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Abstract.  We consider a passive fibre-optic transmission system 
using orthogonal subcarriers in channels with quadrature phase-
shift keying and quadrature-amplitude modulation formats. A tech-
nique is proposed for estimating the signal quality index in orthogo-
nal frequency division multiplexing, based on the transformation of 
phase distortions of channel carriers into distortions of signal levels. 
The deterioration in the quality index is found to be due to nonlin-
ear phenomena (self-phase modulation and cross-phase modula-
tion) and noise of the optical amplifier. Relations are given that 
allow an optimum power level of the optical signal to be chosen as a 
function of the modulation format of the channels.

Keywords: passive optical networks, wavelength division multiplex-
ing, orthogonal frequency division multiplexing, self-phase modula-
tion, cross-phase modulation, Q-factor.

1. Introduction

According to analysts’ forecasts, existing access networks 
based on passive optical network (PON) technology, in which 
active equipment is located only at transmitting/receiving end­
points, and transmission distances are small (on the order of 
several tens of kilometres), will not keep pace with the increas­
ing duplex traffic in the near future. Increasing the PON 
capacity without significant investments on their reconstruc­
tion is an urgent task. The application of frequency division 
multiplexing methods allows this problem to be solved and 
ensures users that they are provided with duplex broadband 
services. In the first stage, it is advantageous to make use of 
frequency division multiplexing in the electrical frequency 
range, and in the future, with the development of PONs, to emp­
loy dense wavelength division multiplexing (DWDM) [1 – 3].

Modern technical capabilities of digital data processing 
allow the spectral efficiency to be increased by means of 
orthogonal frequency division multiplexing (OFDM) tech­
nology [4, 5]. In OFDM technology, the transmitted data is 
first distributed over a plurality of frequency subcarriers 
orthogonal to each other, the number of which can reach 
thousands, and then the subcarriers are transmitted in paral­
lel. Despite the fact that with an increase in the number of 
channels the total frequency band expands, the separately 
taken frequency bands of channel subcarriers are relatively 

narrow and nonuniformities of frequency-modulation char­
acteristics of optical and optoelectronic components in the 
transmission system do not have a significant effect on the 
transmission quality of channel signals. Subcarrier OFDM 
channels can be formed using various digital modulation tech­
niques, for example, quadrature phase-shift keying (QPSK) 
or quadrature amplitude modulation (M-QAM) [6].

Obviously, to increase the capacity of optical transmission 
systems of OFDM signals, it is necessary to increase the num­
ber of channel subcarriers, which leads to an increase in the 
total optical power in the fibre. An increase in optical power 
can give rise to such nonlinear phenomena as four-wave mix­
ing, self-phase modulation (SPM), and cross-phase modula­
tion (XPM) [7, 8]. Quite dangerous for frequency division 
multiplexing systems is four-wave mixing, when, due to non­
linear susceptibility of the third order in an optical fibre, 
unwanted combinational frequency components appear that 
fall into the frequency bands of channels. To maintain the 
required signal quality, it is needed to limit the number of 
channels or reduce the power in them, to use nonuniform 
methods of spectral channel allocation, and to apply technical 
solutions, for example, methods for compensating for four-
wave mixing or methods of noise-immune signal coding [9].

The phenomenon of SPM occurs in an optical fibre due to 
the dependence of the refractive index on the light intensity 
and causes a change in the optical carrier phase, proportional 
to the intensity of the signal. In the case of the OFDM-signal 
transmission, SPM manifests itself as a self-action, i. e., the 
power level in the subcarrier channel affects its subcarrier fre­
quency, resulting in a frequency deviation of the subcarrier. 
However, due to a low power in the subcarrier channels, the 
influence of SPM on the channel quality indices is insignifi­
cant compared to the influence of XPM. Unlike SPM, the 
effect of XPM, like four-wave mixing, arises in frequency-
separated multi-channel transmission systems, with the effec­
tive refractive index of the fibre at a certain subcarrier fre­
quency being dependent not only on the signal power in the 
given channel, but also on the powers in other channels.

