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Optimal periodic frequency combs for high-efficiency optical quantum
memory based on rare-earth ion crystals

N.M. Arslanov, S.A. Moiseev

Abstract. The possibility of enhancing the quantum efficiency of
photon echo broadband quantum memory in rare-earth-ion-doped
crystals with a frequency comb structure of optical transition inho-
mogeneous broadening is studied. We have found the optimal
parameters of the frequency combs for implementing the pre-
assigned quantum efficiency in the chosen spectral range of the
optical transitions of rare-earth ions with real parameters. The
obtained results allow the conditions to be formulated for increas-
ing the efficiency of broadband quantum memory. The possibilities
of experimental implementation of such memory are also discussed.

Keywords: photon echo broadband quantum memory, quantum effi-
ciency, optically dense media, inorganic crystals with rare-earth
ions, quantum repeater.

1. Introduction

The effects of spin and photon echo [1,2] have been actively
developed in the experimental quantum informatics during
the recent decade. In particular, new photon echo schemes in
optically dense media with a time-reversible echo signal [3,4]
are being intensely studied for implementing the multiqubit
quantum memory [5—9], which is necessary for constructing
quantum repeaters [10] and a universal quantum computer
[11]. Using a scheme [3] referred to as the CRIB (controlled
reversible inhomogeneous broadening) protocol [12—14], a
number of the protocol modifications have been proposed,
differing in the implementation of atomic coherence dephas-
ing, such as AFC (atomic frequency comb) [15,16], GEM
(gradient echo memory) [17—-19], ROSE (revival of silenced
echo) [20,21], HYPER (hybrid photon echo rephrasing) [22],
etc. These protocols significantly extended the possibilities
of implementing the quantum memory based on the photon
echo, including that in the microwave frequency range [23, 24].
The simplified scheme of the AFC protocol with parallel
propagation of all light pulses used in the experimental
studies allowed its potentialities for conserving the broad-
band quantum states of light and prospects of using it in
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the design of optical quantum repeater to be convincingly
demonstrated [9].

In the experimental implementation of the AFC protocol,
high expectations are generated by the use of rare-earth ions
in inorganic crystals as quantum-information carriers. In
such crystals, it became possible to conserve not only nano-
second light pulses, but also pico- and femtosecond ones,
which caused the growing interest to these studies. The exper-
iments with the AFC protocol in the Pr:Y,SiOs crystal with
the inhomogeneously broadened optical transition line A;, ~
100 GHz demonstrated the possibility of conserving single-
photon wave packets with a duration of 100 ps [25]. In Ref. [§]
a Ti: Tm:LiNbO; crystal with even greater inhomogeneous
broadening A;, = 300 GHz [26] was used. In Refs [8,25] the
accuracy of reconstruction of single-photon field states
exceeded 90%. In such crystals the possibility of sequential
writing and reading of 64 extremely weak light pulses (with
a mean number of photons in a pulse 7z = 0.5 [5]) and even
1060 light pulses [6] was demonstrated. We would also like
to mention the demonstration of conserving the photon
entangled states [25] and the time-bin qubits in 26 multi-
plexed spectral modes [8]. Recently the AFC protocol has
been successfully used for operating with multifrequency
recording channels [9].

Despite the mentioned great success, the quantum effi-
ciency achieved in the experiments on observing the light echo
in the direct scheme of the AFC protocol (the parallel
propagation geometry of the light fields) amounted to only
35% [27-29], the maximal possible value being 54 %. Placing
atoms in an optical resonator allowed an increase in quantum
efficiency to 58% [30,31]. However, the application of reso-
nators with a high Q-factor limits the operating spectral
range. Therefore, the implementation of broadband high-
efficiency quantum memory implies the use of the backward
AFC protocol scheme without a resonator. In this scheme,
the reconstructed signal propagates in the opposite direction
with respect to the signal radiation, and according to the
CRIB protocol [3] it is possible to achieve the quantum effi-
ciency close to 100 %.

In Ref. [32] it was found that the AFC protocol [15] does
not allow one to achieve a high quantum efficiency for light
fields having a spectral width comparable with that of the
AFC structure because of the negative influence of dispersion
effects, in contrast to protocols of CRIB [12] and GEM [19]
type, where no such influence is observed. Note that the cause
of this effect is fundamental and related to the absence of rig-
orous time reversibility of the light echo signal with respect to
the process of signal light field absorption, in contrast to, e.g.,
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the initial CRIB protocol [3], where such reversibility takes
place for an arbitrary spectral width of light signals [12—14].
Developing the approach [32] in the present paper, we pro-
pose particular ways of suppressing the spectral dispersion in
the AFC structure of an optical transition with the real
parameters of the optical transitions in the rare-earth ions in
inorganic crystals taken into account. The optimal parame-
ters of the modified AFC (MAFC) scheme that possesses a
zero dispersion in a broad spectral range are found, which
allow a high quantum efficiency for storing short light pulses
to be achieved. Finally, the possibilities of experimental
implementation of the approach are discussed.

