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Abstract.  The mechanism of femtosecond pulse self-shortening in 
thin optical materials with Kerr nonlinearity is investigated. The 
experimentally observed spectral-angular distribution of the radia-
tion intensity on the exit surface of a 1-mm-thick fused silica sam-
ple is compared with the results of numerical simulation based on 
solving the nonlinear Schrödinger equation for an electromagnetic 
wave with a transverse perturbation on the axis. Qualitative agree-
ment between the calculated and experimental results confirms the 
hypothesis about the transient regime of multiple filamentation as a 
mechanism of femtosecond pulse self-shortening.

Keywords: self-shortening, femtosecond pulses, multiple filamenta-
tion, modulational instability, nonlinear Schrödinger equation.

1. Introduction 

Currently, the search for new methods of shortening the dura-
tion of high-power optical  femtosecond pulses  is one of  the 
most  urgent  lines  of  research  in  nonlinear  optics.  Pulses  as 
short as few optical cycles are of interest for various funda-
mental  and  applied  studies,  including  high  time  resolution 
spectroscopy [1] and generation of GW-level THz pulses [2], 
as  well  as  attosecond  pulses  in  the  far UV  and  soft  X-ray 
ranges  [3].  Spectral  narrowing  during  amplification  hinders 
the formation of pulses shorter than 20 – 30 fs in systems oper-
ating  at multiterawatt  and petawatt  power  levels. Thus,  an 
urgent problem is to search for nonlinear methods making it 
possible  to reduce  the pulse duration at  the output of  these 
systems.

To  date,  different  methods  have  been  used  to  shorten 
high-power pulses. They all  are based on nonlinear mecha-
nisms of spectral broadening. With regard to their implemen-

tation,  they  can  be  separated  into  two  groups.  The  first 
includes methods based on post-compression (i.e., compensa-
tion for the spectral phase acquired as a result of nonlinear 
spectral  broadening)  using  additional  dispersion  elements 
(see,  for  example,  [4,  5]).  The  second-group  methods  are 
based  on  self-compression. Here,  the  interaction  of  a  pulse 
with  matter  leads  to  the  formation  of  a  transform-limited 
pulse;  therefore, phase compensation  is not  required  in  this 
case. These methods were considered in the studies devoted to 
the  reduction  of  pulse  duration  under  filamentation  in  gas 
(see,  for  example,  [6 – 8]),  the  compression  of  pulses  in  the 
soliton regime in the anomalous dispersion region [9] and in 
media with quadratic nonlinearity [10], and the self-compres-
sion in a weakly relativistic plasma [11, 12]. The methods for 
pulse shortening based on self-compression are much simpler 
to implement, because they do not require any additional dis-
persion elements. At the same time,  in contrast to the post-
compression methods, the existing methods of self-compres-
sion in the visible and near-IR ranges currently have no pros-
pects for energy scaling (this can be done in the mid-IR range 
due to the existence of materials with anomalous dispersion 
[9]).

