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Amplitude/phase modulation and spectrum of the vertical-cavity

surface-emitting laser output

M.I. Vas’kovskaya, V.V. Vasil’ev, S.A. Zibrov, V.L. Velichansky, .V. Akimova, A.P. Bogatov,

A.E. Drakin

Abstract. A new approach has been proposed for analysing the
dynamics of the laser field amplitude on the basis of Maxwell’s
equations. This approach has been used to develop a theory for cal-
culating modulation characteristics of vertical-cavity surface-emit-
ting lasers in the small modulation limit. The present analysis
allows one to sequentially examine the dynamics of the amplitude
and phase of the electromagnetic field of light in the framework of
a single physical model, proceeding from fundamental principles.
The proposed approach offers a natural and unique procedure for
finding all laser cavity parameters necessary for calculation. An
analytical calculation in the ‘small’-signal approximation has
ensured good agreement with experimental data.

Keywords: vertical-cavity surface-emitting laser, modulation char-
acteristics, emission spectrum.

1. Introduction

Tunable single-frequency diode lasers are widely used in spec-
troscopy. The principal controlled parameter of laser emis-
sion in such applications is its optical frequency (wavelength).
The laser emission spectrum is typically controlled by varying
the optical length of the laser cavity and, accordingly, its reso-
nance frequency. A new spectroscopic application of diode
lasers, based on the coherent population trapping (CPT)
effect, has recently emerged and is making rapid progress.
One example is the development of frequency standards based
on this effect in alkali metal atoms [1,2]. Such applications
impose other requirements for the spectral characteristics of
laser emission: one needs at least bichromatic light with a
strictly controlled spectral separation (in the gigahertz range)
between its optical frequencies.
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One of the sources best suited for this purpose is a verti-
cal-cavity surface-emitting laser (VCSEL) [3] with a pump
current modulated at a microwave frequency required for
CPT. As a result of pump current modulation, the initially
single-frequency diode laser output becomes multifrequency:
in addition to the main optical frequency, so-called side fre-
quencies (sidebands) emerge on both the ‘blue’ and ‘red’ sides
of the spectrum, which are separated from the carrier by a
multiple of the modulation frequency. An advantageous fea-
ture of VCSELs in the applications in question is their
dynamic single-frequency operation. Because of the small
dimensions of their cavity, the spectral separation between its
eigenfrequencies typically lies in the terahertz range, and
losses at such frequencies considerably exceed those for the
fundamental oscillation mode. By virtue of the above, such a
laser operates on only one spatial (in terms of all three indi-
ces) oscillation mode over the entire operating range of pump
currents and microwave modulation. For this reason, both
the centre frequency and the modulation-induced side com-
ponents have the same spatial configuration.

The CPT effect and its many applications have been con-
sidered in detail in a number of reviews [2,4,5]. For use in
atomic frequency standards, the two components of light
resonant with atomic transitions should meet the following
requirements: First, the field amplitudes of the components
should be as close as possible to each other (symmetry of the
spectrum) and their phase fluctuations should be correlated.
Second, the frequency difference between the components
should be equal to the frequency of the metrological 0—0
transition in the hyperfine structure with allowance for its
shifts (due to variations in the buffer gas pressure and tem-
perature) from the ground state of caesium or rubidium
atoms. Modulating the pump current of a VCSEL at half the
metrological transition frequency allows these requirements
to be satisfied in the simplest way. However, a real spectrum
contains, in addition to the first resonance sidebands, the car-
rier frequency and higher order sidebands. To ensure that
optical shifts (changes in the frequency of the metrological
transition because of the disturbing effect of optical fields) are
small, the intensity of the carrier component should be mini-
mised [6]. It was initially unclear to what extent these require-
ments could be satisfied by selecting the operation mode of a
VCSEL.

Given the above, the objectives of this investigation in
the first stage were to assess the feasibility of modelling
the emission spectrum of a laser for CPT applications at a
small modulation signal and experimentally verify modelling
results.
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2. Calculation of the amplitudes of spectral
components of modulated light from a laser
operating on a single spatial mode

Figure 1 shows a schematic diagram of the laser under consid-
eration [3]. Its configuration includes many single-crystal
semiconductor layers grown on a substrate, which jointly act
as Bragg reflectors of the cavity. In between these layers there
is one or a few active layers, which are responsible for gain.
The output light leaves the device through a part of the laser
surface, S, as shown in Fig. 1.
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Figure 1. Schematic structure of a VCSEL [3]. The output light leaves
the device through a part of the top surface, S,,. On the rest of this
surface and on the Sy,,,q surfaces, the optical field is negligible.