2. Effect of the optical density on the spectral
quantum efficiency

The AFC protocol makes use of resonance systems with inho-
mogeneous broadening A;, having the form of a discrete peri-
odic sequence 6; = 1; A of narrow peaks having the widthy <<
A, where n; =0, 1, +2,... is an integer [15,16]; and A is the
separation between the adjacent spectral lines (Fig. 1). Note
that for the first time such inhomogeneous broadening for the
echo phenomenon was considered by Dubetskii and
Chebotaev [33,34]. They demonstrated the effect experimen-
tally in a system of coupled pendulums. At present, the AFC
structure in crystals with rare-earth ions is experimentally cre-
ated by optical dip burning in the inhomogeneously broad-
ened line of an optical transition in the used ions. After the
fabrication of such a frequency comb, the signal light pulses
are sent into the medium that excite long-lived atomic polari-
sation P(¢), experiencing fast dephasing due to the inhomoge-
neous line broadening. The excited polarisation is then recov-
ered after the time 7 = 2n/A, generating a light echo signal.
Such automatic restoration is convenient in practice as com-
pared to other protocols, in which it is necessary to use addi-
tional laser fields acting on the system of atoms or ions to
reconstruct the dephased polarisation. For the quantum effi-
ciency in the backward AFC protocol scheme, use is often
made of the formula [16]

n ~ [1 —exp(— aL)]*exp(— 7/f?). (1)

Here a = ay/f; ag L is the initial optical density of the reso-
nance transition, at which the AFC structure is created; L is
the sample length; and /= A/y is the finesse (spectral sharp-
ness) of the AFC structure of lines.

Note that in particular, the quantum efficiency # tends to
0.9 at agL = 40 and f = 10 [14]. According to Eqn (1), the
efficiency # depends only on the averaged optical density aL
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Figure 1. Spectral AFC structure of inhomogeneous line broadening
and the spectrum of signal radiation in the line centre: A;, is the total
line width; y is the width of an individual peak; A is the separation be-
tween the adjacent peaks; and f= A/y is the finesse.

and the finesse f, which also agrees with the experimental
data, obtained for the direct AFC protocol in media with a
minor optical density, where the quantum efficiency is low
[27-29]. Figure 2 presents the map of the quantum efficiency
7 for the centre frequency of the optical transition versus the
optical density L and the finesse f when the spectral width
of the conserved pulse is small compared to the width of the
AFC structure. As seen from Fig. 2a, in the existing experi-
mental studies the crystals were used that allow the efficiency
not exceeding 70%. To achieve 7 > 90%, it is necessary to
have a greater optical density of the AFC structure (a¢gL >
50) and sufficient finesse (f > 7) (see Fig. 2b).
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Figure 2. Map of quantum efficiency # at a zero frequency in the line
centre. Black lines denote efficiency isolines for the efficiency values (a)
from#n = 0.1 ton = 0.7 with the step 0.1 and (b) from# = 0.9 ton =0.99
with the step 0.01.

The efficiency of the signal field restoration is well
described by formula (1) if the spectral width of the signal
radiation is negligibly small compared to the spectral width of
the AFC comb, A;, (Fig. 3) [32]. In the case of light fields with
a large spectral width, the efficiency of restoration is notice-
ably decreased due to the violation of phase matching in the
process of the echo signal emission (Fig. 4). The violation of
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Figure 3. Spectral quantum efficiency 7(w) in the case of AFC structure formation in the entire inhomogeneously broadened line as a function of
optical density of the resonance transition ayL (a) without and (b) with spectral dispersion taken into account.
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Figure 4. Spectral quantum efficiency 7(w) within the AFC structure with Ay = 0.14;,, formed in the narrow part of the inhomogeneously broad-
ened line, as a function of resonance transition optical density &y L in the case (a) when the efficiency n = |I|?> = (1 — exp(-«L))? (the influence of
dispersion effects is not taken into account) and (b) when the efficiency # is described by the expression # = | I{w)|? in correspondence with expres-
sion (2).

phase matching is enhanced with the deviation from the opti-  lation is different for different spectral components of the
cal transition line centre, which leads to the fall of the photon  studied light, the arising disbalance also leads to the reduction
echo emission efficiency. Besides that, since the matching vio-  of accuracy of broadband light field recovery. To solve this



786

N.M. Arslanov, S.A. Moiseev

problem, we analyse below the ways of suppressing the spec-
tral dispersion, considering the natural shape of inhomoge-
neously broadened optical transition lines in real crystals.

