Quantum Electronics 48 (10) 945-953 (2018)

©2018 Kvantovaya Elektronika and Turpion Ltd

LASER PLASMA
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Physical mechanism of electron bunch generation by an
ultrarelativistic-intensity laser pulse passing through

a sharp plasma boundary

S.V. Kuznetsov

Abstract. The physical mechanism of the interaction process of a
laser pulse of ultrarelativistic intensity with semi-bounded plasma
having a sharp boundary is studied in one-dimensional geometry. It
is shown that electron bunches are generated by the laser pulse due
to the multiflow motion of plasma electrons with crossing trajecto-
ries. An analytical relation that allows an electron bunch charge to
be estimated as a function of plasma characteristics and electron
trajectory parameters is derived and confirmed by the results of
numerical simulations.

Keywords: laser pulse, wake wave, semi-bounded plasma, self-injec-
tion of electrons, laser-plasma acceleration of electrons.

1. Introduction

The characteristics of electron bunches arising under laser-
plasma acceleration are largely determined by the method of
electron injection into the accelerating system. Among the
previously known methods of electron injection into an
accelerating wake wave, one can mention optical [1,2] and
ionisation [3,4] techniques, as well as self-injection of elec-
trons into the wake wave of the laser pulse, caused by its
passing through the plasma density jump [5, 6] or its nonlin-
ear dynamics in the so-called bubble regime of propaga-
tion through plasma [7-9].

The present papers is devoted to the study of injection of
electrons into the wake wave, generated by a laser pulse in
plasma, based on the generation of electron bunches that
arise under the interaction of the laser pulse with the plasma
boundary. For the first time this method was considered in
Ref. [10], where using numerical simulation it was found that
a laser pulse of ultrarelativistic intensity passing through the
boundary of a rarefied plasma target generates ultrashort
electron bunches with high energy, the process being quasi-
one-dimensional.

On this basis, the authors of Refs [11—13] proposed a one-
dimensional physical model to describe the process of elec-
tron bunch generation under the interaction of a laser pulse
with a sharp plasma boundary. It was shown that in the
regime considered in Ref. [10] the electron bunch generation
is possible only when after the interaction with the laser pulse
the energy of longitudinal oscillations of electrons E attains
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a certain value. The threshold energy of oscillations for the
generation of electron bunches is Eqy = E./y/1 — Valc?,
where E, is the rest energy of electrons and V, is the group
velocity of the laser pulse.

However, to simplify the theoretical analysis of the elec-
tron bunch generation performed in Refs [11—-13], the energy
was assumed to be only slightly above the threshold (E, —
Eyn << Eyp), which allowed the study of the formation of
electron bunches as a result of the laser pulse action on the
plasma, neglecting the electrons that leave the ion background
region. Using the obtained results it was established that in the
determination of the bunch charge the difference between
theoretical predictions and numerical simulation results incre-
ases with increasing electron oscillation energy, and under the
condition Ey, — Ep, ~ Eys i becomes considerable. One can
expect that when the energy strongly exceeds the threshold,
the mechanism of plasma electron self-injection into the wake
wave of the laser pulse is more complex than that assumed in
Refs [11-13].

The goal of the present paper is to present a thorough
study of the process of electron bunch generation by a laser
pulse interacting with semi-bounded plasma and to reveal the
specific features of accumulation of different groups of elec-
trons in a laser-induced bunch, when their total oscillation
energy is significantly above the threshold value.

2. Physical and mathematical model of laser
pulse interaction with semi-bounded plasma

Consider a semi-bounded plasma, in which only its electron
component is mobile, while ions comprise an immobile uni-
form positively charged background. The sharp plasma bound-
ary coincides with the origin of the coordinate axis z. A short
one-dimensional laser pulse of circularly polarised electro-
magnetic radiation with frequency wy, much greater than the
plasma frequency w,, propagates along the positive direction
of the z axis across the plasma boundary. Let us assume that
the shape of the laser pulse envelope does not change as it
propagates into the plasma at the spatial scale of interest for
the present problem. This corresponds to the quasi-static
approximation, in which the driver that causes the motion of
electrons evolves much slower than the response of plasma
electrons. From this fact it follows that for the constant veloc-
ity Vg of the laser pulse propagation in the homogeneous
plasma its impact on each next electron is completely similar
to the impact on the preceding ones.

In one-dimensional geometry for circular polarisation of
the electromagnetic waves of the laser radiation the longitudi-
nal motion of electrons along the z axis has no high-frequency
component and is described by the equations
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where A(z, 1) is the envelope amplitude of the laser pulse vec-
tor potential; ¢(z, 7) is the scalar potential of the charge sep-
aration field; P and u are the momentum and the velocity of
the electron; and —|e| and m are its charge and mass, respec-
tively.

