 
uniform elliptical polarisation and a nonuniformly polarised dissi-
pative field is analysed.

Keywords: elliptically polarised waves, kinetics of atoms, bichro-
matic field.

1. Introduction 

Laser cooling and trapping of neutral atoms is one of the 
most rapidly developing lines of research in atomic physics. 
Among numerous works in this field, the analysis of the kinet-
ics of atoms in optical lattices (i.e., intense light fields forming 
a deep optical potential for trapping neutral atoms) can be 
selected. To date, optical lattices have become a basis for dif-
ferent experiments with ultracold atoms [1]. The studies 
related to quantum calculations [2 – 8], where ultracold atoms 
are used as objects for quantum information storage and pro-
cessing, are being intensively developed.

Generally, when monochromatic light fields are used, 
strong localisation of atoms by laser cooling is a nontrivial 
problem. Since the optical potential and dissipative processes 
are determined by the same light field, some limitations arise, 
which hinder minimisation of the localisation sizes and atomic 
cooling temperature. In this case, e.g., upon sub-Doppler 
cooling in the lin^lin light field configuration (formed by two 
mutually orthogonal linearly polarised fields) and at optimal 
field parameters, the fraction of atoms not trapped into the 
optical potential is rather high: ~0.2 [9]. Indeed, superdeep 
cooling is obtained in resonance fields of relatively low inten-
sity, in which the optical potential depth is also reduced 

[10, 11]. To attain a large fraction of atoms captured into an 
optical potential with a high degree of localisation in the lat-
ter, one can use an additional (second) field with a frequency 
significantly differing from that of the first field.

The first theoretical studies of the kinetics of atoms in 
the presence of two monochromatic fields were performed in 
[12, 13]. The works on the cooling in the L scheme [14 – 19] 
and cascade schemes [20 – 22] should also be noted; however, 
in these schemes, different light fields act on different optical 
transitions of an atom. In contrast, we will consider (as in 
[12, 13]) the case where both fields excite the same optical 
transition.

One of the ways in which the technique of laser cooling in 
multifrequency fields is developed is the resolved-sideband 
cooling [23 – 25], where atoms are cooled at vibrational sub-
levels in a deep optical potential, being excited by an addi-
tional light field. However, the theoretical consideration of 
this problem is generally performed with significant simplifi-
cations, within which the influence of a strong field on the 
kinetics of atoms is reduced to only the formation of optical 
shifts of sublevels (optical potentials) by this field and the 
induction of two-photon transitions between the sublevels, 
whereas the influence of the second field is reduced to only the 
control of the relaxation of both Zeeman and vibrational lev-
els of the optical lattice [26, 27]. Generally, it is important to 
take into account the influence of both fields on the kinetics 
of atoms. For example, fluctuations of induced absorption 
and emission of nondissipative field photons may cause dipole 
force fluctuations and, therefore, significantly affect the diffu-
sion of atoms in the optical potential and the kinetics of atoms 
as a whole.

We considered previously [28] the kinetics of atoms in a 
bichromatic field by an example of a model of a two-level atom. 
Analytical expressions for the force and the friction and diffu-
sion coefficients were obtained, which allowed us to reveal a 
number of new effects in the kinetics of atoms. In particular, we 
found a strong localisation effect, caused by the interference 
contributions to the friction and diffusion coefficients.

In this study, we consider the kinetics of atoms in the 
framework of a two-level model with levels degenerate in the 
angular momentum projection in a bichromatic field. This 
model suggests low intensities of light waves, at which the shifts 
of light levels and the influence of other levels in the system can 
be neglected. This statement of the problem makes it possible 
to take into account the polarisation aspect of the interaction 
of atoms with the bichromatic field. It is well known that the 
degeneracy of atomic levels in the angular momentum projec-
tion in monochromatic light fields leads to the occurrence of 
the so-called sub-Doppler contributions to the friction force 
[29]. It is shown below that these mechanisms also occur in a 
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bichromatic light field; moreover, they are accompanied by 
many new effects due to the interference contributions to the 
friction and diffusion coefficients.