3. Influence of dispersion effects

In the backward scheme, the AFC protocol is implemented in
three stages in analogy with the initial scheme of the CRIB
protocol [3,12, 14]. First, the pulse of the signal light field is
absorbed by the atoms in the crystal, which is accompanied
by excitation of polarisation waves exp[-i(w? — k,r)] with the
wave vectors ky, = [(w/c) + dkle,. Here 8k = wox(A)/2c is the
additional change of the wave vector, caused by the interac-
tion of light with resonance atoms; w is the centre frequency
of the absorption line; A = w — w, is the frequency detuning;
and y =y '+ iy is the susceptibility [woy "/c = a determines the
coefficient of resonance absorption, and y'(A) characterises
the anomalous dispersion in the course of resonance wave
propagation].

The anomalous dispersion in the case of high optical den-
sity (@gL > 1) can lead to the appearance of a supraluminal
apparent group velocity or negative group velocity v in the
propagation of the light pulse [35]. After the light absorption
the excited atomic polarisation (coherence) is transferred to
the long-living electron spin coherence by the action of the
first controlling laser pulse. This gives rise to spin waves, pos-
sessing the wave vectors kj, — k; (k; being the wave vector of
the laser field) and conserving the information about the
anomalous spectral dispersion in the signal light pulse propa-
gation. It is important that the lifetime of the spin quantum
coherence can be increased to a few hours in the system of
rare-earth ions, using the reversible transfer of electronic
coherence to the long-lived nuclear spin coherence [36].

At the third stage the second controlling laser pulse with a
wave vector k, restores the waves of atomic optical polarisa-
tion exp[-i(w? — k. )] with a new wave vector ko =k, —k; +
k,. The automatic phasing of polarisation waves that follows
can lead to the emission of the echo signal in analogy with the
direct AFC protocol scheme, but in the opposite direction, if
the wave vectors of the laser pulses are chosen as k| = e,w/c
and k, = — e,w/c. In this case, the wave vector of the phased
polarisation waves is k.o = (~w/c + dk)e, ~ —[wylc + A(llc +
1/v)]e,. The phase and group velocity of these waves of polar-
isation are codirected with the light waves of the backward
AFC echo signal, in contrast to the situation that takes place
in the absorption of the signal light pulse.

It is known that in an optically thin medium the devia-
tion from the phase matching condition affects the ampli-
tude of the emitted light field E according to the formula
sin((kyee — kp) LI2)/[(kyey — kp) L12], and the radiation is intense
only if (kg — kp)L = 1 [37]. The high-efficiency restoration of
the recorded information requires sufficiently precise fulfil-
ment of the phase matching condition for all spectral com-
ponents of the emitted field. The echo light field A.y,,(2,2)
for the backward AFC scheme is expressed in terms of the
Fourier integral over the spectrum of the signal field 4 (w)
at the crystal entrance:

_ [2m\ 1 —iw(t—zle)
Acano(t.9) = K T) [ S T@)e ™ @)do. )

where I'(w) = {1 — expliwgy(w)L/c]}[1 — iy’ (w)ly"(w)] is the
spectral characteristic (SC) of the memory; y'is the refractive

index of the crystal with the AFC structure; a = 2(wq/c)x" =
ao/f'is the averaged absorption coefficient of the crystal; and
21 k/Ais the factor that determines the presence of irreversible
damping of polarisation during the time 2r/A, which is caused
by the finite spectral width of the AFC structure [the Gaussian
shape of the peak lines yields « = exp(=3.5/f?)].

As seen from Eqn (2), the SC of the memory determines
the spectral quantum efficiency of the AFC protocol accord-
ing to n(w) = | I'(w)|? at sufficiently high values of the finesse
fand, correspondingly, k ~ 1. It is important that the absorp-
tion coefficient ¢ in the spectral region, where the recording
of the signal light field occurs, is determined by the parame-
ters of the resonance absorption lines, but the susceptibility
x ~ x'(w) depends also on the presence of the resonance lines
in the vicinity, close to this frequency region. It is remarkable
that according to relation (2), the influence of the spectral dis-
persion appears to be insignificant both in the case of a suffi-
ciently small value of the frequency dispersion [y'(w)/ x"(w) =
1), and in the case of a small optical density of the atomic
transition [a(w)L < 1]. In this case, expanding the function
I'(w) into a series in powers of the small parameter wqy(w)L/c
<< 1 we find that the quantum efficiency 7(w) ~ (a(w)L)*4
<< 1, which agrees with the experimental results of Refs
[27-29,38-40].