The charge separation field arises due to the laser pulse
action on the electrons, which shifts each electron from its
initial position z,. After the interaction with the laser pulse,
the electron transits into the regime of free oscillatory motion
with the oscillation centre z,. It is important to note that at
the initial stage of electronic motion, the order of mutual
arrangement of electrons is conserved, and if the laser pulse
characteristics are unchanged, then after the action of the
laser pulse the background plasma electrons move along the
trajectories that are similar, but possess a certain time shift.
This shift is determined by the distance z, from the plasma
boundary, at which each electron was located before the laser
pulse impact.

For further mathematical analysis of motion of the elec-
trons that form the bunch generated by the laser pulse, let us
accept a limitation related to the character of electron motion.
This limitation implies that the plasma electrons stop to expe-
rience the laser pulse action before they cross the ion back-
ground boundary. This implies that the laser pulse must be
short enough. For clarity, Fig. I illustrates an example calcu-
lation of interaction with plasma electrons for a laser pulse of
circularly polarised radiation with the envelope, whose time
dependence can be presented in the form a = aycos(t/r)x
sgn(nr/2 — |t|), where ay = |e| Ay/(mc*) = 7.867 is the dimen-
sionless amplitude of the vector potential; 7 is the duration of the
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Figure 1. Distributions of the vector potential of the laser pulse |e|A/
(mc?) (dashed line) and the wake wave potential |e|p/(mc?) (solid line)
along the coordinate z, as well as distribution of electron macroparticles
(points) in the phase plane z, P at the moment w,¢ = 0. The parameters
of the laser pulse are ay = |e|Ay/(mc?) = 7.867, Tpwum = 12 18; vy =
/(1= Vagle)2=52=1pm.

laser pulse, corresponding to tpwpy = 1.1437 = 12 fs. It was
assumed that the group velocity V,, of laser pulse propagation
in plasma corresponds to the gamma-factory,,=1/4/1 — Valc?
= 5. The plasma concentration 7, is determined from the rela-
tion wy/w, = ypn = 5, where w, = V 4me’ne/m is the plasma
frequency, w, is the high carrier frequency of the laser pulse,
corresponding to the wavelength 4o = 1 um. Consequently, we
obtain T = 3.956w,"'. Figure 1 shows the vector potential
|e| A /(mc?) of the laser pulse and the potential |e|@/(mc?) of
the charge separation field generated by the laser pulse versus
the dimensionless coordinate k,z, where k, = w,/c, as well as
the distribution of the selected family of electron macroparti-
cles (points) in the phase plane z, P (before the laser pulse
action the electrons are assumed to be uniformly distributed
in plasma with the step k,Az, = 0.1). Because of the high con-
centration of electron macroparticles in some areas, their dis-
tribution merges into a solid line.

This figure corresponds to the time moment, chosen as a
zero point of the time scale for the process of laser pulse inter-
action with plasma (¢ = 0). At this moment of time, the left-
most electron of the plasma in its backward motion after the
laser pulse action crosses the boundary of the ion background,
and its further motion occurs in the spatial region beyond the
ion background. It is seen that for the chosen parameters of
the laser pulse its action on the motion of the given electron at
t =0 is absent, and, therefore, the limitation accepted above is
valid. The estimates obtained in Ref. [12] have shown that at
the relativistic velocity of the electron motion in the longitudi-
nal direction after the impact of the laser pulse, for which V, ~
¢, the accepted limitation is valid, if the length of the laser
pulse does not exceed the amplitude of the longitudinal oscil-
lation of electrons, induced by the pulse.

The accepted limitation essentially simplifies the mathe-
matical analysis of the electron motion, because when the
electron becomes free of the laser pulse action, one can con-
sider it as a free plasma oscillator. Thus, the laser pulse prop-
agating through plasma leaves behind it an ensemble of free
plasma oscillators with the similar total energy E, for all elec-
trons, the value of which is determined by the amplitude of
the laser pulse vector potential ay = |e| Ay/(mc?), the character-
istic pulse duration 7, the gamma-factor y,, = 1/y/1 — Vglc?,
and the plasma concentration r.