2. Statement of the problem 

Let us consider an atom with the closed optical transition jg ® 
je in a bichromatic field

E(z, t) = E1(z)exp(–iw1t) + E2(z)exp(–iw2t) + c.c. (1)

with frequencies close to the atomic resonance w0, i.e., with 
detunings d1 = w1 – w0 and d2 = w2 – w0, at which |d1| and 
|d2| << w0. The fields E1 and E2 have close wave vectors k2 » 
k1 = k; the relative spatial phase of the fields is a slowly vary-
ing function of coordinates:

f = dkz, (2)

where dk = k2 – k1. The vector amplitudes of the fields E1 and 
E2 in the circular basis ( ( ) /ie e e 2x y" !=! ),

E EE e e= +k k k
+
+

-
-, (3)

where k = 1, 2, have components E k
+  and E k

-  for the fields 
with  k = 1 and 2, respectively.

Omitting the rapidly oscillating contributions (~exp(–i2w1), 
exp(–i2w2), and exp[–i(w1 ± w2)]) and performing reduction in 
fields with small saturation parameters Sk = |Wk|2/(dk

2 + g2/4) 
<< 1 (Wk = /E deg '- k

t  is the Rabi frequency, degt  is the dipole 
moment of the atomic transition, and g is the natural width), 
we obtain the following system of equations in the coordinate 
representation for the components of the atomic density 
matrix of the ground state in the coordinate representation  
( , )z z1 2rt :

( , ) { ( , )}
/d

d i
t
z z z z

2,
1 2 1 2 2 2

1 2

r g r
g d

d
= -

+ k

k

k=

t t t /

 ( ) ( ) ( , ) ( , ) ( ) ( )V z V z z z z z V z V z1 1 1 2 1 2 2 2# r r-@ @
k k k k
t t t t t t6 @. (4)

Here, the operator d/dt = ∂t – i' /(M∂q∂z); z = (z2 + z1)/2; q = 
z1 – z2; and M is the atomic mass. The operator { ( , )}z z1 2g rt t  
describes the density matrix relaxation as a result of sponta-
neous emission of field photons, with allowance for the 
recoil effects (see, e.g., [10]). The operators of interaction 
with the field, 

V T Es
s

s 1

W=
!

k k k
=

t t/ ,   | , , |T C j j m, ; ,
,

e gs j m s
j

1g

e HGm=
mt , (5)

are expressed in terms of the Clebsch – Gordan coefficients  
C , ; ,

,
j m s
j

1g

e m . The solution of Eqn (4) is a nontrivial problem. The 
steady-state solution for the density matrix ( , )z z1 2rt  can be 
sought for based on the numerical methods proposed by us in 
[10, 11]. However, it is convenient to use the quasi-classical 
approach in order to perform a qualitative analysis and 
understand the effects of kinetics of neutral atoms in a bichro-
matic field. For example, within the quasi-classical approxi-
mation, at a small recoil parameter erec [erec = wrec /g << 1; 
'wrec = '2k2/(2M) is the recoil energy], Eqn (4) for atoms with 
a sufficiently wide momentum distribution (Dp >> 'k) can be 
reduced to the Fokker – Planck equation.

The expansion of the kinetic equation for the Wigner den-
sity matrix ( , )z prt  in the recoil parameter 'k/Dp is equivalent 
to the expansion in powers of the parameter –ikq of the 
kinetic equation for the density matrix in the coordinate rep-
resentation ( , )z z1 2rt  [30]:

{ } ( ) { }
d
d i i
t

kq kqL L L( ) ( ) ( )0 1 2 2 fr r r= - + -t t t t t t . (6)

Similar to the method reported by us in [30], Eqn (6) can be 
reduced to the Fokker – Planck equation for the Wigner dis-
tribution function ( , ) { ( , )}Trz p z pF r= t  with the following 
coefficients: gradient force (the force acting on an atom in 
rest), friction coefficient (contribution to the force linear in 
the atomic velocity) and diffusion coefficient. Then the 
expression for the force is determined by the first-order terms 
in expansion (6):

{ { }}TrF L( )1 s= - t t , (7)

where st  is the steady-state solution to the optical Bloch equa-
tion ¶ { }L( )t

0s s=t t t . The expression for force (7) can be writ-
ten (after simple transformations) as the sum of contributions 
from each field:

