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Abstract.  We consider the transformation of a quasi-continuous 
(with the duration greater than 1 ns) background tunnelling wave of 
the whispering gallery mode (WGM) type into ultrashort (pico- and 
subpicosecond) laser pulses, arising due to the development of mod-
ulation instability in a cylindrical optical waveguide with travelling 
refractive-index wave. It is shown that the peak power of the gener-
ated laser pulses can exceed the power of the background WGM by 
a few orders of magnitude.

Keywords: laser pulses, whispering gallery modes, modulation ins
tability, travelling wave, refractive index.

1. Introduction

Surface waves of the whispering gallery mode (WGM) type, 
in spite of their long history [1], remain to be interesting for 
researchers  in various fields of physics. The WGMs arise  in 
axially symmetric systems and are formed at the curved inter-
faces  between  two  media.  Electromagnetic  WGMs  can  be 
detected, e. g., in dielectric waveguides of spherical, spheroi-
dal,  toroidal,  or  cylindrical  shape  [2 – 4].  In  the  latter  case, 
such wave packets propagate near the surface of a silica wave-
guide cylinder along a helix with constant pitch, due to which 
they are referred to as tunnelling modes [5]. Among the spe-
cific features of such helix waves, an important circumstance 
is  that  their  longitudinal  (along  the  waveguide  axis)  group 
velocity can be arbitrarily small relative to the speed of light 
in vacuum [6, 7].

In the present paper, we consider the transformation of a 
quasi-continuous (with the duration above 1 ns) background 
tunnelling wave of the WGM type into ultrashort (pico- and 
subpicosecond) laser pulses, formed due to the development 
of modulation instability (MI) in the cylindrical optical wave-
guide with  a  travelling  refractive-index wave  (TRIW).  It  is 
shown that the peak power of the generated laser pulses can 
exceed the power of the background WGM by a few orders of 
magnitude.

2. Equations for the surface tunnelling wave 
field

When  the  light  is  injected  into a  cylindrical waveguide at a 
certain  angle with  the  cylinder  generatrix,  the  surface wave 
generally  propagates  along  a  helix  trajectory  [3, 5 – 8].  The 
longitudinal component of the wave vector of such a wave is 
kz = (k2 – kr

2 )1/2, where k = k0 n(w): k0 = w/c is the wave num-
ber in vacuum; n(w) is the refractive index of the optical wave-
guide material; and kr is the transverse (radial) component of 
the wave vector. If the direction of the wave injection into the 
optical  waveguide  is  sufficiently  close  to  the  normal  (with 
respect  to  the generatrix),  then  the wave propagation along 
the waveguide axis is essentially decelerated up to zero veloc-
ity values [9, 10].

Below we consider the case of a surface wave slowly tun-
nelling (with the velocity Vz << c) along the longitudinal axis 
z of the waveguide (this is possible if kz << k – kr) (Fig. 1). In 
this case, the electric field of the wave can be presented as

E(z, r, t, j) = A(z, t)F (r, z, j)exp ( )i i dt k z zz
z

0
w -; Ey ,  (1)

where A(z, t)  is  the  slowly  varying  amplitude  that describes 
the longitudinal distribution of the tunnelling wave field; and 
F (r, z, j) is the function that defines the radial and azimuthal 
dependence of the field in the optical waveguide. For exam-
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Figure 1. Trajectory  of  the  ray  injected  into  the  cylindrical  optical 
waveguide and representing  the wave of  the whispering gallery mode 
type.
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ple,  in  the  quasi-linear  approximation  for  a  homogeneous 
cylindrical waveguide with the radius а at r £ a for the azi-
muthal mode of the mth order this function can be written as 
[9, 10]

Fm(r, j) = F0Ai ( / )m r a2 1 m
23

x- -8 Bexp(imj),  (2)

where Ai [...]  is  the Airy  function of  the  first kind; xm  is  the 
appropriate  root  of  the  Airy  function  [9, 11];  and  j  is  the 
angle between the x axis and the radius vector r. For r > a we 
assume Fm(r, j) ® 0.

The dynamics of the temporal envelope of the wave packet 
(WP) in this optical waveguide is described by the nonlinear 
Schrödinger equation [12]

¶
¶

¶
¶

¶
¶i i

z
A V

t
A D

t
A R Az z z

1
2

2
2

+ - +- ,   A = 0,  (3)

where the longitudinal velocity of the wave, the group veloc-
ity  dispersion  (GVD),  and  the  waveguide  nonlinearity  are 
defined as

Vz(z) » g ¶
¶

k
w ,   Dz(z) » 

¶
¶ k1

2

2

g w
, and   Rz » n(2)k / (gSeff), (4)

respectively. Here g(z) = (1 – kr
2 /k2)1/2 is the parameter of the 

tunnelling wave longitudinal deceleration; n(2) is the material 
cubic nonlinearity coefficient; and

Seff (m) =  ( , , ) d dr r m r2

0

2
j jF
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-
c myy

  ´ ( , , ) d dr r m r4

0
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j jF
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p

p

-

-

c myy   (5)

is the effective area of the surface mode.