The equation of motion for this oscillator has the form

dp
dt

where the force acting on the electron is determined exclu-
sively by the charge separation field

= —4ne’ny(z — z), 3)

E, = 4n|e|no(z - 2), “4)

arising due to the displacement of the electron from its equi-
librium position z,. Equation (3) has the integral that corre-
sponds to the energy conservation law

Vm?e* + ¢2P? + 2metny(z — zp)? = E,. (5)

The principle of similarity of electron trajectories is con-
served until the electrons cross the boundary of the ion back-
ground z = 0. If an electron leaves the ion background region,
then the electric field that returns it to the initial position, is
determined by the expression

E, = —4n|e|nyz, (6)
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and the appropriate integral of the equation of motion has the
form

VmPe* + 2 P? +2ne’ny(zg — 2zz) = Eos. (7)

Expressions (5) and (7) allow exact integral formulation
of the trajectory for any electron of the plasma at any point of
space and at any moment of time after the end of its interac-
tion with the laser pulse and before the beginning of the elec-
tron mixing process. However, below it is convenient to use
the notation of electron trajectories that simultaneously pres-
ents the entire collection of all trajectories of plasma back-
ground electrons, differing from each other by the value of
the coordinate z, of the oscillation centre:

t= ;_:r + %I(z,zo) + Tir(20), ®

where the following notations are introduced:

Ti(z0) = —20(z0, 20— Ay) for zo > Ay, )

Ti(z0) = —20(20,0) — 2 uelz0) for 2 < Ay, (10)

Ie,z)= | dz’ RENGE)
o \/1 — m* [ Eos — 2meny(z' — z0)]”

d’ (12)

Loui(z0) J'an(zo)
vaclZ0) =
0 \/ 1

— M2 [ Eos + 2me*ny(22'z0 — 23))

Here the expression (z, z;) corresponds to the electron motion
in the region of ion background; 7,,.z) corresponds to the
motion beyond the region of ion background after passing
the boundary z = 0 by the electron; zy,(2o) = 2o /2 — (Eos — mc>)/
(zo4me®ny) is the coordinate of maximal penetration into the
region z < 0 for the electron that before the laser pulse impact
was located at point zy < A,,; Ti(zo) is the total length of the
time interval necessary for the electron to execute the oscilla-
tory motion to the left from its oscillation centre z, and back
to zy again with the ion background boundary crossing taken
into account; and A, = V(Eo — mc2)/(2me’ny) is the oscilla-
tion amplitude for the electrons that do not leave the region,
occupied by the ion background.

Equation (8) describes the trajectories in the region z > 0
for all plasma electrons during the time interval, when the
electrons again move in the direction of the laser pulse propa-
gation, but are beyond the spatial region occupied by the
pulse and do not interact with it. The integration constant in
Eqn (8) according to Fig. 1 is determined from the condition
that the electron with the centre of oscillation coincident with
the origin of coordinates (zy = 0) at r = 0 is located at its centre
of oscillation and moves to the left, i.e., outwards the ion
background. All other electrons of the plasma begin their
motion along similar trajectories (until the plasma boundary
is crossed) with the delay of zy/Vy,, determined by the posi-
tions of their oscillation centres.

Equations (8)—(12) reflect the fact that according to the
character of trajectories, the electrons of plasma can be
divided into two groups: those that cross the boundary of the
ion background in the process of their motion and those that
do not. When an electron crosses the plasma boundary, then

even when the order of electrons is conserved, its trajectory is
no more similar to that of the electrons that did not cross the
ion background boundary. After crossing the boundary by
the considered electron in the opposite direction, the similar-
ity of its trajectory to the trajectories of electrons that did not
cross the boundary becomes restored. However, in this case
the value of the time shift with respect to similar trajectories is
changed.

3. Wake wave breaking and self-injection
of electrons

The manifold of motions of individual plasma electrons as
plasma oscillators constitutes a longitudinal plasma wave. In
infinite plasma, where the thermal motion of charged parti-
cles is neglected, this wave is an eigenmode of longitudinal
one-dimensional electromagnetic oscillations of cold plasma,
if the amplitude of the plasma wave or the oscillation ampli-
tude of electrons does not exceed a certain limiting value [14].
The plasma wave has a regular character, i.e., propagates in
the plasma without changing its shape at a constant phase
velocity V.

