
Quantum Electronics  48 (4)  351 – 357  (2018)  © 2018  Kvantovaya Elektronika and Turpion Ltd

Abstract.  Generation of a second giant pulse in a longitudinal mode 
neighbouring to the longitudinal mode possessing minimal losses is 
theoretically and experimentally studied in actively Q-switched lasers. 
A mathematical model is suggested for explaining the giant pulse 
generation in a laser with multiple longitudinal modes. The model 
makes allowance for not only a standing, but also a running wave 
for each cavity mode. Results of numerical simulation and data of 
experiments with a Nd : YLF laser explain the effect of second giant 
pulse generation in a neighbouring longitudinal mode. After a giant 
pulse in the mode with minimal losses is generated, the threshold for 
the neighbouring longitudinal mode is still exceeded due to the 
effect of burning holes in the population inversion spatial distribu-
tion.

Keywords: active Q-switching, giant pulse, post-pulse, spatial hole 
burning, running wave.

1. Introduction

Solid-state Q-switched lasers are widely employed in science 
and  technology. Many applications  require  the  single-mode 
regime, which provides a smooth laser emission pulse with a 
Gaussian  beam  intensity  profile  distribution.  Selection  of 
transverse modes is not difficult, whereas longitudinal mode 
selection is the main problem in developing such lasers. There 
are  many  approaches  for  obtaining  single-mode  emission. 
Most  of  them  are  based  on  the  mode  selection  by  a 
Fabry – Perot interferometer (FPI). A high pump energy excess 
over  the  threshold  value  specific  of  the Q-switching  regime 
requires FPIs with a narrow transmission spectrum, capable 
of  providing  a  substantial  loss  difference  for  neighbouring 
cavity longitudinal modes. Nevertheless, even if the width of 
FPI  transmission  spectrum approximately  equals  the  cavity 
mode distance, the double-mode oscillation regime may occur 
in the case of symmetrical positions of the two modes relative 
to the FPI maximal transmission. If the cavity length is unsta-
ble and randomly varies within the limits of half-wavelength, 
then the cavity modes shift relative to the FPI spectrum; thus, 
the double-mode emission may occur. A small  instabi lity of 
the optical cavity length is inevitable due to temperature vari-

ations  in  an  active  element  (AE)  and  air,  as well  as  due  to 
some other factors.

There are many ways to realise the single-mode and sin-
gle-frequency emission (see, for example, [1 – 9] and references 
therein). Most approaches are based on keeping the frequency 
of one of the cavity modes near the FPI maximal transmission 
by using a feedback and active control of the cavity length. 
The main problem in this case is obtaining actual informa-
tion about cavity mode positions. For this purpose,  in  [4, 5] 
the FPI reflection coefficient is used, and in [6] free emission 
peak profiles are analysed. In  [7, 8],  the  long-duration-pulse 
pumping (6 ms) is used for obtaining single-frequency emis-
sion. The method suggested in [9] monitors longitudinal mode 
positions  relative  to  the  FPI  transmission  maximum.  The 
method  is based on observing  emission of  the  second giant 
pulse (post-pulse). The post-pulse, observed in a time instant 
after the main giant pulse terminates, gives a chance to obtain 
information about mutual dispositions of cavity longitudinal 
modes and  the FPI  transmission maximum. The post-pulse 
emission    in  a  neighbouring  longitudinal mode was  experi-
mentally observed in [9], where it was qualitatively explained 
based on the effect of burning holes in the spatial distribution 
of population inversion. After the main giant pulse has been 
formed,  the  AE  comprises  the  domains  (standing  wave 
nodes),  which  did  not  participate  in  generating  the  main 
mode, and have the residual population inversion exceeding 
the threshold value for a neighbouring mode. The remaining 
population inversion makes it possible to generate a second 
giant pulse at a neighbouring longitudinal mode.

In the present work, we give a strict theoretical explana-
tion of the post-pulse emission effect  in actively Q-switched 
lasers. The mathematical model developed describes correctly 
the effect of burning holes in an AE and demonstrates rela-
tion between the post-pulse emission parameters and the con-
ditions of FPI transmission for cavity eigenmodes. Depen-
dences of a post-pulse amplitude and its delay relative to the 
main  giant  pulse  are  experimentally  studied  versus  the  loss 
difference  for  the  two modes. The experimental  results well 
coincide with theoretical predictions, demonstrate the possi-
bility to compensate for variations of the cavity optical length 
in real time and prevent double-mode emission.