3. Interaction of a tunnelling wave with a TRIW

Assume that the TRIW propagates in the optical waveguide. 
To  implement  it  one  can,  e. g.,  arrange  modulators  of  the 
refractive  index  along  the waveguide  axis  [6 – 8]. Under  the 
action of modulators, a  travelling wave will be produced  in 
the  optical  waveguide,  in  which  the  refractive  index  of  the 
medium varies as

n(t, z) = n0[1 – bcos(Writ – qz)],  (6)

where Wri is the modulation frequency; q = 2p/L is the wave 
number of the TRIW; L is the period of spatial inhomogene-
ity; Va = Wri /q is the velocity of TRIW ‘movement’; b = Dn/n0 
is the modulation depth; and Dn is the maximal change of the 
refractive  index.  Note  that  the  TRIW  can  be  also  imple-
mented in an optical waveguide by exciting an acoustic wave. 
The  phase  velocity  of  such  wave Va »  gc/n »  6000 m  s–1. 
Thus, in a silica waveguide with the standard value of n » 1.5 
the matching of  the  tunnelling wave packet  and  the TRIW 
requires g » 3 ́  10–5. The modulation depth b in this case can 
attain 3 ́  10–4 [13].

When Vz » Va, the tunnelling surface wave of the WGM 
type and the TRIW experience strong resonance coupling. In 
this case, the equation describing the dynamics of the tempo-
ral  envelope  of  the  tunnelling WP  in  the  coordinate  frame 
travelling with the wave packet can be presented in the form

¶
¶

¶
¶ [ ( )]cosi i i

z
A D A R A A kb Az z n2

2
2 1 d

t
g t tW- + = -- ,  (7)

where the parameter dt = (Va
1-  – Vz

1- )z characterises the time 
detuning related to the difference of the wave packet group 
velocity and the TRIW velocity. As shown by numerical sim-
ulation, Eqn (7) sufficiently well describes the dynamics of the 
wave of the classical WGM type in the case when this wave is 
‘carried’ by the TRIW with the modulation depth b = Dn/n0 
no smaller than 10–4.

One  can  implement  the  strong matched  coupling of  the 
electromagnetic wave and the TRIW, described by Eqn (6), 
not only using the waves slowly tunnelling along the optical 
waveguide axis, but also using a waveguide coiled on a cylin-
der with the diameter d > a, along the axis of which the TRIW 
is excited [14 – 16]. The velocity component of the electromag-
netic wave along the cylinder axis is determined by the cylin-
der dimensions and the winding angle Z » h/2pa that deter-
mines the deceleration, where h is the pitch of the waveguide 
helix. In this case, the inevitably arising ‘bending’ losses of the 
densely coiled optical waveguide can be compensated for by 
using amplifying optical waveguides and side pumping.

4. Regime of superpulse formation, numerical 
analysis

The study of the MI development and formation of picosec-
ond pulses with a peak power exceeding the intensity of back-
ground radiation by orders of magnitude will be performed 
basing on the numerical solution of Eqn (7) using the split-
step Fourier method (SSFM) [12]. Let us assume that the sig-
nal  entering  the  optical  waveguide  is  a  weakly  modulated 
quasi-continuous one expressed as

A(0, t) =  P0 [1 + z cos(Wmod t)],  (8)

where P0 =  A0
2  is the power of the input radiation; z is the 

modulation depth; and Wmod is the modulation frequency of 
the wave packet.

Figure 2 illustrates the dynamics of the MI development 
and the formation of one of a sequence of superpulses (SPs) 
from  the  initially  continuous  pump  wave.  For  numerical 
modelling the following values of parameters have been cho-
sen: gDz = –10–26 s2 m–1, P0 = 0.1 W, z = 10–3, b = 106 m–1, g = 
4 ́  10–5, Wmod = 1012 s–1, Wri = 109 s–1, Dn = 10–4.

The picture of SP formation as a result of the MI develop-
ment (both spontaneous and induced) can be presented as fol-
lows: at first the induced MI develops and the high-frequency 
train  of  pulses  (breathers)  appears  with  the  repetition  rate 
Wmax =  / | |R P Dz z0  and the duration of individual pulse tp » 
2p/Wmax. The harmonic perturbation  gain  increment  at  this 
stage of MI is given by the expression [12, 17 – 19]

g(z, w) = 2| | /D P R D2z z z0
2gW W- ,  (9)

where W = w – w0, w is the frequency of harmonic perturba-
tion, and w0 is the frequency of the input wave packet.

The next stage consists in the pulling of breathers towards 
the regions of the maximal refractive index of the TRIW and 
the formation of a high-energy WP (bunch) with the energy 
Ws ~ 2pP0 /Wri. Thus, with a good degree of accuracy for the 
chosen  frequency  and  depth  of  modulation  of  the  initially 
continuous wave with  the  power  100 mW,  the  peak  power 
(Pmax ) of  the SP formed at  the optical waveguide  length zs, 
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determined by the relation zs ~ 1/Wri » 6 cm, exceeds 20 kW, 
and its duration ts ~ Ws /Pmax ~ 2pP0 /(WriPmax) tends to the 
value smaller than 10–13 s. In this case, the smaller the repeti-
tion  rate  of  the  breathers,  the  higher  the  peak  power  (the 
smaller the repetition rate, the greater the energy collected by 
the SP due to the coherent summation of the energy of breath-
ers generated during the time T » 2p/Wri and concentrated in 
one SP).