As applied to the OFDM signal, XPM results in addi­
tional phase modulation of frequency subcarriers, the magni­
tude of which depends on the powers in the other channels at 
the time of observation. It was shown in Refs [7, 8] that the 
contribution of XPM depends on the number of channels, if 
the channels are formed by amplitude-pulse modulation 
methods, and can become a factor limiting the capacity of the 
transmission system and causing the reduction of the number 
of channels or the limitation of the power in them. In this 
case, the possibility of using phase modulation formats in 
subcarrier channels in which the information is ‘transferred’ 
by the phase rather than by the amplitude of the signal can 
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lead to a resultant averaging of the optical power and a weak­
ening of the contribution of XPM to the increase in the number 
of channels [10]. In addition, to increase the bandwidth, it is 
efficient to form channel subcarriers not only with phase mod­
ulation formats, but also with multilevel, amplitud – phase, 
ones. However, multilevel channel signals are more susceptible 
to phase distortions arising in the optical path due to SPM and 
XPM, since additional phase modulation in the channels can 
be transformed into amplitude fluctuations during signal trans­
mission along the optical path and lead to a decrease in the 
signal quality indices on the receiving side.

To compensate for signal power losses in the optical path, 
use is made of optical amplifiers. At present, erbium-doped 
fibre amplifiers (EDFA) are commercially available and widely 
used. The main source of linear noises is the amplified spon­
taneous emission (ASE) of the optical amplifier, which arises 
during photodetection when the amplifier’s spontaneous noise 
is mixed with the OFDM signal.

Note that at present, due to an increase in the load on 
trunk fibre-optic transmission systems by DWDM channels, 
the distortion of signals due to nonlinear phenomena in the 
optical fibre is widely studied. In Refs [11 – 13], models were 
proposed that allow one to estimate the quality of channel 
signals in the case of nonlinear distortions, treating the latter 
as nonlinear noise, and to justify the additive addition of the 
powers of the nonlinear noise and ASE noise of the optical 
amplifier, which is confirmed by the results of experimental 
studies. In the present work, when evaluating the combined 
influence of SPM, XPM, and ASE noise on the channel sig­
nals, the results of these studies are taken into account.

The purpose of this paper is to evaluate the contributions 
of SPM and XPM to the OFDM signal quality indices using 
QPSK and M-QAM modulation formats in fibre-optic sys­
tems with direct photodetection. The quality of signal trans­
mission is assessed with the help of the Q-factor. The method­
ology for estimating the Q-factor is based on the calculation 
of the phase distortions of the channel carriers due to SPM 
and XPM and their transformation into signal level distor­
tions. The analysis also takes into account the noise of the 
optical amplifier, gives recommendations for choosing the 
optimal level of optical power, depending on the modulation 
format of the channel.

2. Mathematical model

Figure 1 shows a schematic of a fibre-optic OFDM transmis­
sion system. The information signals necessary for transmis­
sion are converted into an OFDM signal in the OFDM driver, 

at the output of which we have N spaced channels with fre­
quencies Wi (i = 1, 2,...,N ). Depending on the modulation for­
mat, each channel signal can be modulated in amplitude by 
an information signal sample Si (k, t) with a duration Ts, and 
also in phase ji (k, t), where k characterises the number of val­
ues (position) of the modulated signal parameter. For example, 
if QPSK signals are transmitted in the channels, then Si (k, t) = 
const, and j (k, t) = (2k – 1)p/4 (k = 1, 2, 3, 4). For the OFDM 
signal, the frequency spacing between channels is DW = 2p /Ts. 
After combining in the summator, a group multichannel signal

S(t) = ( , ) ( , )cosS k t t k ti i i
i
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arrives at an optical single-sideband modulator (OSSBM), 
the other input of which receives light with a frequency w0  
from a coherent source, for example, from a laser diode (LD). 
At the OSSBM output, the optical field contains the spectral 
component E0 at the frequency w0 and the single sideband 
(SSB) at w1 – wN, where wi = w0 + W i are the optical frequen­
cies of the ith channel subcarriers (i = 1, 2, ..., N ). The imple­
mentation of optical single-sideband modulation is possible, 
for example, using a Mach – Zehnder modulator on a LiNbO3 
crystal with double electrodes [14, 15]. To compensate for 
losses in the optical path, an optical amplifier (OA) is used at 
the transmitting end.