In our previous studies [13 – 15] we observed for the first 
time the effect of spectral broadening and self-shortening of 
negatively chirped pulses  in  fused silica glass at  the second-
harmonic  wavelength  of  a  Ti : sapphire  system  (475  nm). 
Upon interaction with a 1-mm-thick fused silica plate, a 70-fs 
pulse (previously negatively chirped to 120 fs) was shortened 
to 26 fs. Then we performed a number of experiments on the 
interaction of  a  transform-limited pulse with  fused  silica  in 
order to determine the shortening mechanisms. Based on the 
results obtained, we proposed that the pulse shortening is due 
to the transient regime of multiple filamentation [16]. Under 
these conditions, multiple filamentation begins to intensively 
develop in the peak of the radiation pulse, gradually shifting 
to  the  pulse  leading  edge.  If  the  sample  is  sufficiently  thin, 
filamentation has not enough time to catch the pulse leading 
edge, in which the radiation retains the initial divergence and 
forms the central beam core. At the same time, the radiation 
in the central part and trailing edge of the pulse suffers from 
strong diffraction and refraction losses in the beam paraxial 
region. This circumstance allows one to select (using spatial 
filtering)  the radiation from the  leading edge with a shorter 
duration and spectrum red-shifted as a result of the self-phase 
modulation [16]. Self-shortening of a transform-limited pulse 
from  87  to  19  fs  in  a  1-mm-thick  fused  silica  plate  was 
observed in [16]. The formation of a transform-limited pulse 
at the plate output is due to the fact that the second derivative 
of the nonlinear phase turns to zero at the leading edge of the 
initial pulse.
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In this paper, we report the results of studying the evolution 
of  transverse  perturbation of  the  laser  beam  intensity  as  the 
main factor of  femtosecond pulse shortening  in  the  transient 
regime of multiple filamentation in media with Kerr nonlinear-
ity. The analysis was performed using a numerical model devel-
oped  in  cooperation  with  the  Laboratory  of  Mathematical 
Modeling  in Physics  (Moscow State Univer sity). The  results 
obtained make it possible to interpret the experimentally found 
spectral-angular dependences of conical emission.

The pulse shortening regime under study does not require 
additional  dispersive  elements  to  compensate  for  nonlinear 
phase  and  has  prospects  of  energy  scaling.  Note  that  this 
mechanism  does  not  imply  an  increase  in  power  with  a 
decrease in the pulse duration; therefore, the term ‘self-short-
ening’ rather than ‘self-compression’ is used in our studies.

2. Experimental results and discussion

A schematic of the experiment on interaction of a transform-
limited pulse with a thin fused silica plate is shown in Fig. 1а 
(see [16] for more details).

A convergent femtosecond laser beam (transform-limited 
87-fs  pulse with  a wavelength  of  476  nm  and  energy  up  to 
450 mJ) passed through the sample. A spherical mirror with a 
focal length of 60 cm was used for focusing; the sample was 
located at a distance of 7 cm from the waist. The beam diam-
eter  in  the  sample  plane  was  0.63  mm  at  a  level  of  1/e2. 
Diaphragm  1  with  a  hole  diameter  of  100  mm  was  placed 
directly behind the sample; it transmitted the central part of 
the beam with a uniformly distributed  intensity. The  radia-
tion behind diaphragm 1 (Fig. 1b) consisted of a central core 
(region  2),  whose  size  was  independent  of  the  initial  beam 
intensity,  and  conical  emission  with  a  divergence  angle 
increasing with input intensity up to 0.1 rad at 3 TW cm–2  (the 
initial beam convergence angle was  less  than 0.01 rad). The 

radiation power transmitted through the diaphragm did not 
exceed 0.2 GW, and the  influence of air nonlinearity  in our 
experiments could be neglected.

The spectral and temporal characteristics of radiation in 
the beam core  (region 2) were  investigated  in  [16]. With an 
increase  in  intensity,  the  main  spectral  region  became  red-
shifted, the blue-shifted part disappeared, and the pulse dura-
tion  decreased.  At  an  intensity  of  3  TW  cm–2,  one  could 
observe the formation of a transform-limited 19-fs pulse. We 
measured the spectra of the core (region 2), the entire conical 
emission  without  core  (region  3),  and  the  conical  emission 
propagating at an angle of 0.1 rad with respect to the beam 
axis (region 1).

We  also  measured  separately  (using  the  image  transfer 
method) the radiation profiles at the sample output. The radi-
ation passed through the sample was weakened by two wedges 
to exclude possible nonlinear effects in air.

The beam profiles recorded at the sample output without 
diaphragm  1  (Fig.  2)  showed  that  the  pulse  shortening  is 
accompanied by the development of transverse instability and 
occurrence  of  multiple  filamentation.  According  to  the 
Bespalov – Talanov  theory  [17],  the  beam  is  unstable  with 
respect  to  transverse  perturbations with  a  size  a  =  ( l/n) ´ 
(2n2I0)–1/2, which corresponds  to  the  formation of  filaments 
7.5 mm in diameter at an intensity of 3 TW cm–2. The diffrac-
tion  divergence  angle  l/a  =  6 ´  10–2  is  consistent  with  the 
angle of experimentally observed conical emission: ~0.1 rad, 
a fact indicating to filaments as conical emission sources.