In the present paper, the oscillations of plasma electrons
and, therefore, the plasma wave are induced by the laser
pulse. For this reason, the plasma wave is referred to as the
wake wave. As shown above, the plasma electrons that do not
move beyond the background boundary possess similar tra-
jectories at least at the initial stage of their motion under the
condition that the shape and velocity of the laser pulse excit-
ing the motion of the plasma electrons remain unchanged. If
the similarity of the electron trajectories is conserved during
the entire cycle of their oscillations, then in the plasma the
laser pulse will be followed by a regular plasma wave, propa-
gating with the phase velocity equal to the group velocity of
the pulse, Vp, = V. From the results of the study carried out
in Refs [12,13] it follows that the condition for the regular
wake wave formation can be presented in the form

Eos < Eosth = mczyph- (13)

In the case when condition (13) is not satisfied, i.¢e., when
Ey > Eogn = mczyph, the similarity of trajectories will be vio-
lated starting from a certain moment of time even for elec-
trons that do not move beyond the ion background. This
occurs due to the crossing of trajectories of plasma electrons
in the process of their motion. The crossing of trajectories
with the violation of condition (13) occurs behind the laser
pulse and begins near the first minimum of the wake wave
potential. Therefore, already during the first period of elec-
tron oscillations after the laser pulse, the profile of the plasma
wave becomes nonstationary, or, as they commonly say, the
wake wave breaking takes place.

The crossing of electron trajectories disturbs the initial
order of the relative positions of electrons, i.e., the mixing of
electrons occurs. The mixing of electrons causes the appear-
ance of plasma regions, where the concentration of electrons
is singular. Because of redistribution of charges in the plasma,
the plasma fields change so that some groups of electrons
from the regions of their concentration singularity transit to
the regime of acceleration by the wake wave of the laser pulse,
i.e., become self-injected into the accelerating wake field, thus
forming an electron bunch generated by the laser pulse. Thus,
the process of electron bunch generation has threshold char-
acter.
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The phenomenon of breaking of the laser pulse wake
wave, propagating through rarified plasma, for which yp, >
1, and the accompanying phenomenon of electron self-injec-
tion into the wake wave and capture of electrons in it, occur
under the condition that the total energy of the plasma elec-
tron oscillation exceeds the rest energy of the electrons E, =
mec? at least by an order of magnitude. Therefore, the electron
bunch generation requires ultrarelativistic intensity of the
laser pulse ay = |e| Ay/(mc?) ~ 10. The calculations performed
in Refs [11-13] confirm this estimate.

Let us consider the process of electron self-injection into
the wakefield of the laser pulse in more detail. Expression (8)
obtained for the trajectories of electrons after the laser pulse
impact completely and exactly describes the motion of all
plasma electrons after the passage of the laser pulse at any
oscillation energy E,, but only before the beginning of the
electron trajectory crossing process. The theoretical analysis,
carried out in Refs [12,13] has shown that for a small excess
over the threshold of electron bunch generation (Eys— Eqg, <<
Eyn) the process of crossing of electron trajectories, mixing
of electrons and their capture by the accelerating wakefield
begins from the electron located before the laser pulse impact
inside the plasma at the distance zy,y = 4,,, from the boundary,
which is equal to the electron oscillation amplitude at the
given value E,, of the total oscillation energy, provided that
the plasma boundary is sharp. This electron is called a leading
electron, since it is the first one in the leading part of the elec-
tron bunch generated by the laser pulse. According to its ini-
tial position, the leading electron only touches the boundary
of the ion background, but does not cross it. The electrons
whose initial position is z, < A4, comprise a negligibly small
part of the captured bunch under the condition that E  —
Eyoin << Eq > and were not taken into account earlier in Refs
[12,13].

In the case considered by us, when the energy is much
higher than the threshold, i.e., Eos — Eon & Eogqp, it 1S nOt
obvious which electron will be a leader in the electron bunch,
generated by the laser pulse. The condition for trajectory
crossing of any electron with the trajectory of the adjacent
one reads as dz/dz, = 0. Differentiating expression (8), we
arrive at the relation

u(z,zg)lc = \/1 —m* N Eps — 2me’ny(z — 20)2]2

= [LJFCM]_I (14)

Vér dZO

However, condition (14) is only necessary, but not suffi-
cient to determine the electron, from which the process of
electron self-injection into the wake wave will begin. The
leadership in the electron bunch will be won by the electron
with such position z, of the oscillation centre, that moving
along its trajectory (8) in time it will first achieve the coordi-
nate z, satisfying relation (14) together with z,. In other words,
under condition (14) it is necessary to find the minimum of
the function

1(z.20) = -+ 12,20 + Tin20). (1s)

ar

The mathematical analysis shows that in the case of high
excess over the threshold the electron with z, = A, again is the

first to enter into regime of trajectory crossing, although the
close electrons with zy < A4, are ahead in phase of oscillations
and to the considered moment of time possess greater velocity
and energy of motion E = v m?c*+ ¢>P*. As in the case of
small excess over the threshold, this electron appears the first
in the head of the bunch generated by the laser pulse. The
energy of the leading electron injection into the wakefield,
E, = yphmcz, is resonance, i.e., the electron velocity at the
moment of self-injection is equal to the phase velocity of the
wake wave.