{ }TrF F
,1 2

' s= k
k=

t t/ , (8)

where 
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are force operators.
The friction and diffusion coefficients, as in the case of a 

monochromatic field [30], can be found using an auxiliary 
matrix jt  – a solution to the linear equation

/
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where F F Fd = -k k
t%

 is the force operator fluctuation. The 
friction coefficient is proportional to the spatial gradient vt:

¶{ }.Tr z'x j s= - t t  (11)

The diffusion coefficient can be presented as

{ { }} { { }} { , }Tr Tr TrD FL L( ) ( )2 1' s j s j s= - -t t t t t t t6 @. (12)

It contains contributions from the spontaneous diffusion, 
which is the result of atomic momentum fluctuation during 
the spontaneous emission of photons, and from the induced 
diffusion, which occurs due to the fluctuation of light-pres-
sure forces.
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3. Results 

As an example, we will consider the atoms with the jg = 1/2 ® 
je = 3/2 optical transition in a bichromatic field. In the one-
dimensional geometry, fields E1 and E2 have different intensi-
ties and, in the general case, elliptical polarisations, depend-
ing on the longitudinal coordinate z. The vector amplitude of 
each of the fields Ek is determined by four parameters: scalar 
amplitude Ek = |Ek|, phase Fk, local ellipticity ek and orienta-
tion angle yk of the polarisation ellipse with respect to the x 
axis. In the circular basis

Ek = Ek
+e+ + Ek

–e–, (13)

the circular components Ek
+ and Ek

– of the fields can be writ-
ten as 

( /4) ( ) ( )cos exp expi iE E" " "pe yF=!k k k k k . (14)

The steady-state solution for the density matrix of the ground 
state in zero order in the recoil parameter has the form

[ (2 ) (2 )]sin sin
S

S S S
2/ , /1 2 1 2

1 1 2 2"
s

e e
=

+
" "t . (15)

Here, Sk are the saturation parameters, determined by the 
local values of light field amplitudes; and S =  S1 + S2 is the 
total saturation parameter.

It is convenient to present the expressions for the force 
and the friction and induced diffusion coefficients in the form 
of expansions in gradients of parameters of the fields E1 and 
E2, specifically, in z z lnEd dL =k k , zd ek , zd Fk  and zd yk . 
For example, the force F acting on an immobile atom can be 
written as the sum

F f zd b= b
bk

kk// , (16)

where the expansion coefficients fbk  are expressed in terms of 
the local field parameters:

[2 (2 ) (2 ) (2 )]sin sin sinf
S
S S S S

3
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1
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d e e e= - + +L ,
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S
S S S
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d e e e= - +e , 

(17)

[2 (2 ) (2 ) (2 )]sin sin sinf
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S S S S
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1 2 1 21

g
e e e= + +F ,

[ (2 ) (2 ) (2 )]sin sin sinf
S
S S S S

3
3 21

1 1 2 2 2 11

g
e e e= - + +y .

The coefficients fbk  for the second field can be obtained by 
replacing the subscripts k = 1 with k = 2 and vice versa. The 
friction and induced diffusion coefficients are also expanded 
in contributions proportional to quadratic combinations of 
gradients of light field parameters:

' ,z k
,,

z' d dx c b b= b b
b bk k

kk k
l

ll

ll// , (18) 

.D D( )

,,

i
z z' d dg b b= b b

b bk k
k kk k

ll

ll

ll//  (19)

Since the expressions for cbbl  and D bbl  are rather cumber-
some, we omit them. Note that in the limit under consider-
ation, Sk << 1, the friction coefficient is nonzero both in fields 
with spatially inhomogeneous polarisation and in fields with 
spatially inhomogeneous intensity (for elliptically polarised 
fields), in contrast to the case of a monochromatic field, where 
a necessary condition is the presence of spatial inhomogeneity 
of the field polarisation (ellipticity, polarisation vector orien-
tation). 

The spontaneous-diffusion coefficient can be explicitly 
selected from (12):
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Note that, in the absence of one of the fields, the expres-
sions for the force and the friction and diffusion coefficients 
take the form known for the atoms with the jg = 1/2 ® je = 2/3 
optical transition in a monochromatic field [29, 31].