Figure 3 shows experimental emission spectra recorded in 
the  far-field  zone  (behind  diaphragm  1),  which  exhibit  the 
angular dependence. It can be easily seen that the short-wave-
length  spectral  components  propagate  at maximum  angles. 
Conical emission with a similar spectral angular dependence 
is also observed when a single filament is formed in air [18].

Diaphragm 1
Regions
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emission
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Figure 1. (a)  Schematic  of  the  experiment  on  interaction  of  a  trans-
form-limited pulse with a thin fused silica sample and (b) the radiation 
profile behind diaphragm 1 at an intensity of 3 TW cm–2.
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Figure 2. Beam images at the sample output at intensities of (a) 3 and 
(b) 0.5 TW cm–2. 
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The mechanism of femtosecond pulse self-shortening that 
was proposed in [16] can additionally be confirmed by carry-
ing out a numerical simulation of the modulational instability 
under our experimental conditions; this simulation will make 
it possible to determine the main regularities of the formation 
of  the  spectral-angular  distribution  of  radiation  behind  the 
sample (in the far-field zone) and compare it with experimen-
tal data.

To this end, we numerically simulated the nonlinear prop-
agation of femtosecond radiation, which is characterised by a 
weak perturbation of  intensity on  the beam axis,  in  a Kerr 
medium.  The  model  is  based  on  solving  the  nonlinear 
Schrödinger  equation  for  an  axially  symmetric  case  in  the 
slowly varying wave approximation [19], with plasma forma-
tion taken into account [20]:
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Here, A(t, r, x) is the complex electric field envelope; re(t, r, x) 
is  the  free-charge density; sK  is  the multiphoton absorption 
cross section; U is the band gap; tr is the free-charge recombi-
nation time; rnt is the material concentration; s is the inverse 
bremsstrahlung absorption cross section; n2  is the nonlinear 
refractive index; k (2) is the group-velocity dispersion; bK is the 
multiphoton absorption coefficient; rс  is  the critical plasma 
density; R(t) = (1 – fR)d(t – te) + fRhR(t); and 
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is the function of the molecular part of response with the fol-
lowing parameters for fused silica: fR = 0.18, t1 = 12.2 fs, and 
t2 = 32 fs [21].

The above model takes into account a number of physical 
processes:  diffraction,  dispersion,  Kerr  nonlinearity,  self-
steepening,  stimulated  Raman  scattering,  multiphoton  and 
inverse  bremsstrahlung  absorption,  and  the  influence  of 
plasma on the refractive  index. For simplicity, we modelled 
the growth of an individual inhomogeneity with a transverse 
size much smaller than the beam diameter.

With  the  band  gap  value  of  9  eV  [22]  and  the  photon 
energy of 2.6 eV (at a wavelength of 475 nm), the absorption 
should  be  considered  as  a  four-photon  process  (K  =  4). 
According  to  the Drude model,  the  inverse bremsstrahlung 
absorption cross section has the form [23]
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Here,  tc  is  the  collisional  time,  which  characterises  the  elec-
tron – phonon interaction; rc = m'e e0 w2/e2; and m'e = 0.86me is 
the  electron – hole mass  in  fused  silica  [24]. We  considered  a 
medium  with  the  following  parameters:  n2  =  3  ´ 
10–16 cm2 W–1 [25], k (2) = 76 fs2 mm–1, rc = 4.85 ´ 10–21 cm–3, 
tс = 23 fs [26], and s = 2.6 ´ 10–19 cm2.