Consider first a physical model of the laser. From the
optical point of view, its design is completely determined by
the spatial distribution function of the complex dielectric per-
mittivity in some volume ¥, bounded on one side by the sur-
face S, and on the other sides by the surface Sy,ung4, Where
the optical field is so weak that it can be neglected. In the case
of microwave modulation of laser light, the dielectric permit-
tivity € at the light wave’s frequency w can be represented in
the form

&(r,w, N(r,1)) = &(r, o, Ny(r)) + ng) A

w=wy
Oe
+ == AN(r,1),
ON IN=nNy») (1)
O o(wo)n )
P =— R +1). 1
ON IN=N, ko ( D e

Here, wy and ¢ are the laser frequency and dielectric permit-
tivity in a steady state (no pump current modulation: J(7) =
Jy = const); kg = wy/c; ¢ is the speed of light; Aw = v — w;
N(r, 1) is the injected electron concentration in the case of cur-
rent modulation; N,(r) is the steady-state injected electron
concentration that ensures the gain necessary for lasing
(threshold concentration); AN(r,t) = N(r,t) — Ny(r); a(wg) is
the stimulated transition cross section (differential gain); n is
the refractive index of the active layer; and R is the dimen-
sionless amplitude —phase coupling factor.

The injected electron concentration N(r,7) will be treated
in factored form, N(r,t) = N(#)f(r), where the dimensionless
spatial electron distribution function f(r) is normalised to
unity in the origin, i.e. (0,0,0) = 1. In addition, its shape is
taken to persist over the entire operating range of pump cur-
rents and corresponding output powers. This approximation
is justified by the fact that the dimensions of the active region
in the lasers under consideration are typically much less or no
greater than the electron diffusion length. Then AN(r,f) =
(N(t) — Ny f(r), where Ny, is the threshold concentration of
injected electrons in the centre of the active region.

Using the important fact that, throughout the operating
range of laser output powers, the spatial configuration of the
light-wave field amplitude &(r,#) remains unchanged, the
complex part of the amplitude can also be represented in fac-
tored form. In a steady state at a constant pump current J,
well above the threshold current J,, the field amplitude can
be represented as

Eo(r,t) = %[Eoe’i“"”u(r) +c.cl. ()

The complex vector function u () characterises the spatial dis-
tribution of the amplitude over volume V. For definiteness,
without loss of generality we normalise « (r) so that its magni-
tude in the centre of the active region, with the coordinates
r = (0,0,0), is unity, i.e. |#(0,0,0)|> = 1. Hereafter, u(r) is
taken to be known as a solution to an independent problem
defined by Maxwell’s equations for the steady-state mono-
chromatic field (2) subject to appropriate boundary condi-
tions:

Eoe_i‘“‘”curlcurlu(r) = késo(r,Ns(r),wO)Eoe"i‘“”’u(r). (3)

Pump current modulation, J(¢), by a variable component
at frequency €2 will lead to electron concentration modu-
lation, N(¢), and hence to modulation of the laser output
amplitude and phase. In our case, the optical field amplitude
&(r,t), pump current J(¢) and electron concentration N(z) can
be represented as

&(r,1) = %{[Eoe’i‘“o’ + Ee” @'+ E e u(r) + c.c},(4)

J(t) =Jy + Jym(e ¥ +c.c),

(5)
N(t) = Ny, + (SNe ™ +c.c.),

where w1 = wox Q; m=38J/(2Jy,) is a dimensionless param-
eter; and 6/ and dN are the microwave modulation ampli-
tudes for the current and electron concentration. The small-
signal approximation in our model means that the inequality

| Eoi| < |Eo|; [N| << Ny, m < Jol(2Jy) (6)
is fulfilled and that, in analysis, second- and higher order
terms can be neglected relative to those in (6). The model for-
mulated above allows E;; to be found in analytical form.