3.1. Examples of optical lattices

As a specific example, we will consider an optical lattice 
formed by a standing-wave field E1(z) = 2E01e1cos(kz) with 
a uniform polarisation and large detuning (|d1| >> |d2|), 
forming a deep optical potential, and a field E2(z) with a 
nonuniform polarisation, providing spatially inhomoge-
neous optical pumping of levels. In other words, we assume 
that 

|d1|S1 >> |d2|S2,  S1 << S2. (21)

The standing-wave field is formed by counterpropagating 
waves with the same amplitude E01 and uniform polarisation 
e1 = – cos(e1 – p/4)e+ + cos(e1 + p/4)e–, where the ellipticity 
parameter e1 is independent of coordinate z (e1 = 0 corre-
sponds to a linear polarisation of the field and e1 = ±p/4 
corresponds to circular polarisations). The standing-wave 
field is characterised by a spatial gradient of only one 
parameter:

z ( )tank kz1d L = - .

Correspondingly, S1 = 4S01cos2(kz), where S01 is the satura-
tion parameter per one of the counterpropagating waves with 
an amplitude E01.

The second field (pump field with a nonuniform polarisa-
tion) may generally contain all spatial gradients of parameters 
{L2, e2, F2,  y2}. This field can be written as a sum of two 
counterpropagating waves with elliptical polarisations e2+ 
and e2–:

E2(z) = E02Eexp(–iw2t) + c.c., (22)

where E02 is the amplitude of each of the waves; the complex 
vector E  = a+e+ + a–e– with cyclic components a+(z) and a–(z) 
determines the local polarisation ellipse of the light field and 
the variation in its amplitude along the z axis:
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a+ = – cos(e2+ – p/4)exp[i(kz + f)]

 – cos(e2– – p/4)exp[–i(kz + f)]exp(–iq), 

(23)

a– = cos(e2+ – p/4)exp[i(kz + f)]

 + cos(e2– + p/4)exp[–i(kz + f)]exp(+iq);

q is the angle between the semiaxes of the polarisation ellipses 
of counterpropagating waves. For simplicity, we will consider 
two cases: the lin^lin configuration, formed by counterprop-
agating waves with linear polarisations making an angle of 
90° (i.e., e2+ = e2– = 0 and q = p/2), and the s+ – s– configura-
tion, formed by counterpropagating circularly polarised 
waves (i.e., e2+ = p/4 and e2– = – p/4). These field configura-
tions contain only one nonzero gradient: kz 2d e = -  in the 
former case and kz 2d y = -  in the latter case. The parameter 
f in (23) is the relative phase (2), characterising the relative 
spatial configurations of E1 and E2. Since condition (21) 
implies that |d1| >> |d2|, the relative phase f = (d2 – d1)cz is an 
increasing function of coordinates at d1 < 0 and, correspond-
ingly, a decreasing function at d1 > 0.

3.2. Lin^lin configuration

The field of the lin^lin configuration contains one spatial 
gradient: kz 2d e = - . The field E2 at each point has an ellipti-
cal polarisation with the ellipticity parameter determined by 
the relation sin(2e2) = –sin(2kz + 2f). The other parameters 
(intensity, phase and polarisation ellipse orientation) remain 
constant. The pump-field saturation parameter at any point is 

S2 = 2S02,

where the saturation parameter S02 is determined per each 
counterpropagating wave with amplitude E02. Under condi-
tions (21), the force is determined by the contribution propor-
tional to the gradient of the lattice field intensity: 

z[2 (2 ) (2 )]sin sinF S
3
2

1 1 1 2 1' dd e e L= - + . (24)

On the scales of the order of wavelength, where the change in 
the relative field phase f can be neglected, the optical poten-
tial takes the form

( ) ( )cos sinU S kz
3

4 2 21 01
1

'd e= +'

 ( ) ( )cos sinkz kz2 2
2
1 4 2# f f- +8 B1. (25)

In the general case, the expressions for the optical potential 
and force differ from the known expressions in the case of the 
monochromatic field [31]. Nevertheless, the optical potential 
also has a period of l/2, and the positions of local minima and 
maxima coincide with the positions of nodes and antinodes of 
the lattice field at blue (d1 > 0) and red (d1 < 0) detunings. 
Correspondingly, the additional contribution, proportional 
to sin(2e1), leads to the ‘rectification’ effect in the force, i.e., to 
a nonzero force after spatial averaging over wavelength:

