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Abstract.  We propose an optical configuration of a reflective mode 
X-ray microscope which operates by the reflection of radiation inci-
dent on an object at grazing incidence. Primary emphasis is placed 
on the image recording with minimal aberrations. Numerical simu-
lations are used to estimate the spatial resolution and the field of 
view, and a comparison is made with the results of investigation of 
surface-modified objects with a reflective mode X-ray laser micro-
scope operating at a wavelength of 14.9 nm.

Keywords: X-ray microscopy, X-ray lasers, coherent optics, incli-
ned object, Fresnel integral.

1. Introduction

At present there is a demand for nanoscale surface investiga-
tions of various materials and processes. The cases  in point 
are ablation, phase transitions, self-organisation, physico-che-
mical transformations, etc. [1, 2]. Since investigations are made 
of  surfaces  and  the  films  on  them,  it  would  be  natural  to 
obtain  their  images  with  a  microscope  using  the  radiation 
reflected from the surface of a sample. Required in this case is 
the  wavelength  that  can  provide  the  corresponding  resolu-
tion. On the one hand, the shorter the wavelength, the higher 
the resolution obtainable. One the other hand, of importance 
in some problems is the depth of radiation penetration in the 
material. In particular, it is undesirable that the probing radi-
ation penetrates to a depth greater than the investigated layer 
thickness [1], which may be much thinner than the skin layer 
in the IR and visible wavelength ranges. Finally, with decreas-
ing wavelength the sources and optics become less accessible 
and more expensive. In view of these factors, in many prob-
lems  of  nanophysics  and  nanotechnology  the  observations 
are carried out employing radiation with a photon energy of 
0.1 – 10 keV. However, at these wavelengths a significant frac-
tion  of  radiation  is  reflected  only  at  small  (£  10 °)  grazing 
angles. Therefore, this brings up the idea of making an X-ray 
microscope operating by the reflection of radiation incident 
on an object at grazing incidence. In this case, preference is 
shown  to  laser  or  other  coherent  radiation  sources  [1, 2]  to 
illuminate the object. A possible optical scheme of this type of 
microscope is considered in our work. Among its topical appli-

cations  is  the  diagnostics  of  submicron  electron  beams  of 
modern accelerators [3].

2. Preliminary analysis, two-dimensional case

The generalised schematic of the proposed microscope is pre-
sented in Fig. 1. The radiation with a wave vector k is reflected 
from the surface of an inclined sample ( 1 ) and passes through 
a lens ( 2 ). In this case, in the geometrical optics approxima-
tion the lens forms an intermediate image in the plane opti-
cally  conjugate  to  the  object  plane.  To  state  it  in  different 
terms,  the  object  and  the  image  lie  in  the  ray  sAx',  which 
passes through the lens. As shown by Artyukov et al. [4], in 
paraxial optics this remains approximately valid for coherent 
imaging as well.

When a detector is placed in the image plane, the grazing 
angle q' relative to the detector may be written as

tan q' = 
M
1
0
tan q,  (1)

where М0 = L2 /L1 is the magnification for a vertically posi-
tioned object. The magnification M(q) of an inclined object is 
defined by the formula

M2(q) = M0
2sin2q + M0

4cos2q,  (2)

which, as shown in Ref. [5], may be derived by transformation 
of the amplitude of coherent beam field. Evidently, for large 
M(q) values
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Figure 1. Optical schematic of the microscope (two-dimensional case): 
 ( 1 ) object; ( 2, 4 ) lenses; ( 3 ) diffraction grating (phase screen); ( 5 ) image 
(detector). The image and diffraction grating planes are optically conju-
gate relative to lens 2, and the grating and image planes are optically 
conjugate relative to lens 4.
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M0 » 
( )

cos
M

q
q
,  (3)

i. e. at least M0 > 1. Hence it follows, in view of formula (1), 
that q' < q, i. e. the image plane is located at a smaller angle 
than the sample. This image plane position is extremely unde-
sirable  due  to  the  total  external  reflection  of  radiation  not 
only  from the sample, but also from the detector.  It can be 
obviated  by  placing  a  diffraction  grating  ( 3 )  in  plane  s'  to 
direct the beam in the direction perpendicular to the grating 
(see  Fig.  1).  Next  lens  ( 4 )transfers  the  intermediate  image 
onto a detector ( 5 ) at normal incidence.