Figure 2 shows the distribution of electron macroparticles
of plasma (points) in the phase space z, P near the point of
self-injection of the leading electron zj,;)q (marked by a large
circle) at the time moment wtiy19 = 9.736 when the process of
self-injection of electrons into the wake wave of the laser pulse
begins. The accelerating force F = —|e| E,/(mcw,) acting on
the electrons at the given moment of time and determined by
the magnitude of the electric field E, of the wake wave is also
shown (solid curve). The laser pulse and plasma parameters
here and below are the same as indicated above.

We showed [12, 13] that the condition dz/dzy =0 specifies
the coordinate of the leading electron self-injection into the
wake wave by the expression

Zinj1a = Zo1a — V (Eos — yme?)/(2meny) (16)
where zqy = A4,, is the initial position of the leading electron
before the action of the laser pulse; correspondingly, the time
moment of the beginning of the wake wave breaking process
is determined as

' _ Zoud
injld = 5,
y Vgr

)

1
+ EI(Zinjld,Z()ld) + Tir(zo1a) -

The momentum value possessed by the leading electron at
the time moment of self-injection, P, = mcy/ypn— 1, is
marked in Fig. 2 by the horizontal dash-dot line. At th1s
moment, the accelerating force acting on the leading electron
is positive, since the electric field at the point of self-injection
of the leading electron is determined by the expression

E. = —/8mn(Eos — ypnmc?) . (18)
Pl(mc) F
KpZinjld = KpZsi
5 _._._._._._.‘_) ________________________ 45
Presl(mc) f_\
)
0 R 0
v. .
_5 1 1 1 _5
1 2 3 kyz

Figure 2. Distribution of electrons in the phase plane z, P (point) at the
beginning of the electron self-injection process wpftinjlg = 9.736. The
solid curve represents the force F = —|e| E. /(mcw,) acting on electrons
in the wake wave (see text).
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The direction of the electric field at the point of the lead-
ing electron self-injection indicates the character of the charge
distribution in plasma at this moment of time. Namely, the
total charge of the ions to the right of the leading electron at
this moment is greater than the total charge of electrons. That
is why the force acting on the leading electron is accelerating,
and immediately after the self-injection into the wake wave,
the leading electron transits to the acceleration regime in the
wakefield of the laser pulse.

Moreover, from Fig. 2 it is seen that immediately before
the beginning of the self-injection process the oscillating
plasma electrons near the leading electron form an accumula-
tion point, in which their trajectories draw together in such a
way that the concentration of plasma electrons acquires a sin-
gularity at this point. The point of the leading electron self-
injection zjyjq is @ point of accumulation for both groups of
electrons, which have crossed the ion background boundary
and which have not.

Further motion of electrons leads to the crossing of their
trajectories; the electrons become mixed and injected into the
wakefield of the laser pulse, which is confirmed by the numer-
ical simulation. Both the electrons initially located to the right
of the leader with zy > A, and the electrons initially located
to the left of the leader with zy < A4, are involved in the self-
injection process. This process is not infinite, and the condi-
tions for its termination will be considered below. Figure 2
shows the electrons, leftmost and rightmost with respect to
the leading electron (large circle), thus indicating the region,
from which the electrons will compose the bunch, generated
by the laser pulse. The triangle and the diamond mark the
electrons that have the oscillation centres at the utmost points
zor and zg, initially (before the interaction with the laser
pulse) located to the right and to the left of the leading elec-
tron, respectively.

4. Mixing of electrons and electron bunch
generation

The process of electron mixing leading to the formation of a
bunch of electrons captured by the wake wave is a very com-
plex phenomenon that can hardly be described exactly. The
above expressions (8), (9) remain exact only for the electrons
located outside the mixing region.

In further study let us assume that while the size of the
electron mixing region is much smaller than other character-
istic scales in the longitudinal direction, the electron order
violation in this region does not affect their motion in it, and
one can use the formulae (8)—(12) with sufficient accuracy.
The substantiation of this assumption consists in the follow-
ing: as seen by the example of the leading electron, the entr-
ance of electrons into the mixing region occurs at relativistic
energies of their motion E = vV m?*c* + ¢>P?. This implies the
electron velocity close to the velocity of light. Therefore, at
small dimensions of the mixing region the real trajectory of
electrons slightly differs from the relativistic electron motion,
described by Eqns (8)—(12). The required condition related to
the size of the mixing region is satisfied with great margin,
since from the results of Refs [12, 13] it follows that the size of
the generated electron bunch that coincides with the size of
the mixing region by the order of magnitude is extremely
small as compared to the length of the nonlinear plasma wave
and the amplitude of electron oscillations.