It is worth noting that it is not quite correct that the field
generated by the sources described by the term ¢~(8D/6¢) in
Maxwell’s equation is represented in the form (4). If a com-
plete representation of the field is needed, in our case Eqn (4)
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should be supplemented by fields having a different coordina-
tion dependence, e.g. by fields of other transverse modes
orthogonal to field (4), scattered-light fields and local fields.
It can be shown, however, that, in the case of the integration
procedure described below, the contribution of such fields is
too small to influence the result. Given this, the representa-
tion of the resultant field in the form (4) is acceptable.

Next, substituting the expression for the amplitude of the
modulated field (4) into Maxwell’s equation we obtain an
equation analogous to (3) but with &(r,w, N) in the form (1)
for each frequency under consideration. To separate the E.;
amplitudes from the total field, we utilise the orthogonality
conditions for cavity eigenmodes [7]. To this end, we multiply
both sides of this equation by u(r), integrate over the entire
volume ¥ and separate terms with identical frequencies,
W+, = wogx Q. Taking into account (3), we obtain two equa-
tions for the E; and E_; amplitudes:

E, fVuz(r){klzé'(r,wl) — kgeo(r,wo, Ny(r)}dV

+ Eoklzg—;SNfVuz(r)f(r)dV: 0, 7

E,leu2(r){k31€(r,a),1) — kgeo(r,we, Ny(r))}dV

Oe * 2
+ Eok? 2= -
Bk L8N [ (nf(nav =0, ®
) O W+ £
+ = ‘5 b4 V¥s i A ’ £
&(r,w+1) = &o(r,wo, Ns(r)) Qaa) ‘w:wo e ¢

Omitting the terms proportional to £ and Q8N in (7)
and (8) and normalising to

o= [eo(r.on Nr)u?(r)dV,
Vv

we obtain the following equations for E7 and E_;:

2k0

(1 +§)+E(,k0F—8N 0, 9)
2k0
E_, (1 +§)+E0k0F—8N =0, (10)
where we introduced the dimensionless coefficients
_ u?
g 21/6f ()Ow o= wodV,
(11)

1
r= 7Ofvuz(r)f(r)dr/.

Here, & characterises the dispersion contribution to the energy
and its dissipation in the cavity and I" characterises the frac-
tion of the active region volume in the total cavity volume and
is an analogue of the optical confinement factor, which is
used in calculations, e.g., for edge-emitting laser diodes.

To solve Eqns (9) and (10), it remains only to find 6N.
This can be done using the balance equation for the electron
concentration in the centre of the active region. The power
transferred from an active medium of unit volume to an elec-
tromagnetic field is o | &E(r,1)|? € "/(4w), and the energy per
electron is Aiw. Therefore, it can be written for the centre of
the active region

dN(t) N(t) (N(t) — Ny)ocn .
dr * T 8nhw | Evexp(—ioot)
t
+ Ejexp(—iwt) + E_ () =0, (12)
eV

Vi = | S(0aV.

where 7 is the spontaneous excited-state lifetime of an elec-
tron; Ny, is the transparency concentration; and V, is the
effective volume of the active region. Substituting expressions
(5) for N(¢) and J(¢) into (12) and separating steady-state
terms from terms oscillating at frequency €2, we obtain for the
steady-state part

& 0(Np — Ny)en
T 8mhw

Jo
eV

=0. (13)

| Eof =

Given that, at the lasing threshold Jy,, the laser field ampli-
tude is zero, it follows from (13) that
O'(Nlh — Nlr)(,‘l’l 2 Nth

—~ 1 V| E = 14
S| Bol =1 (14)

where n = (Jy — Ju)/Jy, 1s the relative difference between the
pump current and the lasing threshold Jy;,. For the oscillating
concentration 8N, we obtain from (12), taking into account

(14),

ON = Ny, m—nM (1 +70—-iQ7)~",
| Bl
(15)
N
0=——"—.
Nlh_Ntr

Equations (9), (10) and (15) constitute a complete system for
finding 6N and E.;. To this end, it is convenient to change
from E.; to dimensionless v, defined by E.; = v.1Ejand use
not Eqn (10) but its complex conjugate. Substituting 8N from
(15) into (9) and (10), we obtain a system of two linear equa-
tions in vy :

vi— (R +1)a(Q)[m —n(v + v =

(16)
Vi + (R =1Da(2)[m —n(vi +v2y)] = 0.
Here we use the following designations:
R = Re[I'(R + 1)/(1 + &))IT,
[F(R+D/(1+8)] (17