 
2 ( ) ( )sin cos

F
k S

3
2 201 1 1'G H d e f

= - . (26)

Thus, in the case of an elliptically polarised lattice field, this 
contribution leads to modulation of the optical potential on a 
macroscopic scale with a period L = p/(dk), greatly exceeding 
the wavelength (Fig. 1). Here, the regions of global minima 
and maxima of the optical potential correspond to the relative 
phase of the fields f = ±p/4.

The main contribution to the friction coefficient in the 
field of the lin^lin configuration is determined by the coeffi-
cients 2 2ce e  and 1 2c eL ; under conditions (21), this contribution 
takes the form

z z6 (2 ) 6 (2 ) (2 )cos sin cos
k k S

S
2 2

2
2 2

2 2

2

1 1
1 2

'

d dx d e e e d e e= +

 z z 6 (2 2 )cos
k

kz
S
S62

1 2
2

2

02

01 01d d e d f dL
# = + +

 ( ) ( ) ( )sin sin coskz kz2 2 2 21# e f+ . (27)

f = –p/4 f = 0 f = p/4

f = –p/4 f = 0 f = p/4

f = p/4 f = 0 f = –p/4

f = p/4 f = 0 f = –p/4

Cooling Heating

Cooling Heating

CoolingHeating

CoolingHeating
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b
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d

Figure 1. Schematic dependence of the optical potential in the interval 
z = [–p/(2dk) . . . p/(2dk)] and the positions of the heating and cooling 
regions for atoms at different signs of lattice field ellipticity and detun-
ing: (a) d1 < 0, e1 > 0, (b) d1 < 0, e1 < 0, (c) d1 > 0, e1 > 0 and (d) d1 > 0, 
e1 < 0.
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The first term is the known expression for the friction coeffi-
cient in the monochromatic field of the lin^lin configuration 
[29, 31], while the second term is an additive from the lattice 
field, which dominates in the case of an elliptically polarised 
standing wave (e1 ¹ 0). The friction coefficient averaged over 
the spatial period, 

3 (2 ) (2 )sin sin
k S

S32 2
02

1 01
1

'

G Hx
d d e f= - , (28)

determines the direction of the kinetic process (heating or 
cooling). The friction coefficient sign is determined by not 
only the sign of the ‘cooling’ field detuning, d2, but also the 
sign of the lattice field detuning, d1, as well as the ellipticity e1 
and relative phase f. The induced-diffusion coefficient, deter-
mined by the three main contributions, D 1 1L L , D 2 2e e  and 
D D1 2 2 1+e eL L , under the conditions (21) is reduced to
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The third term is the known result for the induced-diffusion 
coefficient in the monochromatic field of the lin^lin configu-
ration [29, 31]; however, the first and second terms dominate 
if the standing-wave field polarisation differs from linear; i.e., 
e1 ¹ 0. The induced-diffusion coefficient, averaged over the 
spatial period, has the form 

(2 ) ( )sin cos
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3 2
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The spontaneous-diffusion coefficient [under conditions (21)] 
is determined by only the pump field,

1 (2 2 )cosD k S kz
5
2

18
7( )s 2 2 02 2' g f= - - +8 B, (31)

and corresponds exactly to the result for an atom in the 
monochromatic field of the lin^lin configuration.

As follows from the expressions for the force and the fric-
tion and diffusion coefficients, the optical potential under 
conditions (21) is determined by the lattice field E1, whereas 
the friction and diffusion coefficients are determined by the 
pump field E2 only in the case of the linearly polarised field E1 
(e1 = 0). A variation in phase f leads to only a relative shift of 

the spatial dependences of the optical potential and the fric-
tion and diffusion coefficients. Figure 2 shows as an example 
the results of calculating the stationary distribution of atoms 
in lattices for different phases, for red lattice field detunings 
(d1 < 0). The calculation was performed based on the numeri-
cal solution of the quantum kinetic equation for the atomic 
density matrix, with complete consideration of the recoil 
quantum effects, by the method proposed in [10, 11]. In par-
ticular, in the vicinity of f = 0, the optical potential minimum 
coincides with the minimum for the friction coefficient, which 
leads to a stronger localisation and lower temperatures upon 
laser cooling of the atoms in lattices. It should be noted again 
that, in the case of a linearly polarised lattice field, under con-
ditions (21), a change in the sign of the lattice field detuning 
d1 does not affects much the cooling of the atoms and leads 
only to the optical potential inversion, which is equivalent to 
the spatial shift of localisation domains by l/4. Hence, the 
necessary condition for cooling is d2 < 0.