The  intermediate  image,  its  magnification  and  position 
are defined by the relations [5]

I(s' ) = 
( )M

I
M
s1

0
0 q

l
; E,  (4)

M(q) = M0(sin q)/(sin q’ ),  (5)

L L f
1 1 1
1 2 1
+ = ,    tan q' = 

M
1
0
tan q,    M0 =  L

L

1

2 ,  (6)

where  f1  is  the  focal  length of  lens 2; I (s' ) and I0(s) are  the 
intensities of the intermediate image and the object.*

Therefore, the proposed microscope scheme consists of two 
parts separated by a diffraction grating. The wavelength choice 
and the optical parameters of either part are defined by the spe-
cific problem and available optical elements. The first part of 
the scheme consisting of an object ( 1 ), a lens ( 2 ), and a grating 
( 3 ) provides  rotation  of the image plane to a more convenient 
form  for further magnification and recording. In this case, the 
magnitude of M(q) in this part of the optical scheme is of no 
fundamental  importance. After  the grating  ( 3 )  the  radiation 
passes through a lens ( 4 ) and is normally incident on the detec-
tor ( 5 ), which is located in the plane conjugate to the grating 
plane relative to the lens ( 4 ). This is the second part of the opti-
cal scheme. It, in fact, forms the magnified image.

3. Three-dimensional geometry

Let us consider the three-dimensional case. The intermediate 
image intensity distribution (Fig. 2) is defined by the expres-
sion [5]

I(s', y' ) = 
( )
,

M
I
M
s

M
y1

0
2 0

0q
l l

= G,  (7)

where  M(q),  M0  and  the  relations  between  q  and  q'  are 
defined, like in the two-dimensional geometry, by formulas 
(5) and (6).

Therefore, the magnification along the s' axis is equal to 
M(q) and along the y' axis  is equal to M0. We also give the 
formula for the image magnification along the direction spec-
ified by an angle y in the object plane:

M(q, y) = M0 ( )cos cosM1 10
2 2 2q y+ - .  (8)

Expressions (7) and (8) generalise to the three-dimensional 
case formulas (4) and (5) for the intermediate image.

4. Numerical simulations

To estimate  the  spatial  resolution, we performed numerical 
simulations of the configuration given in Fig. 2. To this end, 
a test field distribution was specified in the object plane ( 1 ). 
Based  on  this  distribution,  we  proceeded  along  the  optical 
axis by calculating the field sequentially in the planes ( 2 – 4 ) 
of the optical elements subject to the transformation by these 
elements. After that, the resultant field was calculated in the 
detector plane ( 5 ).

To calculate the field at the left surface of lens 2 produced 
by  the  test  distribution  in  the object plane  ( 1 ), we used an 
analogue of the Fresnel integral in the case of a tilted object, 
a  tilted  object  integral  (TOI)  [6],  in  the  three-dimensional 
case:

u (x, y, z) = 
,3 z( )

( )

( )tan

i
d

dk x z
y

z z

u y z z

2 2

0

p
q+

-33 --

l
l

l l lyy

  ´ 
( )

( ) ( )
exp

tan
ik

z z

y y x z

2

2 2q

-

- + +

l

l l
= G, x > – z cos q.  (9)

The  field at  the  right  side of  lens 2 was obtained as  the 
product of the field u (x, y, z) and the factor

T (x, y) = exp[– ik(x2 + y2)/(2f1)],  (10)

which describes the transformation effected by the lens [ f1 is 
the focal distance of lens ( 2 )].

Next, to calculate the field in the intermediate image plane 
( 3 ),  advantage  was  taken  of  the  ordinary  Fresnel  integral. 
Without  changing  the  slowly varying  field amplitude u,  the 
diffraction grating ( 3 ) turns the direction of wave propaga-
tion by an angle p/2 – q’, i. e. the radiation propagates perpen-
dicular to the grating after passing through it.

Subsequently the field at lens 4 was once again calculated 
with  the  ordinary Fresnel  integral. Lens 4  acts  in  the  same 
way as lens 2, in accordance with formula (10), except that it 
has a focal distance f2. After that the field at the detector was 
determined,  also  using  the  Fresnel  integral.  The  inclined-
object field (9), like the Fresnel integral, was calculated by the 
fast Fourier transform algorithm [7].

* Expressions (4) and (5) are approximate, more rigorous relationships 
can be found in Ref. [5].
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Figure 2. Optical  schematic  of  the microscope  (three-dimensional  ge-
ometry):  
( 1 ) object; ( 2, 4 ) lenses; ( 3 ) diffraction grating (phase screen); ( 5 ) image 
(detector). The image and diffraction grating planes are optically conju-
gate relative to lens 2, and the grating and image planes are optically 
conjugate relative to lens 4.
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Figure 3. ( a ) Test object in the form of a star and ( b, c, d ) results of numerical simulation of the the object’s image for different angles of grazing 
beam incidence: q = ( b ) 22.5, ( c ) 10 and ( d ) 1°.
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Figure 4. ( a ) Test object in the form of numerals of different size located at different distances from the optical axis and ( b, c, d ) results of the nu-
merical simulation of object images for second lens apertures NA2 = ( b ) 0.05, ( c ) 0.025, and ( d ) 0.01.
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Figure  3  shows  the  results  of  simulations  which  permit 
estimating  the  influence of  angle q  on  the  resolution of  the 
optical system schematised in Fig. 2. The simulations were per-
formed for the following parameters: wavelength l = 13.9 nm, 
numerical apertures of the lenses ( 2 ) and ( 4 ) NA1 = NA2 = 
0.025,  f1 =  f2 = 1 cm, L1 = L2 = 2f1, L3 = 1.0127 cm, L4 = 
80 cm. The object of size 100 ́  100 mm is inclined at an angle 
of 22.5 °  to  the optical axis. For  the  sake of verification we 
performed the simulation of the image of the vertical object. 
The resultant field distribution is little different from the ini-
tial field in the object plane plotted in Fig. 3a.