Thus, at point A (Fig. 1) an optical OFDM signal is 
formed, the spectrum of which is shown in Fig. 2 (left-hand 
plot). The optical signal, propagating over a distance L along 
the fibre, is detected by a photodiode (PD) and signal samples 
are extracted using demodulators (DM). To estimate the dis­
tortion of signal samples due to the nonlinear phenomena of 
SPM, XPM, and OA noise, it is necessary to find the Q-factor 
at the outputs of the demodulators.

If we assume that the OSSBM has a linear modulation 
characteristic, then at point A, the optical field strength is 
determined by the carrier with the amplitude E0 and the group 
single-sideband signal
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where Ei (k, t) are the field amplitudes corresponding to multi­
level signal samples in the ith channel; and ji (k, t) are the sig­
nal phases in the ith channel.

For further analysis, we transform (2) with respect to 
some fictitious optical frequency wf = (w1 + wN)/2:
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	 = A(t)cos(wf t) – B(t)sin(wf t),	 (3)
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Figure 1.  Schematic of a fibre-optic OFDM transmission system (see 
text).
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and

B(t) = ( , ) ( ) ( , )sinE k t t k tfi i i
i

N

1

w w j- +
=

6 @/ .	 (5)

As seen from (3), ESSB(t) is an amplitude-modulated oscilla­
tion at the fictitious frequency wf:

ESSB(t) = Em(t)cos[wf t + f(t)],	 (6)

with an amplitude and a phase

Em(t) = ( ) ( )A t B t2 2
+ ,	 (7)

tan f(t) = 
( )

( )

A t

B t
.	 (8)

Thus, the multichannel signal can be represented as an 
amplitude-modulated oscillation at a fictitious frequency wf 
with an amplitude Em(t), which is shown schematically in 
Fig. 2 (right-hand plot). In this case, the analysis is simplified, 
since instead of a multichannel signal consisting of frequency-
separated channel subcarriers, we consider one fictitious ampli­
tude-modulated signal whose power is equal to the power of 
the group single-sideband signal. Therefore, knowing the ampli­
tude of this fictitious signal, one can find its power. Substituting 
expressions (4) and (5) into (7) and performing a series of 
trigonometric transformations, we obtain
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Assuming that with optical single-sideband modulation at 
point A (Fig. 1), 50 % of the input optical power (Pin0) is con­
centrated in the optical carrier, and the rest of it is evenly dis­
tributed between the subcarrier channels [14], then, given that 
the power P µ E 2(t) and also the fact that
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Thus, the total power in an optical fibre is given by
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where Pin0 is the average value of the optical power at the 
fibre input (at point A). The second term in (11) shows fluc­
tuations in the optical power near the mean value in time; the 
magnitude of the fluctuations depends on the frequency dif­
ference and the actual phases of the pair subcarriers of the 
channel signals.

The SPM and XPM phenomena lead to additional phase 
shifts in the subcarrier channels. The nonlinear phase shift 
depends on the total optical power in the fibre [7, 8]:

F nl(t) = gLeffPS (t),	 (12)

where g and Leff are the nonlinear coefficient and the effective 
length of the optical fibre, respectively. For standard single 
mode fibre (SSMF), we have g = 1.2 W–1 km–1 and Leff = 
12.6 km at L = 20 km.

Substituting (11) into (12) and taking into account the fact 
that the phase shift in SPM is proportional to the power of the 
subcarrier channel, we obtain 
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F nl(t) = FSPM + FXPM.	 (15)

Comparing (13) and (14), we see that the phase shift due 
to SPM is time-independent and insignificant in comparison 
with the shift due to XPM, since the optical power per one 
subcarrier channel is small and equal to Pin0 /(2N). The phase 
shift due to XPM has an average value of gLeff Pin0 and ran­
domly fluctuates depending on the transmitted information 
symbols. If we do not consider the random character of the 
transmitted data, the resulting value of the double sum in (14) 
depends strongly on the number of channels and is N(N – 1). 
In this case, F XPM is ~N 2 times greater than FSPM. This 
approach excessively overestimates the effect of XPM on sub­
carrier channels and is unacceptable for calculations, since it 
does not take into account the random nature of the informa­
tion data.