I'=TIm[[(R+i)/(1+§)],
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Q -

Q=——"——— Q =T0oNycn. 18

WD = a1 1 g0 —ign) & = TN (18
The solution to system (16) has the form

V= m(R +1) Q()

: 2l +90) +inQ - Q1)

} (19)

Vi = v;f.R-i-l

The light intensity at the frequencies w.; = wy£ €2 is then
Ly = Ip|v, %

The presence of three spectral components at frequencies
o and w4 can be thought of as amplitude/phase modula-
tion of the light at the centre frequency w,. For example,
if the total output power P(r) is written as P(r) =~
Po + dPsin( ¢ + ¢), we obtain for the amplitude modulation
of the total output beam power, 8%, and its phase shift, ¢,
relative to the modulation current:

P ~ 2mP, Q_O L
Q1 +130) +i(nQy — Q1)
(20)
tang ~ 1 = e
T Q1 +n0)°

where % is the steady-state output power (without modula-
tion). To represent phase modulation, we replace relation (4)
for the time-dependent field amplitude by the approximate
relation

E() CXp(—iCl)ot) + E exp(—iwlt) + E_lexp(—iw_ﬂ)

~ E —iwut—iq)(t),
o @1
mRQ()

| Q1 +n0) +i(nQ) — Q%) |

o(1) ~ sin( €2t + ¢).

Even though relations (20) and (21) are only approximate,
the associated error falls within the small modulation ampli-
tude approximation used in our physical model.

Thus, relations (19)—(21) completely determine all the
spectral and dynamic characteristics of the laser output in the
case of the small-signal modulation of the pump current. The
parameters of the cavity and its active region in (19)—(21) can
be found as solutions to a separate problem, if additional
information regarding the laser design is available.

3. Experimental

We studied ULM Photonics VCSELs (Philips) with the fol-
lowing characteristics: wavelength A = 795 nm, threshold cur-
rent Jy, = 0.58 mA, output power Py < 1 mW and slope
efficiency » = 0.3 W AL, Figure 2 shows a schematic of the
experimental setup.

The constant pump current and microwave modulation
current are fed to the laser through a decoupler, which pre-
vents the low-frequency and microwave oscillators from
influencing each other. The constant pump current level and
the sawtooth current modulation amplitude are controlled by
the power supply unit of the laser (the microwave power val-

Cell heater ..
Polarising
cube )
PD [ I / H ~— Laser
Rb + Ar, Ne A2
cell Microwave
— PD H FPI modulation
current

» To oscilloscope Constant pump

current

Figure 2. Schematic of the experimental setup:
(FPI) Fabry—Perot interferometer; (PD) photodetector; (OI) optical
isolator.

ues indicated below refer to the oscillator output power,
which may differ from the power directly delivered to the
active region of the laser because of the imperfect matching).
The laser light passes through an optical isolator and half-
wave plate and is split by a polarising cube into two optical
channels. Combining the half-wave plate and polarising cube
allows the total optical power to be redistributed between the
channels. In one channel, the light passes through an 8Rb
vapour cell and is detected by a photodetector. In the other
channel, the emission spectrum is analysed using a Fabry—
Perot interferometer with a free spectral range of 24 GHz.
The signals from both photodetectors are fed to an oscillo-
scope.

Thus, the system allows us to simultaneously measure the
light power—current (L—1) characteristic and tune the laser
frequency to the Rb D line (from the presence of absorption
lines in the L—1 curve) in the former channel and monitor the
emission spectrum in the latter channel. This is demonstrated
in Fig. 3, which shows the L—1 curve and the transmission
signal of the Fabry—Perot interferometer in the absence of
microwave current modulation.

Power

$7Rb D, line

— v | W -
05 06 07 08 09 1.0 1.1 12 13 14 15 1.6
Current/mA

Figure 3. Power—current curve of the ULM laser measured with the
photodiode located behind the Rb vapour cell (upper curve) and trans-
mission resonances of a Fabry —Perot interferometer with a free spectral
range of ~24 GHz (lower curve).