The mechanism of electrons grouping into the bunch gen-
erated by the laser pulse depends on their initial position rela-

tive to the leading electron. The electrons from the segment
(2014 Zop) 1nitially located to the right of the leading electron
are injected into the wake wave at the self-injection point,
located deeper in plasma with respect to the point of self-
injection of the leading electron, and with a time delay relative
to it. From the condition of trajectory crossing for any adja-
cent electrons (dz/dzy, = 0), applied to the ensemble of elec-
trons described by Eqns (8)—(12), it follows that the point of
self-injection of electrons into the wake wave z; moves fol-
lowing the laser pulse with the velocity, equal to its group
velocity, according to the relation

Z6i = Zinjld T Verlf = finjla)- (19)

In Fig. 2, the vertical dash-dot line marks the position of
the self-injection point for the leading electron, which at the
time moment #yj4 is located at the point with the coordinate
Zinjig and has the velocity V. It is seen that since the electrons
from the interval (z¢4,z0,) have a phase lag relative to the
leading electron, they approach the self-injection point hav-
ing the energy below the resonance one. In the accepted
approximation, the theoretical analysis of the trajectories of
the electrons passing the mixing region shows that at the
moment of self-injection the energy of the electrons coincides
with the resonance one. According to the results of exact
numerical simulation, this energy is close to the resonance
one, and correspondingly, the velocity of electrons is close to
the velocity of movement of the self-injection point z;. As a
result, the electrons are accumulated in the bunch of very
small length, since the electron is self-injected into the wake
wave at the spatial point and at the moment of time, when the
bunch of previously injected electrons appears at the same
point.

The electrons from the interval (zy,z¢)q) initially located
to the left of the leading electron (see Fig. 2), near the accu-
mulation point possess the velocity exceeding the group
velocity of the laser pulse. Therefore, as shown by the numer-
ical modelling, although these electrons lag behind the lead-
ing electron, they have the possibility to catch up with the
electron bunch after some time. For approximate estimation
of the process of incorporation of these electrons into the elec-
tron bunch generated by the laser pulse, one can assume that
if the trajectory of an electron from the interval (zq,zq14) at
some moment of time overtakes the running self-injection
point z where the self-injection of electrons from the interval
(2014 Zor) Occurs, then the given electron is also integrated into
the generated bunch.

For illustration Fig. 3 presents the numerically simulated
distribution of electron macroparticles in the phase plane z, P
at the moment of time wpt = 11.063, where the vertical dash-
dot line marks the current position of the self-injection point
of the electrons from the interval (zy14,2¢,), determined using
Eqn (19). From Fig. 3 it is seen that the real self-injection
point is sufficiently close to it. Below we assume that in the
accepted approximation the electron bunch comprises the
electrons that have the momentum P > P, (shown in Fig. 3
by the horizontal dash-dot line) and are located to the right of
the position of the running self-injection point z; at the con-
sidered moment of time. We neglect the dimension of the elec-
tron bunch and assume that its position coincides with z;.

The comparison of Figs 2 and 3 shows that at the consid-
ered stage of the electron bunch generation process the veloc-
ity of electrons from the interval (zg;,zqq) that pursue the
bunch increases. This is because their motion is not affected
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Figure 3. Distribution of electron macroparticles (points) in the phase
plane z, P at the moment of time w,¢ = 11.063. The solid curve presents
the force F = —|e| E. /(mcw,) acting on electrons in the wake wave (see
text).

by the mixing of electrons in the generated bunch. After
returning from the region of space z < 0, these electrons exe-
cute the same oscillatory motion as they did before crossing
the ion background boundary after the laser pulse action. The
only difference is that due to some time spent in the region
z < 0 they acquire a phase shift with respect to the adjacent
electrons. The situation shown in Fig. 3 corresponds to the
moment of time when these electrons approach the centre of
their oscillations. That is why their velocity is increased and,
therefore, the probability to catch up with the bunch and to
join it is increased, too.