To more accurately estimate the influence of the phase 
shift due to XPM on the subcarrier channels, computer simu­
lations were performed to calculate the double sum in (14), 
taking into account the discrete nature of phase changes of 
multilevel signals in the subcarrier channels. Computer mod­
elling was performed in the MathCAD environment using the 
built-in ‘mean’ and ‘stdev’ functions to calculate the mean 
and standard deviation of the phase sph during a single sam­
ple. The simulation results show that the random nature of 
the change in amplitude – phase positions in information sig­
nals in different subcarrier channels leads to the fact that at N 

... ...
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Figure 2.  Spectrum of the optical OFDM signal.
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> 32 the third term in (14) is described by the normal phase 
distribution law.

Figure 3a shows an example of optical carrier phase fluc­
tuations during a single sample when N = 128 subcarriers of 
QPSK channels are transmitted with a frequency spacing of 
64 MHz. One can see that XPM leads to the emergence of 
high-frequency (relative to the channel frequencies) phase 
fluctuations. Figure 3b shows the phase distribution density 
as a histogram. The analysis shows that the mean value of the 
fluctuating phase tends to zero, and its standard deviation 
tends to sph » 1/ 2  » 0.707, which indicates the indepen­
dence of the standard deviation áFXPM ñ on the number of 
channels at N > 32:

áFXPM ñ » gLeff 
P
2
in0 (2 + sph) » 1.35 gLeffPin0.	 (16)

Comparing (13) and (16), we see that a significant contri­
bution to the signal distortion is made by XPM, and the con­
tribution of SPM can be neglected even at N > 4. For exam­
ple, for a fibre optic transmission system with an SSMF fibre 
length of L = 20 km, the number channels N = 64 and a power 
Pin0 £ 10 mW, the calculated phase shifts are as follows: 
FSPM £ 1.2 ́  10–3 and FXPM £ 0.2. These nonlinear phase 
shifts are received by all subcarrier channels. Consider the 
optical field of the ith channel subcarrier, which has reached 
the PD:

Ei (t) = Ei (k, t) cos[wi t + ji (k, t) + Fnl(t)]

	 = Ei (k, t){cos[wi t + ji (k, t)] cos[Fnl(t)]

	 – sin[wi t + ji (k, t)] sin[Fnl(t)]}.	 (17) 

We simplify (17), taking into account that Fnl < 1,

Ei (t) » Ei (k, t) cos[wi t + ji (k, t)]

	 – Ei (k, t)Fnl(t) sin[wi t + ji (k, t)].	 (18)

During detection, the optical carrier mixes with the sub­
carrier signals and at the PD output we have a photocurrent I 
proportional to [E0 cos(w0t) + ESSB(t)]2 averaged over a time 
interval T greater than the optical field period:
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where áI0ñ is the constant component of the photocurrent; 
áIavñ is the average photocurrent corresponding to the trans­
mitted OFDM signal S(t); áInñ is the average noise current due 
to the signal – signal beating interference (SSBI). Note that 
the spectrum of beating interference occupies a low-frequency 
region and its influence on subcarriers can be eliminated by 
selecting a guard band between the carrier and the OFDM 
signal [4].

3.  Q-factor

To predict the distortions of the signals of the channel subcar­
riers arising in the optical path due to SPM and XPM, we 
assume that the photodetection process and subsequent 
demodulation of the signals do not introduce distortions. In 
this case, the photocurrent corresponding to the ith channel 
of the OFDM signal is

áIiñ µ ( ) ( )lim cos d
T

E E t t t1 2
T

i

T

0 0
0

w
"3
y  µ Si (k, t) 

	 ´{cos[Wit + ji (k, t)] – Fnl(t) sin[Wit + ji (k, t)]}.	 (20)

The first term in (20) is an undistorted transmitted signal in 
the ith channel, and the second term is the quadrature distor­
tion of the signal in this channel. In Fig. 4, the IQ diagram 
corresponding to the QPSK signal in the Cartesian coordi­
nate system shows the resulting quadrature distortion of the 
signal due to SPM and XPM for two samples of the informa­
tion signal (k = 1 and 4). One can see that SPM and XPM lead 
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to the appearance of quadrature noise with a standard devia­
tion s in the transmission of each signal sample.