An increase in pump current is accompanied by an
increase in the temperature of the optical medium in the laser
cavity and, as a consequence, by an increase in its refractive
index. This leads to a monotonic decrease in laser frequency
with increasing pump current. As a result, the interferometer
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output signal (the latter channel) has the form of periodic
transmission peaks, each corresponding to the laser frequency
sequentially passing through a successive transmission reso-
nance of the interferometer. The spacing between neighbour-
ing peaks corresponds to the temperature-induced change in
laser frequency by the free spectral range of the interferome-
ter (24 GHz).

The absence of side resonances in the transmission of the
interferometer confirms that the light is single-mode. A poly-
chromatic spectrum of the laser can be obtained by either
scanning the interferometer or linearly varying the pump cur-
rent, thereby shifting the laser spectrum as a whole. In Fig. 4,
the latter possibility is illustrated by a typical laser spectrum
obtained by sweeping the constant pump current containing a
microwave modulation component of constant amplitude.
With such a measurement procedure, one oscilloscope trace
shows a family of spectra, each corresponding to its own ‘con-
stant’ pump current and the same microwave modulation
amplitude, with the laser spectrum sequentially measured
using different (immobile) interferometer resonances. The
steep slope of the laser frequency —current tuning curve causes
no significant error, because the laser output power varies
little in response to the small variation in the current that
enables the laser spectrum to be measured. The oscilloscope
trace in Fig. 4 demonstrates the entire evolution of the laser
spectrum in the modulation regime in response to changes in
constant pump current at a given microwave field power
level.

FPI transmission

-

1
0.6 1.0 1.4
Current/mA

Figure 4. Evolution of the ULM laser emission spectrum in response to
changes in the constant component of a microwave-modulated current.
The microwave modulation power is =3 dBm.

Figure 5 presents experimental data illustrating the effect
of constant pump current on the ratio of the sideband power
P to the power Py at the carrier frequency for three modula-
tion frequencies: £2/2n = 2.0, 3.4 and 4.0 GHz (the data were
obtained in the same way as those in Fig. 4). The solid line
represents calculated |v,|? as a function of the constant pump
current component for a laser with the following parameters:
T=1ns, Q) ~ 490 rad s and 6 ~ 10.1 (note that the ‘trans-
parency’ current calculated for 6 = 10.1 is J;, = 0.52 mA). All
the curves are normalised to the maximum. There is good
agreement between the experimental data and calculation
results. It is worth noting that, even though there are three
adjustable parameters, concurrent agreement between the
calculation results and experimental data at all three different
frequencies is ensured by only one of their combinations. This

O.SPiI/PO

1.0

0.8

Q2n =2 GHz

0.6

0.4

0.2

0.6 0.8 1.0 1.2 1.4 JymA

1.7P,,/P,

1.0}

08 Q2n = 3.4 GHz
0.6

0.4

0.2

0.6 0.8 1.0 1.2 1.4 JymA

8Pi1/P0

Q2n =4 GHz

0.6 0.8 1.0 1.2 1.4 JymA

Figure 5. Measured and calculated P./P, power ratios as functions of
pump current at three microwave modulation frequencies: (m) P_;, (®)
P.. The parameters used in the calculation are 7 = 1 ns, Jy, = 0.58 mA,
Qy~ 490 rad s and 0 ~ 10.1.

is additional evidence that the proposed theory and the calcu-
lations based on it are sufficiently adequate.

Indeed, from the relation |v, |> = I,/I, we readily obtain
an expression for the pump current (parameter #7) correspond-
ing to the maximum in |v,|*
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'L'.QO -0
6 + (/2%

Nmax =

or
(22)

1 1 (t—0/% 0\
fo ’7m‘dx( (o) > (90) '

It follows from this expression that there is a linear
relation between 272 and 77;11“, i.e. these quantities should
lie on a single straight line with a slope (t — 6/€2,)/, and a
vertical intercept 8%/ Q3. The experimental data are rather
well represented by this straight line. In such a way, we can
obtain a relation between the parameters €, 6 and 7 for a
given sample, which would allow us to express e.g. the
parameters €, and 6 trough 7. The lifetime 7, determined
by spontaneous recombination, is a material parameter of
the medium in the active region. Its typical value for ‘direct’
transitions is ~1 ns, which also ensures the best agreement
between the calculation results and experimental data in
Fig. 5.