Quite a different pattern is observed when the lattice field 
polarisation differs from linear. Specifically, for the circular 
and elliptical field polarisations (in the ranges f ¹ pn, n = 0, 
±1, ±2 . . .), additional contributions (determined by the field 
E1) begin to dominate in the friction and diffusion coeffi-
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Figure 2. (a) Spatial and (b) momentum distributions of the steady-
state solution for the atomic density matrix, with the recoil effects com-
pletely taken into account, at relative field phases of f =  (solid line) 0 
and (dashed line) p/4 and linearly polarised lattice field (e1 = 0). The 
wave saturation parameters are S01 = 0.05 and S02 = 0.5, the detunings 
are d1/g = – 200 and d2/g = – 2 and erec = 0.005. The corresponding mean 
kinetic energies of stationary distributions are .E 0 65kin '- g  (f = 0) 
and .E 2 75kin '- g  (f = p/4).
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cients. Moreover, the rectifying contribution to force (24) 
leads to a macroscopic modulation of the optical potential 
(see Fig. 1). As a result, the spatial regions where f = pn (n = 
0, ±1, ±2 . . .) and the regions where f = ±p/4 can be selected. 
In the former case, a significant effect of the dipole force rec-
tification occurs, which leads to pushing the atoms out; the 
latter undergo above-barrier motion in the region with f = 
±p/4 (depending on the sign of detuning d1 and the field ellip-
ticity e1), where the dipole force rectification is absent (24). 
These regions correspond to the global minima of the optical 
potential; the additional contributions (determined by the lat-
tice field) to the friction and diffusion coefficients dominate in 
them, significantly changing the kinetics pattern. The choice 
of the sign of the pump field detuning d2 barely affects the 
results of cooling the atoms in lattices, whereas the direction 
of kinetic process depends exclusively on the lattice field 
detuning d1, the sign of ellipticity e1 and the sign of phase f in 
Eqn (28).

At d1 < 0, the relative phase of fields f under conditions 
(21) increases with an increase in z (see Fig. 1). The regions of 
the global minima of optical potential (25) correspond to the 
relative phase f = p/4 at e1 > 0 and to f = –p/4 at e1 < 0. 
However, these conditions, as follows from (28), exclude the 
possibility of cooling atoms in lattices. Cooling in the regions 
of the global minima of the optical potential both at e1 > 0 
(the global minimum position corresponds to f = p/4) and at 
e1 < 0 (the global minimum position corresponds to f = –p/4) 
can be implemented only at d1 > 0.

Let us consider in more detail the mechanism of dipole 
force rectification in this field configuration. To this end, it is 
convenient to apply the concept of dressed states. Recall that 
the dressed (adiabatic) states are the eigenstates of the 
Hamiltonian of an atom in a field with the translational 
motion disregarded. For a two-level atom, there is only a pair 
of dressed states [32]. In the case under consideration (atoms 
with the jg = 1/2 ® je = 3/2 optical transition), there are six 
such states: |1ñ, |2ñ, . . .  |6ñ. Each of them is a superposition of 
the wave functions of the Zeeman sublevels of the ground and 
excited states of the atom. The eigenvalues corresponding to 
the dressed states are adiabatic potentials:

/U 2 E1 1'd= - + - ,  /U 2 E3 1'd= - - - ,  /U 25 1'd= - , 

(32)

/2U E2 1'd= - + + ,  /2U E4 1'd= - - + ,  /2U6 1'd= - ,

where 

| ( )| [ ( )]sinz
2
1

3
4 2 2E 2

1
2

1"' d eW= +" 1 . (33)

Figure 3 shows schematically the spatial dependence of 
the optical potentials in the monochromatic field of a stand-
ing wave. At positive detunings (d1 > 0) and in the limit of low 
light field intensities (W1 << g), the states with the optical 
potentials U1 and U2 correspond to the Zeeman sublevels of 
the ground state (| jg, –1/2ñ and | jg, 1/2ñ, respectively), whereas 
the populations of the other states are negligible. In the mono-
chromatic field of a standing wave, the populations of the |1ñ 
and |2ñ states are set by a symmetric spatial function with 
respect to the nodes and antinodes of the lattice field, which 
leads to a zero force averaged over the spatial period.