From Fig. 3 it is seen that the accelerating force acting on
the electrons of the bunch trailing part decreases with increas-
ing its charge. This is due to the displacement of the bunch in
the positive direction of the z axis, which leads to a decrease
in the total charge of ions to the right of the coordinate z;,
which in the accepted approximation coincides with the cur-
rent position of the bunch, while the total charge of electrons
in the same region increases because of the supply of electrons
from the interval (z¢},z14)- As a result, at a certain moment of
time the charge separation field in the trailing part of the
bunch can change the sign, and at the self-injection point of
electrons having the oscillation centres in the region zg > zgy4
the force acting on the electrons can become negative. Then
the electrons from the region z, > zy4 will be no more cap-
tured in the bunch and will not be able to join its composition,
since they approach the self-injection point with the energy
smaller than the resonance one. The distribution of electrons
at the time moment when the capture of electrons from the
region z, > zgq into the bunch is terminated (wpt, = 12.37) is
shown in Fig. 4. For the last electron, initially located to the
right of the leading electron and captured by the bunch, the
centre of oscillations is z,.

Note that the real picture of the phase-space distribution
of electron macroparticles captured in the bunch and their
characteristics are somewhat different from the approximate
ones, used in the theoretical analysis. Thus, from Fig. 4 it fol-
lows that in reality the position of point zg; of the electrons
self-injection into the bunch slightly differs from the one pre-
dicted by Eqn (19), but is sufficiently close to it. Under a more
careful consideration, the numerical simulation also shows
that the capture of electrons in the generated bunch is not so
unambiguously determined by the equality of the accelerating

force to zero in the trailing part of the bunch, since the distri-
bution of fields in this region of plasma and its further dynam-
ics possess the character that is more complex. Besides that,
the last electron from the region z, > zjy captured in the
bunch and marked by the triangle, has the energy smaller
than the resonance one. However, the used approximation
facilitates the qualitative understanding of the process of
electron capture from the region (z¢ 4, zg,) into the genera-
ted bunch and, as will be seen below, allows the analytical
derivation of the result, close to the results of numerical simu-
lation.

Let z4 be the coordinate at which at a certain moment of
time ¢ the accelerating force at the trailing part of the pulse
turns into zero. Neglecting the small thickness of the bunch,
we assume that zg also coincides with the position of the
self-injection point z; at the time moment 7y, when the cap-
ture of electrons with the oscillation centres at z, > zgyq 1S
finished.

The ensemble of bunch electrons at the time moment ¢
incorporates all electrons from the plasma layer (zyq,zo,)
according to their position in plasma before the action of the
laser pulse, where zy4 is the oscillation centre of the electron
from the interval (2, z914), Which at the time moment #, finds
itself at the point z4. From Fig. 4 it is seen that zo4 > 2, since
at the time moment 7y not all electrons from the region
(201, Z919) have reached the bunch. For the rightmost one of
the electrons from the layer (2o, zo,) that form the bunch cap-
tured by the wake wave to the time moment 74, according to
Eqns (8)—(12) the following relation can be written:

_ Zor
lq= -

Ve (20)

%I(Zq:ZOr) + T (20r) -

For the electron from the region (z¢), zo14) With the oscilla-
tion centre at point zy that finds itself in the bunch at the time
moment 7 it follows from Eqns (8)—(12) that

=yl 21
tq - V:gr + EI(quZOq) + TIFL(ZOq)- ( )
Relations (20), (21) are completed by the condition

Pl(mc) F

Koz
10 410
Ps/(mc)
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2.0 2.2 2.4 2.6 2.8 kyz

Figure 4. Distribution of electrons (points) in the phase plane z, P at the
moment of time w,t, = 12.37, when the self-injection of electrons with
the oscillation centres at z, > A4, is terminated. The solid curve presents
the force F = —|e| E. /(mcw,) acting on electrons in the wake wave (see
text).
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200 = 20 = V (Eos = ypme)/(2me’ no) (22)
which means that the field in the trailing part of the bunch at
the time moment 7, is equal to zero.

Combining relations (20)—(22), taking into account that

24 = Zor = V/ (Eos — yonmec) [(2me>ng) (23)

and introducing the notation for the half-period of oscillation
of the electron that does not cross the ion background bound-
ary

T:lf " dz’
el \/1 2 4 2,2 12
A1 —m*c*/[Ey — 2me?(z")  ng)

24)

we arrive at the following equation for the determination of zy;:

\/(Eos - )/phmcz) /(21te2n0)
Ver

Tlft(ZO q) =

+ %I(Zldinj,ZOId) + Ty. (25)

Note that from Eqns (22) and (23) it follows that z; = zy,.
It means that to the time moment ¢, the last electron from the
region (zg), Zg)q) included in the bunch is the one, through the
oscillation centre of which the running point zg(#,) of electron
self-injection passes at this moment of time.