To demonstrate the strong influence of the spectral
dispersion on the quantum efficiency, Figs 3 and 4 present
the plots of the spectral efficiency 7(w) for two cases. In the
first case, the AFC structure covers all inhomogeneous
broadening of the optical transition sine [16], having the typi-
cal shape of a Gaussian line with the width A;, [41]; the spec-
tral width of the AFC structure significantly exceeds the
spectral width of the light pulses. In the second limit case it
is assumed that the AFC structure is formed in a narrow part
of the inhomogeneous width (A, << A;,). Figures 3 and 4
present the spectral dependences of the quantum efficiency
both neglecting the spectral dispersion effects and considering
them. The plots obtained by numerical calculations show
that the spectral dispersion in optically dense media strongly
reduces the spectral width, within which the extremely high
quantum efficiency can be implemented. Thus, from the
comparison of Figs 3a and 4a with Figs 3b and 4b one can
see that with the spectral dispersion taken into account the
quantum efficiency specified by the relation (w) > n, exists
only within a narrow spectral region. The width of this
region does not essentially change after achieving a cer-
tain value of the optical density that corresponds to the
given quantum efficiency 7, and the finesse f of the lines in
the AFC structure.

The character of the spectral quantum efficiency behav-
iour is explained by the fact that at a sufficiently high optical
density (¢g L >> 1) the spectral quantum efficiency is defined
asn(w) = |1 —ix'(w)/x"(w)| 2, the spectral bandwidth Ay, of
the high quantum efficiency being independent of aL. For
example, for the AFC structure excited inside the entire inho-
mogeneous broadening contour of the Gaussian type, we
have y(w) = ng(@) = |1 —i(w/|w | )erfiw/v2 Ay)| 2 Thus, the
maximal achievable spectral width Ay, depends only on the
inhomogeneous broadening line shape.

To increase the spectral width A, essentially, let us con-
sider the version, in which the AFC structure is created in a
certain specified spectral interval Ay < A;,. As shown below,
the optimal choice of the value of A can significantly increase
the spectral interval Agp,.
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Figure 5. Calculated spectral efficiency n(w) vs. the width of the spectral interval A, (in the units of A;,) for the optical density agL = (a) 10, (b) 20

and (¢) 30.

4. Optimal parameters of high spectral quantum
efficiency

In correspondence with the abovementioned result, the quan-
tum efficiency decreases with increasing frequency detuning
at a high optical density (¢y L >> 1). To solve this problem, we
performed numerical simulation of the echo emission effi-
ciency in the modified AFC structure.

Figure 5 presents the calculated spectral efficiency n(w)
versus the spectral interval A (in the units of A;,) for three
different values of the initial optical density ay L = 10, 20 and
30. In the case of a relatively small optical density (g L = 10),
we can see an increase in the spectral region of high quantum
efficiency for Ay ~ 0.65. In this case, #(w) > 0.8 in the fre-
quency region || < 0.24;, (Agm = 0.44;,).

In the second case (¢ L = 20), one can see even a greater
increase in the spectrum width, within which the high quan-
tum efficiency area acquires the shape of an arrow in the
plane (Ag,w/A;,), where (w) > 0.95 is valid for Ay ~ 0.85A4;,
in the maximal frequency interval Ay, = 0.64;, (|o| <
0.3A;,). For example, for the Pr’*: Y,SiOs crystal with A, =
5 GHz and « = 23 cm™! for the quantum efficiency 7(w) >
0.95 the width of the spectrum is Ay = 0.854;, = 4.25 GHz, the
crystal length being 0.87 cm.

In the third case (Fig. 5c), we have the highest quantum
efficiency, particularly necessary for quantum computer
memory. This situation arises at the optical density e L = 30.
The region of the maximal quantum efficiency in the plane
(Ap,w/A;,) has the shape of a sharpened anchor. Under these
conditions, the quantum efficiency 7(w) > 0.99 is possible for
the frequency comb with the width Ay ~ 0.8A4;, in the same
frequency region |w| < 0.34;, with the width Ay, = 0.64;,.
The spectral behaviour of the quantum efficiency for ¢y L =
30 near the optimal value of the spectral width Ay, is dis-
cussed below in more detail, using the numerical data, pre-
sented in Fig. 6 for the spectral widths of the AFC structure
Ayp=0.5,0.6,0.7,0.8 and 0.9 (in the units of A;,).