For the above parameters, Fig. 3 presents the formation 
dynamics for the entire sequence of SPs (only three pulses are 
shown). It is seen that as z approaches zs (z £ zs), the SP peak 
power  rapidly  increases  due  to  the  coherent  summation  of 
breathers formed by the MI development. Note that the for-
mation of a superhigh-power pulse occurs in exclusively small 

‘longitudinal scale’ (significantly smaller than 1 mm). For z > 
zs  the  propagating  radiation  becomes  chaotic  and  the WP 
decays  into  noise  components  due  to  nonlinear  effects  and 
higher-order dispersion effects. Gene rally, the further analy-
sis of SP dynamics requires considering dispersion and non-
linear effects of higher orders.

The authors of Refs [15, 19] showed that at the path len-
gths z » zs, the WP (Gaussian-shaped frequency modulated 
pulse) described by Eqn (7) under the conditions of anoma-
lous GVD experiences strong modulation leading to ultrafast 
variation of all basic parameters (duration, amplitude, chirp, 
pulse phase). Basing on the results of  these papers, one can 
obtain an approximate expression  for  the parameter zs  that 
provides good agreement with the results of numerical solu-
tion of Eqn (7):
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Figure 2. Dynamics of the MI development and the formation of one of 
a sequence of ultrashort pulses from the initially continuous wave for 
gDz = 10–26 s2 m–1, P0 = 0.1 W, gRz = 10–2 (W  m)–1,  b = 106 m–1, g = 
4 ́  10–5, Wri = 109 s–1, Dn = 10–4.
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Figure 3. Transformation of the quasi-continuous wave into a sequence 
of ultrashort pulses (the values of parameters are the same as in Fig. 2).
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zs » p bk D8
/

riz
1 2 1 2g W- - .  (10)

As  shown  below,  at  this  length  the  SP  is  produced  as  a 
result  of  the  development  of  the  modulation  instability 
regime. 

Figure 4 presents the formation dynamics for a sequence 
of  superpulses  (only  three of  them are  shown) at  the above 
parameters  and  two  values  of  the  TRIW  modulation  fre-
quency: Wri = 109 and 11010 s–1. The analysis has shown that 
the duration  (ts)  of  the SP generated  in optical waveguides 
with  the modulation  frequency  lying within  the  considered 
range (for the same values of other parameters) is nearly sim-
ilar and amounts to ~10–13 s. The length of SP formation is 
inversely  proportional  to  the modulation  frequency  [which 
follows from Eqn (9)]; we obtained zs » 6  cm for Wri = 109 s–1 
and zs » 6 mm for Wri = 1010 s–1. Thus, the frequency and the 
depth of modulation do not essentially affect the character of 
the formation of the SP sequence (duration, amplitude, repe-
tition rate). The weak dependence of the SP sequence forma-
tion dynamics on the modulation depth z indicates the possi-
bility of the spontaneous MI development.

Figure  5  presents  the  dependences  of  the  maximal  SP 
power  on  the  optical  waveguide  length,  calculated  for  the 
modulation  frequency Wri  =  (1, 5, 6, 7, 8, 9, 10) ́  109  s–1.  It  is 
seen  that  with  the  growth  of  Wri  the  maximal  SP  power 
decreases. For the SP energy, the relation W1/W2 » Wri2 /Wri1 
can be considered valid with good degree of accuracy.

Note in conclusion that besides the considered implemen-
tation of matched coupling of the TRIW and the wave packet 
injected into the optical waveguide, the electrooptic modula-
tion  can  be  used  in  principle  (e. g.,  as  proposed  in  Refs 
[20 – 22]). However,  the acoustooptical coupling of  the slow 
tunnelling wave and the acoustic TRIW is nowadays the most 
technologically  developed  method  of  obtaining  the  effects 
discussed in the paper.

5. Conclusions

We have considered the development of the modulation insta-
bility of  tunnelling waves  in  the optical waveguide with  the 
TRIW.  It  is  shown  that when  the  tunnelling wave  velocity 
along the optical waveguide axis equals that of the TRIW, in 
the  vicinity  of  the  characteristic  length  zs  the  super-strong 
modulation  of  the  wave  packet  takes  place  and  the  pulses 
having pico- and subpicosecond duration are formed with the 
repetition rate, equal to the TRIW modulation frequency Wri. 
The peak power of generated pulses can exceed the power of 
the weakly modulated background radiation injected into the 
waveguide by a few orders of magnitude. It is found that the 
quasi-continuous radiation with the power 1 W can be used to 
generate  subpicosecond  pulses  with  the  peak  power  essen-
tially  exceeding  10  kW. The  formation  of  superhigh-power 
pulse occurs in exclusively small ‘spatial scales’, significantly 
smaller than 1 mm.
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