There  is a  large spread of  the values of  the  four-photon 
absorption cross section in the literature [27 – 30]. Within our 
model,  it was varied in order to obtain best agreement with 
the experimentally observed spectral-angular dependence of 
the conical emission intensity and the occurrence threshold of 
small-scale  self-focusing,  which  was  close  to  1.5  TW  cm–2. 
Looking ahead, we note that best agreement with experiment 
was obtained at s4 = 7 ´ 10–116 cm8 s3, which is an order of 
magnitude smaller than the values known from the literature. 
This choice was made for the following reason: perturbation 
self-focusing  was  not  obtained  in  calculations  at  s4  > 
10–115  cm8  s3 because of  the  strong multiphoton absorption 
and  refraction  in  the plasma  formed, which  contradicts  the 
observation results.

Calculations were performed for the following conditions: 
radiation intensity of 3 TW cm–2, beam width of 500 mm, per-
turbation region diameter of 7.5 mm, and initial perturbation 
amplitude  of  0.2 %.  It  was  assumed  that  the  perturbation 
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Figure 3. Emission spectra after the transmission through diaphragm 1 
at an intensity of 3 TW cm–2 for (a) the core (Fig. 1а, region 2), (b) the 
entire conical emission without core (Fig. 1а, region 3), and (c) the con-
ical emission propagating at an angle of 0.1 rad (Fig. 1а, region 1).
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source is  located on the input sample surface and the phase 
difference between the fundamental wave and perturbation is 
zero.  Both  the  beam  and  perturbation were modelled  by  a 
Gaussian, so that the initial amplitude distribution was set by 
the formula

( , ) 1 0.002exp expA r t A
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where d1 = 500 mm, d2 = 7.5 mm, and T1/2 = 85 fs.
Numerical simulation showed that the perturbation forms 

a Kerr lens during beam propagation; this lens leads to spatial 
localisation of radiation in a microregion behind the unper-
turbed leading edge of the pulse, with an intensity exceeding 
the initial one by a factor of 4 – 5. The results of calculating 
the field evolution, a comparison of the calculated spectrum 
of  the  leading  edge  with  the  experimental  spectrum  of  the 
core, and the results of calculating the electron density as a 
function of passed distance are presented in Figs 4 – 7.

The following regions can be selected in the spatiotempo-
ral  intensity  distribution  at  the  sample  output  (Fig.  4):  a 
region of strongly divergent trailing edge (selected in Fig. 4a) 
and a region of radiation focusing and unperturbed leading 

edge (Fig. 4b). We believe the formation of a core and a short-
ened pulse in the far-field zone to be related to the existence of 
the unperturbed leading edge, as confirmed by coincidence of 
the  experimentally obtained  core  spectrum and numerically 
calculated spectrum of  the pulse  leading edge at  the sample 
output (Fig. 5). An additional argument is the decrease in the 
leading edge duration by a factor of 2 – 3, which was obtained 
in calculation (Fig. 4b).

The development of instability in a sample as a function of 
the distance passed  is demonstrated  in Fig. 6. The  filament 
formation begins near  the  temporal maximum of  the pulse, 
with a small shift to the pulse trailing edge (Figs 6a, 6b), which 
is caused by the delay of the molecular part of the nonlinear 
response. Then the intensity becomes approximately constant 
and exceeds the initial value by a factor of 4 – 5 (Figs 6c, 6d). 
The peak  intensity shifts  towards  the  leading edge, whereas 
the radiation from the trailing edge (because of the refraction 
in the plasma formed) becomes a divergent wave. 

Figure 7 illustrates the plasma generation in the filament 
formed; here,  the rate of an  increase  in  the electron density 
with an increase in radiation intensity can be described by a 
power-law dependence. As can be seen in Figs 7c and 7d, the 
electron density stops increasing when the intensity becomes 
constant (see Figs 6c, 6d). Under these conditions, a plasma 
channel is formed, where the electron density reaches a value 
of 2.9 ´ 1019 cm–3 (0.7 % of critical). The refraction caused by 
the plasma of this channel increases additionally the radiation 
divergence in comparison with the diffraction at the perturba-
tion leading edge. This circumstance explains the experimen-
tally observed (see Fig. 3) larger angle of propagation for the 
radiation in the short-wavelength wing of the spectrum (which 
corresponds to the perturbation trailing edge) in comparison 
with  the  propagation  angle  for  the  long-wavelength  wing, 
which is generated at the perturbation leading edge.