As seen from the Figure, for ¢y L = 30 the increase in A,
from 0.54;, to 0.64;, and further to 0.7A;, leads to the growth
of the spectral width of the high quantum efficiency region.
For Ay = 0.7A;, the quantum efficiency is close to 100% [(w)
= 0.999] within the spectral range from —0.24;, to 0.24;,.

Further increase in the spectral width of the AFC structure to
Ay = 0.84,;, is accompanied by the growth of the spectral
width of the high quantum efficiency region [where n(w) =
0.99], but in this case two local minima at the frequencies w =
+0.2A;, appear, in which (% 0.24;,) = 0.99. The depth of the
minima increases with increasing AFC structure width. In
Fig. 6 it is also seen that at Ay = 0.9A;, the depth of the min-
ima corresponds to 7 = 0.96 at w ~ £ 0.25A;,, and then 7 is
restored only to 0.99 at w ~ % 0.35A;,. Further increase in the
spectral width (A, > 0.94;,) leads to even greater narrowing
of the frequency range, where the implementation of high
quantum efficiency is possible.
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Figure 6. Spectral efficiency n(w) for the optical density L = 30 and
Agm = 0.64;, vs. w/Aj, (the sections marked by lines in Fig. 5); the arrow
shows the quantum efficiency behaviour at Ay = 0.6A;,.

Thus, to achieve the desired quantum efficiency of the
memory, e.g., 7(w) = 0.99, the most optimal way is to create
an AFC structure in the spectral range Ay = 0.8A;,. In this
case, the given quantum efficiency is implemented in the spec-
tral range Ay = 0.6A;,. To achieve the superefficient quan-
tum memory with 7(w) = 0.999, it is necessary to have ag L >
30 and Ay = 0.7A;,. Note that the memory cells with high
quantum efficiency allow the application of the error correc-
tion procedure and, therefore, can be used in a quantum com-
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puter. Ultrahigh quantum efficiency for broadband light
fields is also possible using the AFC structure in a cavity [42],
although in a narrower spectral range. Experimental achieve-
ment of the optical density ¢y L = 30 requires either growing a
crystal of larger size, or placing the atoms in a waveguide
structure, in which a significant increase in the atom-field
coupling constant is possible [43]. However, in the latter case
the modernisation of the scheme is required, since the ampli-
tude of light fields can become essentially inhomogeneous in
space, which complicates exact control of the optical coher-
ence using external laser fields.

5. Conclusions

As shown in Ref. [32], the absence of exact reversibility in the
AFC protocol scheme [15] leads to negative dispersion effects
in the emission of the echo signal in optically dense media,
which reduces the quantum efficiency and the accuracy of the
initial signal field recovery. In the present paper, possible
implementations of the modified AFC protocol (MAFC) are
analysed in detail, in which the zero spectral dispersion is pro-
vided in the operation range of the MAFC structure. Based on
the performed numerical calculations, we demonstrated the
characteristic features of the spectral behaviour of the quantum
efficiency depending on the characteristic parameters of the
optical transition and the spectral width of the created AFC
structure. The analysis of the numerical calculations has shown
that for the implementation of the ~95% quantum efficiency
the required optical density is ¢q L = 20, which is possible in the
Pr3*:Y,SiOs crystal [7] having a length 0.87 cm and a coeffi-
cient of resonance absorption & = 23 cm™!. The achievement of
a higher spectral quantum efficiency (above 99%) in the same
spectral interval will be possible for the optical density aqL =
30. Finally, the implementation of ultrahigh quantum effi-
ciency (above 99%) is possible in a crystal with an optical den-
sity &g L = 30, but in a narrower spectral range Ay, = 0.44;,.
Note that the optical density required in this case can be
achieved, e.g., using photonic crystal waveguides, where the
interaction of light with resonance atoms can be additionally
enhanced by more than an order of magnitude [43]. At the
same time, strong spatial localisation of light in the transverse
plane of the waveguide gives rise to new problems in the imple-
mentation of high-accuracy control of optical coherence, which
will require further improvement of the MAFC protocol, e.g.,
by using Raman atomic transitions [44]. This is a subject of
further studies.
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