It is seen from Fig. 4 that for a QPSK signal the standard 
deviation of noise s due to XPM is found through the abso­
lute value of the difference of distorted and undistorted sam­
ples: s = ( ) ( )S k S k*

i i- cos[j(k)], where j(k) = p/4. On the 
other hand, ( ) ( )S k S k*

i i-  is determined after the channel 
signal demodulation (20); this difference can be found from 
the right-angled triangle (Fig. 4), formed by a leg Si (k) and 
hypotenuse ( )S k*i :

( ) ( ) ( )S k S k S k*
nli i i

2 2 2 2F= +6 @ ,

hence, ( ) ( )S k S k*
i i-  » Si (k) nl

2F /2. Consequently,

s = Si (k) nl
2F cos[j(k)]/2.	 (21)

The channel signal quality during reception due to the nonlin­
ear phase shift is determined by the expression [8]
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S
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( ) [ ( )]cosS k k
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2 j

D
F

.	 (22)

When normalising the constellations of samples of a multi­
level signal, the minimum distance between the samples of the 
information signal is SminkD  = 2 /( M  – 1) (M is the signal 
positionality [2, 3]). Then SminkD  = 2  for QPSK, 2 /3 for 
16-QAM, 2 /7 for 64-QAM and 2 /15 for 256-QAM.

Taking into account (16), the normalisation of the sam­
ples [Si (k) ® 1] and the worst position of neighbouring sam­
ples from the point of view of the quality index of multilevel 
signals [j(k) ® 0], we obtain

QXPM ³ 
Smin

eff in

k

0
2

D
. L P1 35g^ h

.	 (23)

To simplify the analysis, we neglected in (19) the noise com­
ponent of amplified spontaneous emission, i. e. the OA noise 
that has reached the PD, at the output of which an additional 
noise current appears. The quality of the channel signal dur­
ing reception due to the influence of ASE noise is determined 
by the expression [2, 3]

QASE = 
/( )N F

P S

2 2

min
in

i

k0

' pw D
D
W

,	 (24)

where F is the OA noise factor (in calculations F = 4 dB).
To determine the combined effect of ASE noise and XPM 

noise on the signal quality, it is necessary to take into account 
their random nature and independence from each other, i. e., 
the variance of the resulting noise is equal to the sum of the 
variances of each noise. Thus, the total QS-factor can be 
found from the relation [11 – 13, 16]

1/Q 2
S  » 1/ /Q Q1XPM ASE

2 2
+ .	 (25)

4. Results of calculations

The calculations were performed using formulas (22) – (25) 
for QPSK, 16-QAM, 64-QAM and 256-QAM modulation 
formats. Figure 5 shows, as an example, the dependences of 
Q-factors on the total power in the fibre for different number 
of QPSK-modulated channel subcarriers (N = 64, 128, 256 

and 512). This figure corresponds to the case of transmitting 
an OFDM signal at a wavelength of 1.55 mm over a SSMF 
with L = 20 km, when the frequency spacing between subcar­
riers is 64 MHz. Figure 5 also shows the straight lines that 
limit the Q-factor in power, which correspond to XPM 
(QXPM) and four-wave mixing (QFWM). Note that the factor 
QFWM is calculated by the formulas given in [17]. It can be 
seen that the limiting factor is four-wave mixing, rather than 
XPM. This is due to the fact that the frequency spacing between 
subcarriers is relatively small (up to several GHz) and the 
transmission distance is 20 km. With increasing power in the 
channels, when the total optical power in the fibre exceeds 
12  dBm, QPSK-signal transmission will become impossible, 
since for reliable signal transmission (without applying cor­
rection coding) with an error probability of 10–12, it is neces­
sary that QS > 17 dB [18]. An increase in the number of chan­
nels with the total optical power in the fibre to 12 dBm leads 
to a decrease in the total QS-factor due to the influence of 
ASE noise, since at the same noise levels the power per one 
channel decreases. An increase in the number of channels 
decreases twofold the total QS-factor by ~ 6 dB. Thus, there 
may be a situation where, in addition to the upper limit, it is 
necessary to provide a minimum level of the total optical 
power in the fibre. For example, in Fig. 5, when transmitting 
N = 512 subcarriers, the minimum optical power should 
exceed +1.4 dBm.