The above results were obtained at a small current
modulation, limited by —8 dBm. Under such conditions,
the optical spectrum contains a strong line at the carrier
frequency and one, ‘weak’ sideband on each side of the
‘strong’ line. By contrast, in the case of applications utilis-
ing CPT it is desirable to have a ‘weak’ line at the carrier
frequency and two ‘strong’ sidebands of equal intensities.
One way, obvious at first sight, to achieve this is to increase
the amplitude of the microwave modulation of the pump
current.

Figure 6 shows a typical laser emission spectrum obtained
in such a case. It can be seen that the result is not quite what
was expected. First, there is an increased number of spectral
components on account of the formation of extra lines sepa-
rated by *2w,, *3w, etc. from the carrier frequency .
Qualitatively, this is clear: the number of harmonics increases
with modulation amplitude. Second, the spectrum may be not
symmetric with respect to the frequency w,. These features in
the behaviour of the laser may lead to an additional, poorly
controlled frequency shift of the CPT resonance and, hence,
to an additional limitation on its ultimate capabilities in
metrology.

3.417 GHz

FPI transmission

Resonance frequency of the scanning interferometer

Figure 6. Characteristic laser emission spectrum in the case of strong
modulation. Operating current J = 1 mA; microwave modulation pow-
er P = 1.6 mW. The spectral linewidth Av ~ 1.5 GHz is mainly deter-
mined by the interferometer resolution (Avgp; = 1.4 GHz).

Clearly, the above features in the behaviour of the laser
cannot be analysed in the framework of the present calcula-
tions, because the physical situation (‘strong’ modulation) is
beyond the approximation used in the calculations.

4. Discussion and conclusions

A new approach has been proposed for analysing the dynam-
ics of the laser field amplitude on the basis of Maxwell’s equa-
tions. This approach has been used to develop a theory for
calculating modulation characteristics of VCSELs.

In contrast to a widely used analysis of the dynamics of
diode lasers on the basis of so-called rate equations (see e. g.
Refs [3,8]), which employ the field amplitude rather than the
field intensity, the present analysis allows one to sequentially
examine the dynamics of the amplitude and phase of the elec-
tromagnetic field of light in the framework of a single physi-
cal model. Note that rate equations do not contain the field
phase as a variable, because it ‘disappears’ in going to inten-
sity. Basically, rate equations describe the dynamics of the
energy (‘photon density’) in the cavity and reflect no more
than the law of conservation of energy. They miss the proper-
ties of the electromagnetic field in the cavity, which appear in
Maxwell’s equations. For this reason, analysis in terms of rate
equations requires a phenomenological introduction of e.g.
parameters such as the photon lifetime or the field phase and
its dynamics through the variation in the optical frequency of
the cavity in response to inversion changes. In the case of a
VCSEL, this operation is far from being obvious. The pro-
posed approach offers a natural and unique procedure for
finding all cavity parameters necessary for calculation.
Clearly, the wave equation was used previously as well to
investigate the dynamics of laser operation (see e.g. Ref. [9]),
but the small number of such studies and the limited applica-
bility of the physical models involved make it impossible to
use their results for our purposes.

The present analytical calculation in the ‘small’-signal
approximation ensured good agreement with experimental
data, strongly suggesting that the proposed theory can be
used to model spectral characteristics of VCSELs in order to
optimise their performance in metrological applications of
CPT resonance. Note that the phases of the sideband fields
are ‘tightly’ locked to each other by the common modulation
signal and the single field amplitude at the centre frequency,
which corresponds to the most favourable situation for CPT
resonance.

Because of the approximations used here, the present cal-
culations fail to give comprehensive answers to all questions
that arise in analysis of experimental data obtained under
various laser operation conditions, including those best suited
to application in CPT clocks. Under such conditions, a sig-
nificant part of the optical power in the spectrum is accounted
for by higher order sidebands (Fig. 6). In such a case, the
increase in CPT resonance frequency caused by the light shift
due to the carrier and first sidebands may be compensated for
by the opposite shift due to higher order sidebands [6].

Nevertheless, we are led to conclude that, in the case of
numerical calculation, there are no fundamental obstacles to
sequentially abandoning the ‘small’-signal approximation or
the simplified complex dielectric permittivity function, which
can be replaced by a function that takes into account the pos-
sible spectral mismatch between the cavity mirrors and ‘mate-
rial’ gain. This will allow one to make the model of the laser
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more realistic and will extend the applicability area of results

obtained by calculations in the framework of the model.
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