This  can  easily  be  shown  from  the  following  consider-
ations. The refractive index gradient in the plasma channel is
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Figure 4. Spatiotemoral  intensity  distribution  within  diaphragm  1  at 
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0

500

1000

2000

1500

1500

In
te

n
si

ty
 (

re
l. 

u
n

it
s)

460 470 480 490 500 510
Wavelength/nm

Figure 5. Experimental spectrum of the core (Fig. 1а, region 2) (solid 
line) and the spectrum for the leading edge at the sample output, ob-
tained by numerical simulation at an  intensity of 3 TW cm–2 (dashed 
line).



  Ya.V. Grudtsyn, A.V. Koribut, L.D. Mikheev, V.A. Trofimov310

2
( / )

gradn L n
d

Le ecrit
0

2

r r
=

-

is the ray deviation angle; and L is the plasma channel length. 
Having  substituted  the  filament  diameter  d2  =  7.5  mm,  a 
plasma channel  length of  100 mm, and re /re crit = 0.007, we 
find the total divergence angle to be 0.4. Therefore, the refrac-
tion in plasma affects more strongly the divergence than the 
diffraction  l/d2 » 0.06. For this reason, the radiation from 
the perturbation trailing edge, related to the short-wavelength 
spectral region, diverges much more strongly than the radia-
tion from the leading edge, where the plasma density is low.

Figure 8 shows the calculated spectrum of perturbation in 
the  far-field  zone  and  the  experimental  spectra  of  conical 
emission (see Figs 3b and 3c). To calculate the angular distri-
bution of the perturbation spectrum in the far-field zone, we 
selected an emitting  region with perturbation at  the  sample 
output. Then we performed direct calculations of the far-field 
zone using the Green’s function. The calculated spectrum pre-
sented in Fig. 8a is the result of integration over propagation 
angles  from  0.02  to  0.1  rad,  a  range  corresponding  to  the 
experimentally observed spectrum of the entire conical emis-
sion. Figure 8b shows the spectra obtained by calculation and 
experimentally for the conical emission propagating, respec-
tively, at angles of 0.085 and 0.1 rad with respect to the beam 
axis.

Agreement  between  the  calculated  and  experimental 
results, which is indicative of the general dominance of the 

short-wavelength wing in the spectrum at the conical emis-
sion periphery (at an angle of 0.1 rad), confirms our sug-
gestion  about  the  origin  of  the  experimentally  observed 
angular dependence of the conical emission spectrum and 
the  important  role  of  plasma  in  the  formation  of  this 
dependence.

3. Conclusions

Using  numerical  simulation  of  the  nonlinear  interaction  of 
476-nm femtosecond radiation with a 1-mm-thick fused silica 
sample, we justified the proposed mechanism of self-shorten-
ing of femtosecond pulses in the visible range that propagate 
in Kerr media (the mechanism is based on the transient regime 
of multiple  filamentation  formation). The  rise of  the  trans-
verse spatial instability, which plays a determining role in the 
formation of multiple  filamentation,  is demonstrated by an 
example of a single perturbation of the wave amplitude. The 
calculated spectral angular dependences turned out to be  in 
good agreement with experimental data, a fact confirming the 
adequacy of the proposed theoretical model.

The  numerical  simulation  showed  also  that  the  experi-
mentally observed multiple filamentation in a thin fused silica 
sample may occur only at four-photon absorption cross sec-
tions  no  larger  than  10–115  cm8  s3.  This  value  is  smaller  by 
more than an order of magnitude than the generally accepted 
ones (obtained for KBr, KI, NaCl, TeO2, and GeS2), which lie 
in the range from 2 ´ 10–112 – 10–114 cm8 s3 [27 – 30].
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