2. Modelling emission dynamics of multimode 
Q-switched lasers

2.1. Model description

Dynamics of laser pulse generation and population inversion 
in an AE is described by the system of equations [10]:
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are eigenmodes of an open cavity without losses to the radia-
tion output; i = 1, 2,…, Nm is the longitudinal mode number; 
Nm is the number of modes; q0 is the central mode number; mi 
is the field intensity for the ith cavity mode normalised to the 
saturation intensity; ki is the wave vector of the ith mode; n is 
the population inversion for AE lasing levels; t = t/t21 is the 
time normalised  to  the  relaxation  time of population  inver-
sion for lasing levels t21; z0 is the coordinate of the AE front 
face; l is the AE length; gi is the ratio of the ith mode gain to 
that of the mode nearest to the line centre ( gi £ 1); A  is the 
pump para meter corresponding to the maximal possible pop-
ulation inversion;
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is the cavity photon lifetime; tc = Lopt /c; Lopt is the cavity opti-
cal length; c is the speed of light; R1 is the reflection coefficient 
of the output mirror; R2 is the effective reflection coefficient 
of the second mirror, which includes all the losses for the cen-
tral mode; and bi are additional losses of the ith mode relative 
to the central mode losses.

As a Q-switch we will consider a Pockels cell (PC). In (1), 
the losses for cavity modes bi comprise the losses bPC related 
to the PC and the additional losses for the ith mode D bi rela-
tive to the losses of the central (first) mode b1. Thus, we have

bi = bPC(t) + D bi, (4)
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and T l is the instant of PC triggering, which actually corre-
sponds to that of the maximal intensity for an emission peak.

For  excluding  the  spatial  variable  z  and  simplifying  the 
model we  separate  the AE  to  layers  in  such a way  that  the 
thickness of each layer is less than the emission wavelength. 
In each layer, the wave functions Yi are taken constant. For 
each layer, a variable nk(t) is introduced. Hence, the integral 
over z in (1) turns to a sum, and system of equations (1) looks 
as follows:
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where nk  is  the population  inversion  in  the kth  layer of  the 
AE; zk is the coordinate of the kth layer; and Dz = l/10 is the 
layer thickness.

The  model  was  simulated  in  MATLAB  by  a  program 
capable  of  solving  the  system  comprising  several  hundred 
thousand differential equations; in the calculations, the well-
known fourth order Runge – Kutt method was used, which is 
a numerical method for solving the Cauchy problem for first-
order ordinary differential equations and systems.

Importantly,  the model described above  is developed  in 
the standing wave approximation. However, intensities of the 
waves running across the cavity to the right and left differ due 
to  the  radiation output  from the cavity and due  to  the  fact 
that  the  waves  are  amplified  in  different  directions.  Thus, 
instead of (2) we will write the cavity eigenwaves in the form
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2.2. Determining constants corresponding  
to the experimental conditions

The modelling requires some parameters such as initial values 
of  field  intensities  for modes,  the pump parameter, and  the 
losses introduced by various elements including FPI, PC, etc. 
Figure  1  presents  a  schematic  of  the  laser;  its  operation  is 
thoroughly described below.

Part of horizontally polarised emission, which is not extrac-
ted from the cavity by a polariser, that is, the intensity trans-
mission coefficient of the optical shutter is

TPC = cos
U
U

2/

2

4

p
l

c m,  (7)

where U is the voltage across the PC; and Ul/4 is the quarter-
wave voltage, that is, the voltage corresponding to the polari-
sation vector turn by p/2 after a linearly polarised wave twice 
passes the PC. The coefficient responsible for the losses intro-
duced by the shutter is

Oscilloscope
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P2

M1 M2Dl/4

Nd:YLF FPI1 FPI2

PC

FD1

FD2

SU PSPC

Figure 1. Schematic of the laser: 
( M1, M2 ) mirrors; ( D ) diaphragm; ( P1, P2 ) polarisers; ( Nd : YLF ) ac-
tive element; ( FPI1, FPI2 ) Fabry – Perot interferometers with the sur-
face reflection coefficients of ~ 66 % and bases of 3 and 15 mm; ( PC ) 
Pockels  cell;  ( SU )  synchronising  unit;  ( PSPC )  power  supply  for  the 
Pockels cell; ( FD1, FD2 ) fast diodes triggering the PC and oscilloscope.
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bPC =  ln
ln
R R
TPC
1 2
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All  other  cavity  losses  for  the  central mode  (except  for 
those related to the radiation output from the cavity), which 
comprise transmission of the FPI and other elements, beam 
formation by a diaphragm, and so on, are included into the 
effective reflection coefficient of the second mirror:

R2 = TFPT T T T R1 2pol pol AR dif mir
2 2 10 2 ,  (9)

where TFP is the transmission coefficient of two FPIs in dou-
ble pass for the central mode; Tpol1 and Tpol2 are the transmis-
sion coefficients of two faces of the polariser P1 for the hori-
zontal  polarisation; TAR  is  the  transmission  coefficient  for 
surfaces of all optical elements comprised in the installation; 
Tdif is the diaphragm transmission coefficient; and Rmir is the 
reflection coefficient for the cavity mirrors M1 and M2.