An addition of the field of the lin^lin configuration 
leads to an additional spatially modulated optical pumping 

of the ground-state sublevels. Let us consider the region 
with f = 0, where, according to (26), the effect of dipole 
force rectification is most pronounced. The ellipticity 
parameter of the pump field, which is determined by the 
relation sin(2e2) = – sin(2kz), takes zero values (correspond-
ing to the linearly polarised field) at the nodes and antinodes 
of the lattice field (z = nl/4, n = 0, ±1, ±2 . . .; Fig. 3). Note 
that the ellipticity parameter of the pump field, e2, exhibits 
an asymmetric dependence in the symmetric (with respect to 
the lattice field maxima) intermediate intervals. This asym-
metry leads to an asymmetric additive in the spatial distribu-
tion of the populations of adiabatic states |1ñ and |2ñ. As a 
result, the force averaged over the spatial period takes non-
zero values.

3.3. s+ – s– configuration 

Let us consider the second case, where the pump field is 
formed by counterpropagating circularly polarised waves, 
i.e., the s+ – s– field configuration. This field contains only 
one nonzero gradient: the gradient of the polarisation vector 
orientation, kz 2d y = - . The field E2 is linearly polarised at 
each point, i.e., e2 = 0. As well as for the lin^lin configura-
tion, the pump field saturation parameter at any point z is 

S2 = 2S02.

Here, the saturation parameter S02 is determined per each 
counterpropagating wave with amplitude E02. The force is 
decomposed into two main contributions, which take the fol-
lowing form under conditions (21):

( )sinF S S
3
4

3
2z z1 1 1 1 1 2' d ' dd

g
e yL= - - . (34)

The second term has a small weight; however, it does not dis-
appear when averaging over the field spatial period: 

( )sin
F

k S
3

2 201 1'G H g e
= . (35)

This contribution arises due to the unbalance of light-pres-
sure forces from the counterpropagating pump field waves. 
Indeed, a deviation of the lattice field polarisation from linear 

0 0.2 0.4–0.4 –0.2 z/l

|3ñ, U3
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|1ñ, U1

|2ñ, U2U

Figure 3. Spatial dependence of the adiabatic potentials in the mono-
chromatic field of the standing wave with elliptical polarisation (e1 > 0) 
at blue light field detunings (d1 > 0) for atoms with the jg = 1/2 ® je = 3/2 
optical transition.
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leads to population anisotropy in the ground state and to dif-
ferent scattering probabilities for photons with s+ and s– 
polarisations from the counterpropagating pump field waves. 
The optical potential corresponding to the force, 

( ) ( ) [ ( ) ]cos sin sin
U

S kz S kz kz
3

8
3

2 2 21 01
2

01 1' 'd g e
= -

+ , (36)

is independent of the relative phase of the fields, which, in 
contrast to the lin^lin configuration of the pump field, does 
not lead to a periodic dependence on the scales of p/(dk). The 
main contribution to the friction coefficient in the pump field 
of the s+ – s– configuration under conditions (21) is deter-
mined by the contribution from 1 1cL L ; the coefficient 2 1cy L  
yields a small additive

2

6 (2 )sin
k S

S
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z z
2 1 2

1 2
1 2

1 1
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d dx d e L L
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02

 ( ) ( )sin sin
S
S kz3 2 2
02

01
1g e+ . (37)

The induced-diffusion coefficients are determined by the con-
tributions from D 1 1L L , D 2 2y y  and D D1 2 2 1+y yL L , which take 
the following form under conditions (21):
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The last term is the known contribution, which determines 
the diffusion coefficient for an atom in the monochromatic 
field of the s+ – s– configuration. The expression for the spon-
taneous-diffusion coefficient,

D k S
45
11( )s 2 2

02'g= , (39)

also coincides with that for an atom in the monochromatic 
field of the s+ – s– configuration.