Now let us consider the effect of the aperture of the sec-
ond lens (Fig. 4). The simulation was performed for the fol-
lowing parameters: l = 13.9 nm, q = 22.5 °, NA1 = 0.025, f1 = 
f2 = 1 cm, L1 = L2 = 2f1, L3 = 1.0127 cm, L4 = 80 cm. In this 
case, the aperture NA2 was equal 0.05, 0.025, and 0.01 (object 
dimensions: 00 ́  100 mm). With reference to the drawing, low-
ering  the  aperture NA2,  as  would  be  expected,  results  in  a 
blurring of the image.

It  is  of  interest  to  compare  the  action  of  our  proposed 
scheme (Fig. 2) with the action of the optical scheme described 
in Ref. [1] (Fig. 5). The efficiencies of both schemes may be 
compared using the simulation results presented in Fig. 6.

The image of a test object (Fig. 6a) was calculated for our 
scheme (Fig. 2) for l = 13.9 nm, NA1 = NA2 = 0.025, f1 = f2 = 
1 cm, L1 = L2 = 2f1, L3 = 1.0127 cm, and L4 = 80 cm. The angle 
of grazing beam incidence on  the object q = 22.5 °  (Fig. 6b) 
and 10 ° (Fig. 6c). Figure 6d shows the simulation results for 
the optical  configuration  schematised  in Fig. 5, which were 
obtained  for  the  following parameters: l = 13.9 nm, NA = 
0.025, f = 1 cm, L = 80 cm, L0 = 1.0127 cm, and q = 22.5 °. 
When  comparing  Figs 6b and 6d one can see that our pro-
posed scheme shows a slight degradation of the image quality 
but provides a larger field of view.

We note the optical elements involved in our proposed 
scheme,  the  lenses  and  the  diffraction  grating  for  which 
numerical simulations were performed, were assumed to be 
perfect and were presented as phase screens. In the case of 
a  real  grating,  its  image  is  partly  superimposed  on  the 
image, i. e. it is valid to say that the grating is illuminated 
with  an  intermediate  image.  The  resultant  image  in  the 
plane s''  will be only slightly distorted when the character-
istic  size of  the  features of  the  intermediate  image exceeds 
the grating spacing d. When then the characteristic size d of 
the smallest elements of the intermediate image pattern on 
the grating surface is much greater than the grating spac-
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Figure 5. Simplified optical  schematic  of  the  experiment  described  in 
Ref. [1]:  
( 1 ) sample; ( 2 ) lens (Fresnel zone plate); ( 3 ) detector.
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Figure 6. ( a ) Test object and ( b, c, d ) results of numerical simulations 
for the optical schemes depicted in Fig. 2 ( b and c ) and Fig. 5 ( d ).
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ing d,  i. e. d >> d  **,  the resultant image distortion arising 
from  the  relief  or  structure  of  the  grating  is  insignificant. 
However, when the image element is comparable in size to the 
grating spacing, significant distortions will emerge. Since the 
grating spacing

d = nl/cos q',  (11)

there appears an additional limitation on the size of the image 
element at the grating plane: d >> l.

5. Conclusions

This work proposes  an optical  configuration of  a  reflective 
mode X-ray microscope which operates by  the reflection of 
radiation  incident on an object at grazing  incidence. In this 
case, one can avoid problems with low reflectivity of the sam-
ples under investigation at large angles of the incident radia-
tion. The optical  configuration  comprises  two  focusing  ele-
ments and a diffraction grating, which provides  the normal 
incidence of radiation on the detector. Direct numerical simu-
lations  bear  out  the  similarity  between  the  image  and  the 
object down to grazing angles of ~ 10 °.The proposed micro-
scope  possesses  an  appreciably  lar ger  field  of  view  in  com-
parison with  the  simplest  configuration  comprising a  single 
optical element (a zone plate in the case of Ref.  [1]). Model 
simulations  and  a  comparison  with  experiment  were  per-
formed for the l = 13.9 nm wavelength of laboratory X-ray 
lasers. A further elaboration of the propo sed optical configu-
ration may involve a displacement of the diffraction grating 
from the intermediate image plane so as to improve the image 
quality at the detector. In this case, simulations can also be 
carried out using our developed programs.

The results of our work may be of interest in the nanome-
tre surface investigation as well for the submicron diagnostics 
of electron beams from the transition radiation in the vacuum 
UV region.
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** This brings up a limitation on the resolving power of the microscope 
associated with  the  shortest  attainable  grating  spacing.  In particular, 
Voronov et al. [8] fabricated and tested gratings with a period of 100 nm.