The pump parameter A was chosen in such a way that the 
amplitude ratio of the giant pulse and free generation peak be 
equal to the experimentally measured value of 150. Note that 
the pump parameter should provide an excess of the popula-
tion  inversion  over  the  threshold  value  for  a  neighbouring 
cavity  longitudinal mode; otherwise,  the  second giant pulse 
fails to develop.

Radiation losses introduced by two FPIs are determined 
by transmission coefficients of the latter TFP. In the simplest 
case, the transmission coefficient is calculated for the normal 
incidence of a plane wave onto the FPI (q = 0). A more precise 
calculation  of  the  transmission  coefficients  for  longitudinal 

modes  requires  taking  into  account  the  size  of  the  incident 
beam and its intensity distribution. It was made by using the 
program written in the MATLAB environment, which calcu-
lates  the  coefficients  taking  into  account  parameters  of  the 
input beam and the angle of its incidence onto the FPI. The 
beam  parameters  were  found  by  measuring  the  radiation 
intensity  distribution  at  the  four  distances  from  the  output 
polariser P1, corresponding to the distances from both FPIs 
in both passes. Figure 2 presents calculated FPI transmission 
spectra. Note that the FPI transmission spectra obtained are 
substantially wider  and  the maxima  of  transmission  coeffi-
cients are less than in the plane wave approximation, where 
these are equal to unity.

The  dependence  of  the  FPI  transmission  coefficient  on 
frequency yields the values of TFP for the central (first) mode 
and for other cavity longitudinal modes. Thus, one can find 
the  value  of  additional  losses  D bi,  which  will  be  different 
depending on the positions of cavity eigenfrequencies relative 
to the transmission coefficient maximum.

We will  assume  that  if  the  shutter  is  closed  (the voltage 
across the PC is distinct from zero), then the threshold value 
of the population inversion is not attained for all modes except 
for two. We will only consider these two modes. The loss dif-
ference D b for these modes is calculated by the equation

D b = 
( )

( )

( )
ln

lnT

T

R R1

2 1
FP

FP

1 2
,  (10)

where TFP(1) and TFP(2) are the sum transmission coefficients 
of two FPIs for the first and second modes, respectively. The 
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Figure 2. Dependence of the transmission coefficient on frequency after successive beam passage through interferometers ( a, d ) FPI1 at the incident 
angle of 0.003 rad and ( b, c ) FPI2 at the angle of 0.006 rad; ( a, b ) after the first transit and ( c, d ) after the second transit through the FPI, and ( e ) 
frequency dependences of the sum transmission coefficient TFP for two interferometers after the radiation passes twice. Here, n0 is the frequency of 
the cavity central longitudinal mode, that is, the mode with minimal losses, for which FPI transmission is maximal. Dashed curves show FPI trans-
mission spectra in the plane wave approximation.
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value  of D b  varies  depending  on  the  cavity  eigenfrequency 
positions relative to the curve TFP(n) (Fig. 2e). If the frequency 
of  one  longitudinal  mode  coincides  with  the  transmission 
maximum  (this  case  is  shown  in Fig.  2),  then D b  takes  the 
maximal value equal to 0.021. If the mode frequencies are dis-
posed  symmetrically  relative  to  the  transmission maximum, 
then D b  =  0,  that  is,  the  emission  conditions  are  equal  for 
them and the double-mode regime is realised.

3. Modelling results

3.1. Post-pulse appearance

Emission was modelled for the parameters given in Table 1. 
First, the maximal value of D b was chosen for the central and 
neighbouring modes, then it reduced, which corresponded to 
a gradual shift of the cavity modes relative to the FPI trans-
mission peak up  to D b = 0, where  the conditions  for mode 
development become equal.

Figure  3  presents  pulses  of  free  emission  in  the  case  of 
nonzero losses introduced by the PC at various values of D b 
for two central modes. In addition, the giant pulses develop-
ing after  the  cavity Q-factor  is  triggered,  are  shown.  In  the 
case where a frequency of one of the modes coincides with the 
FPI maximal transmission, the only pulse of free oscillation 

develops, which  corresponds  to  this mode  (Fig.  3a). Under 
Q-switching, a free generation pulse triggers the voltage across 

Table 1. Parameters used in numerical simulation.