The situation changes when amplitude – phase modula­
tion methods are used in subcarrier channels. The analysis 
shows that with a frequency spacing between subcarriers of 
not more than 1 GHz and for M-QAM modulation formats, 
where M > 16, the XPM becomes the dominant undesirable 
phenomenon. Figure 6 shows an example of the dependence 
of Q-factors on the total power in the fibre for a different 
number of 64-QAM-modulated channel subcarriers (N = 64, 
128, 256, and 512). As in the case of transmission of QPSK 
signals, the frequency spacing between subcarriers is 64 MHz. 
Comparing Figs 5 and 6, we see that the M-QAM-modulated 
signals are about M – 1 times less noise-immune than the 
QPSK-modulated ones. Moreover, with the number of chan­
nels N > 128, when QS < 17 dB, the channels require the use 
of forward error correction (FEC) technology [15].

Note that if the optical power in the fibre is maintained at 
a given level, then the contribution of nonlinear interference 
due to four-wave mixing does not depend on the number of 
channels (if N L 64) [17]. The results of noise calculations due 
to XPM show a similar pattern. Moreover, it follows from the 
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Figure 5.  Dependences of Q-factors on the total power PS in a 20-km-
long SSMF for QPSK-modulated channel subcarriers with a 64-MHz 
frequency spacing for N = ( 1 ) 64, ( 2 ) 128, ( 3 ) 256 and ( 4 ) 512.



	 V.A. Vardanyan400

calculations that the noise due to XPM is slightly dependent 
on the variation of the frequency spacing between the subcar­
riers if the maximum frequency spacing does not exceed 
1 GHz, in contrast to four-wave mixing, in which small fre­
quency spacings between channels lead to a strong channel 
interaction [9]. On the other hand, an increase in the fre­
quency spacing between subcarriers causes a significant con­
tribution of ASE noise. Therefore, in designing fibre-optic 
transmission systems for OFDM signals with specified qual­
ity criteria, it is necessary to choose compromise solutions, 
taking into account not only the frequency spacing between 
the channels, the modulation format of signals and the OA 
noise that have reached the PD, but also the effect of XPM 
and four-wave mixing on signals.

5. Conclusions

We have considered a fibre-optic transmission system for 
OFDM signals in which subcarrier channels have QPSK and 
M-QAM modulation formats. A technique for estimating the 
OFDM-signal quality due to SPM and XPM has been pro­
posed. The analysis shows the following:

– The influence of SPM and XPM on the signal quality 
does not depend on the number of channel subcarriers in the 
OFDM signal at a sufficiently large number (more than 32), 
and also on the frequency spacing between them if the optical 
power in the fibre is kept constant.

– In practice, the influence of SPM on OFDM-signal sub­
carrier channels can be neglected because of the low power in 
these channels.

– To ensure the required noise immunity, it is necessary to 
limit the total optical power in the fibre. QPSK-modulated 
signals are less susceptible to XPM, M-QAM-modulated sig­
nals are more prone to XPM. At M = 16, the contribution 
from the XPM is commensurate with the contribution from 
four-wave mixing, and at М ³ 64 XPM becomes the domi­
nant limiting noise factor.

– The minimum optical power in the subcarrier channels 
is necessary to overcome the effect of amplified spontaneous 
emission noise of the optical amplifier. This power depends 
on the frequency spacing between the subcarrier channels and 
their number in the OFDM signal.

The results obtained can be used in the design of passive 
optical networks using OFDM technology and show the need 
to take into account the nonlinear XPM phenomenon occur­

ring in an optical fibre, especially when transmitting M-QAM 
signals.
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