Note that the nonzero friction coefficient in this light 
field configuration is related to the presence of interference 
contributions to the coefficients 1 1cL L  and 2 1cy L ; it becomes 
zero in the absence of one of the fields. Cooling can be 
implemented only at d1 < 0 and a lattice field polarisation 
different from linear. Under these conditions, the stationary 
distribution of atoms in the momentum space (see Fig. 4) is 
asymmetric as a result of the unbalance of spontaneous 
light-pressure forces of the pump field waves with s+ – s– 
polarisations. Cooling can be implemented at any sign of 
detuning d2, in particular, under exact-resonance conditions 
for the pump field.

4. Conclusions

The kinetics of atoms in a field formed by two monochro-
matic waves with different frequencies, close to that of the 
optical resonance of a two-level atom, was considered. 
General expressions for the kinetic coefficients of the Fokker – 
Planck equation and expressions for the force and friction 
and diffusion coefficients of atoms were obtained within a 
simple model of atoms having degenerate (with respect to the 
angular momentum projection) levels with closed jg = 1/2 ® 
je = 3/2 optical transition.

The expressions are presented in the general form of expan-
sion in the gradients of light field parameters. For the two-level 
model of an atom, these are the gradients of the light field 
amplitude and phase. Generally, it was shown that the friction 
and diffusion coefficients can be written as expansions in qua-
dratic combinations of these gradients, including their cross 
combinations. Two limiting cases were considered addition-
ally, in which E1 is the field of a standing wave that is strongly 
detuned from the atomic resonance and forms a deep optical 
potential and the field E2 is resonant with the optical transition 
and is used for optical pumping of levels. The cases where the 
resonance field is the field of either standing or travelling wave 
were analysed. The following features of the kinetics of atoms 
for the lin^lin configuration of the pump field were revealed:
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Figure 4. (a) Spatial and (b) momentum distributions of the steady-
state solution for the atomic density matrix, with the recoil effects com-
pletely taken into account, at the optical lattice ellipticity parameter e1 
=  (solid line) p/4 and (dashed line) p/8. The wave saturation parameters 
are S01 = 0.05 and S02 = 0.2, the detunings are d1/g = – 400 and d2/g = 0, 
and erec = 0.005. The corresponding temperatures of stationary distribu-
tions are kBT = 133'g (e1 = p/4) and 226'g (e1 = p/8).
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(i) In the case of a linearly polarised lattice field, the cool-
ing is independent of the sign of field detuning d1. The friction 
and diffusion coefficients take the form known for the atoms 
in the monochromatic field of the lin^lin configuration. 
Correspondingly, the direction of the kinetic process is deter-
mined by the sign of pump field detuning: red field detunings 
(d2 < 0) are necessary to implement cooling.

(ii) When the lattice field is elliptically or circularly polar-
ised (e1 ¹ 0), an effect of dipole force ‘rectification’ arises, 
which leads to an additional spatial modulation of the optical 
potential with a period greatly exceeding the wavelength 
p/(dk). Under these conditions, additional contributions to 
the friction and diffusion coefficients begin to dominate in the 
regions of global minima and maxima of the optical potential, 
as a result of which the kinetics of atoms significantly changes. 
For example, cooling of atoms in the regions of optical poten-
tial minima can be implemented only at blue lattice field 
detunings (d1 > 0), while the sign of the pump field detuning is 
of little importance. In particular, the pump field detuning 
may be zero.

The s+ – s– configuration of the pump field is character-
ised by the following features:

(i) The kinetics of atoms is independent of the relative 
phase of the lattice and pump fields.

(ii) Cooling can be implemented at only red lattice field 
detunings (d1 < 0) and any signs of pump field detunings 
(including d2 = 0). A necessary condition for the cooling of 
atoms with the jg = 1/2 ® je = 3/2 optical transition in this light 
field configuration is the nonzero ellipticity of the lattice field 
polarisation vector: e1 ¹ 0.
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