Parameters Comments

bPC = 0.15 Equation (8)

R1 = cos22g = 0.52
g is the inclination angle of the 
quarter-wave plate

R2 = 0.1

Equation (9)
Tpol1 = 0.97,
Tpol2 = 0.98,
TAR = 0.996,
Rmir = 0.995,
Tdif = 0.99,
TFP = 0.365 – 0.370

tc = 3.43 ́  10–9 s,
tph = 1.18 ́  10–9 s
t21 = 480 ́  10–6 s

Equation (3)

A = 38.4

D b = 0 – 0.021

mi 0 = 
( / )d 2 2

s

p
 = 1.53 ́  10–17

mi 0 is the intensity of noise 
spontaneous emission in the ith 
mode normalised to the saturation 
intensity, s is the stimulated emission 
cross section, and d is the beam 
diameter
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Figure 3. Results of modelling free emission pulses at nonzero losses introduced by the PC and the values of D b equal to ( a ) 0.021, ( b ) 0.017, ( c ) 
0.008, and ( d ) 0.001 for two central modes; giant pulses, which develop when the cavity Q-factor is triggered, and the corresponding dependences 
n/nth(t) (dotted curves).
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the PC. When the laser field intensity takes its maximum the 
cavity Q-factor  changes and  the  losses bPC  turn  to  zero. At 
this  instant,  the  losses  of  both modes  become  substantially 
less than the initial losses; the threshold value of population 
inversion  falls,  and  the  excess  of  the  population  inversion 
over  the  threshold becomes  substantial. Due  to  this  excess, 
the main giant pulse develops in the first mode, then a post-
pulse is generated because the second mode gradually starts 
to develop. However,  in contrast  to  the  first mode,  it  starts 
from spontaneous noise at the instant of Q-switching, whereas 
the initial intensity of the first mode corresponds to the maxi-
mum of its free generation pulse. The post-pulse amplitude is 
substantially lower than that of the main giant pulse.

At  a  lower  D b,  the  conditions  for  neighbouring  mode 
deve lopment become closer,  the pulse at  the second frequ-
ency  begin  to  develop  faster  because  its  losses  are  smaller 
(Figs  3b – 3d).  The  second mode  starts  to  develop  prior  to 
Q-switching. Now, at the instant of PC opening, the intensity 
of the second mode exceeds the noise level. The time between 
the generation of the giant pulses decreases and finally they 
begin to partially and then completely overlap.

The modelling results described above have been obtained 
for the case where the AE is placed at the cavity centre. If the 
AE is near one of the mirrors, the post-pulse is actually never 
generated. There is a simple physical explanation. Due to the 
boundary  conditions,  all  modes  have  nodes  at  the  mirror; 
hence,  the  positions  of  nodes  and  antinodes  in  a  standing 
wave are almost similar in two neighbouring modes and burn-
ing holes by emission of the first mode reduces the gain for 
not  only  the  first  mode,  but  for  the  second  mode  as  well. 
Thus, after the main giant pulse has been formed, the residual 
population inversion is not sufficient for emitting a pulse at a 
distinct frequency. When the AE is placed at the cavity centre 
as in our case, the standing wave nodes for neighbouring modes 
are maximally separated  in space and the population  inver-
sion for the second wave is high enough.

3.2. Taking into account a running wave

Let  us  compare modelling  results  for  the  two  cases:  cavity 
modes  are  presented  as  a  purely  standing wave  (2)  or  as  a 
superposition of a running and standing waves (6) (Fig. 4). In 
a solution comprising only standing waves there are domains 
in the AE, in which the first mode ‘does not expend’ the popu-
lation  inversion  because  its  eigenfunction  is  zero  in  these 
domains. If a running wave is taken into account as well, such 
domains are absent. In this case, a small ‘addition’ of the run-
ning wave in the cavity makes the first mode to expend more 
efficiently the population inversion along the AE. Thus, the 
maximal  amplitude  of  the  main  giant  pulse  is  higher  than 
without a running wave. Similarly,  the second mode  is par-
tially amplified due to its ‘running’ component in the domains 
with a reduced inversion. In the result, the development of the 
post-pulse is delayed and its amplitude is lower, which is dem-
onstrated  in Fig. 4. However, we  should note  that with  the 
cavity parameters used  in  the  calculations,  the picture does 
not change qualitatively and taking into account the compo-
nent of a running wave yields only quantitative changes.

4. Experiment

In experiments, a master oscillator of  the  laser pumping an 
optical parametrical amplifier of chirped pulses in the PEARL 
petawatt laser complex was studied [11] (see Fig. 1). The laser 

cavity was formed by two highly reflecting mirrors separated 
by a distance of ~ 0.5 m. Polarised output radiation was pro-
vided by a polariser P1 and plate l/4. The active element made 
of  a  Nd : YLF  crystal  (yttrium – lithium  fluoride  (LiYF4) 
doped with neodimium) had the length of 75  mm, diameter of 
5 mm,  and  neodimium  ion  concentration  of  1.06 %.  It was 
placed inside a quantron case with two INP 5-75 lamps, a dif-
fuse  reflector,  and  a  cooling  system.  The  gain  width  for 
Nd : YLF is 1.4 nm. Transverse modes were selected by dia-
phragm D with a diameter of 1.7 mm, and longitudinal modes 
were selected by air Fabry – Perot  interferometers FPI1 and 
FPI2  with  surface  reflection  coefficients  of ~ 66 %  and  the 
lengths of 3 and 15 mm, respectively. The Q-switched opera-
tion  was  provided  by  a  Pockels  cell  PC  made  of  DKDP. 
Emission passing from the master oscillator has the following 
characteristics: the wavelength is 1054 nm, pulse duration is 
~ 25 ns, its energy is ~ 8 mJ, and pulse repetition frequency is 
1 Hz. Operation of this oscillator is more thoroughly described 
in [12].

The  following experiment was carried out  for observing 
generation of a post-pulse, obtaining the dependence of pulse 
generation  time on  the  frequency shift of cavity modes and 
further comparison with results of mathematical simulation. 
One of the cavity mirrors was glued to a piezoceramic element 
that varied dimensions under applied constant voltage; thus, 
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Figure 4. Modelling results for giant pulse generation ( a, c ) taking into 
account and ( b, d ) neglecting the running wave at D b equal to ( a, b ) 0.008 
and ( c, d ) 0.001; the corresponding dependences n/nth(t) (dotted curves).
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the cavity length was controlled. In this case, the frequencies 
of  cavity  eigenmodes  shift  relative  to  the  FPI  transmission 
peak, and emission conditions for neighbouring modes change. 
The variation of the voltage across the piezoceramic element 
by 11 V corresponds to a change in the cavity length Lres by 
1 mm.

Oscillograms of laser emission pulses at the master oscilla-
tor output are shown in Fig. 5 for various voltage values. At 
the  voltage  of  12  V,  a  single-mode  emission  is  observed 
(Fig. 5a); the post-pulse arises at a higher voltage (Fig. 5b), 
which approaches the main pulse and then interferes with the 
latter (Fig. 5c), that is, double-mode generation occurs. From 
the  filling  frequency  of  a  fringe  pattern,  which  is  half  the 
mode separation, one may conclude that emission occurs in 
two neighbouring longitudinal modes of the cavity.

The experimental dependences of the post-pulse time delay 
and its amplitude on the voltage applied to the piezoceramic 
element well agree with those calculated by the model desc-

ribed above (Fig. 6). Thus, we have experimentally and theo-
retically  proved  that  appearance  of  the  post-pulse  in  the 
Q-switching  regime  is  related  to  worsening  of  longitudinal 
mode selection, which is related to burning holes in the popu-
lation inversion of the AE.

5. Conclusions

The work presents a mathematical model, which describes the 
development of multimode emission and evolution of popula-
tion inversion in the AE of a Q-switched laser. For the first 
time the model takes into account not only a standing wave, 
but  also  a  running wave  for  each  longitudinal mode  in  the 
cavity. The numerical simulation and experiment show that 
generation of the second giant pulse (post-pulse) occurs in a 
neighbouring longitudinal mode due to the effect of burning 
holes in the AE population inversion distribution. At a suffi-
cient difference in the losses for two neighbouring longitudi-
nal modes, the post-pulse arises with a substantial time delay 
relative to the main giant pulse and its amplitude is small. At 
a  smaller  distinction,  the  delay  reduces  and  the  post-pulse 
amplitude increases. At a very small difference of losses, two 
giant pulses are actually simultaneously generated; it is a clas-
sical  double-frequency  generation,  and  the  field  intensity 
increases several-fold. This oscillation regime is quite undesir-
able  because  it  increases  manifold  the  probability  of  laser 
optical element breakdown. Detection of the post-pulse makes 
it possible to form a feedback signal for adjusting the cavity 
length in order to improve selection of longitudinal modes.
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