From Fig. 4 it follows that at ¢ > 7, the process of electron
accumulation in the generated bunch will continue at the
expense of receiving electrons from the region (zy),z), since
their velocity at the considered moment of time exceeds the
phase velocity of the wake wave, and they continue to
approach the electron bunch. However, these electrons have
already passed through their oscillation centre, and their
velocity begins to decrease. The last electron captured by the
bunch will be the one for which the decrease in velocity to the
phase velocity of the wake wave will occur at the same time
moment 7., and the point z., of the z axis, where at this time
moment the self-injection point zg; will find itself. In Fig. 5 this

Pl(mce) | ) +HF
H
20+ kpzsit § 420
15F H 415
10 H 110
Ps/(mc) z .ff
R TR e S 5
' K
. .--"/> e
0 / —F0
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5.8 6.0 6.2 6.4 6.6 6.8 kyz

Figure 5. Distribution of electrons (points) in the phase plane z, P at the
moment of time ., = 15.085, when the self-injection of electrons with
the oscillation centres at z, < 4, is terminated. The solid curve presents
the force F = —|e| E. /(mcw,) acting on electrons in the wake wave.

situation is illustrated at wpt., = 15.085. It is seen that the
above statement is approximate, but, as will be shown below,
the approximation is good enough to get sufficiently precise
numerical estimates.

From the solution of electron oscillation equations it fol-
lows that the leftmost electron with the centre of oscillations
at zg; at the moment of self-injection will have the velocity
equal to that of the wake wave, if it is located at the point
separated from the oscillation centre by the interval

Zex = Z01 = Y (Eos — ymnmc)[(2meny) . (26)
On the other hand, from Eqn (8) for the electron trajec-
tory we have

Zor 1
lex = — + zI(ZemZO]) + Tin(zo1).

Ve 27

Completing Eqns (26) and (27) with the relation obtained
from Eqn (19),

Zex = Zinjld + Vgr(lex - tinj ld)a (28)
we arrive at the equation for zy;
2\/(E05 - j/phmcz)/(2n62n0)
Tip(zo) = 7
gr
2
+ ?I(ZinjldsZOld) + Th. (29)

Solving Eqns (25) and (29) under the conditions 4,, —
zo1 K Ay and A4, — 24 << A4,, one can find the additional
term zpq — zo;, Which together with Eqn (22) determines the
thickness of the layer of unperturbed plasma electrons that
enter the composition of the bunch. Finally, we find that to
the time moment of separation of the electron bunch from the
electron background the bunch accumulates the electrons
that occupy in the unperturbed plasma the layer as thick as

kpAZtr = kp(ZOr - ZO]) =Y Z[Eosl(mcz) - yph]
)2/3 (2% — DV 2[Eosl(mc?) — 1]

(o

X [2(Eos/(me?) = ypn)]"

1 1 2/3
VIi—1h2 V1 —m?cIEL

X (30)

Consequently, the value of the charge per unit cross sec-
tion area of the bunch generated by the laser pulse passing
through the sharp plasma boundary is determined by the
expression o = —|e|ngAz,.

Figure 6 presents the calculated dependences of the thick-
ness of the layer of laser-unperturbed plasma electrons, cap-
tured in the generated bunch, on the energy of oscillations E
for the plasma with different values of y,,. For comparison
Fig. 6 also presents the thickness variations of the layer of
electrons, captured in the bunch, calculated using the formula
of Ref. [12], where the contribution of electrons crossing the
boundary of the ion background to the bunch charge is not
taken into account. From Fig. 6 it follows that the approach
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Figure 6. Thickness of the layer of captured background electrons vs.
the energy of plasma oscillators for the threshold energy E,, = Smc?
(circles) and 7mec? (squares). The solid curves correspond to the calcula-
tions using Eqn (30), the dashed ones present the calculations using the
formula from Ref. [12], derived under the condition E — E g, << Eygh-

to the analysis of the process of electron bunch generation by
the laser pulse, presented in this paper, reflects the real physi-
cal picture more precisely and reveals the mechanism of elec-
tron bunch generation by the ultrarelativistic-intensity laser
pulse passing through the sharp boundary of plasma in more
detail.

Nevertheless, it is worth noting that Eqn (30) does not
cardinally change the general character of the dependence of
the layer thickness on the energy of plasma oscillators. As a
result, for the laser pulse parameter values chosen above, for
which the corresponding electron oscillation energy is E,, =
9mc?, the error of the estimate obtained using the simpler for-
mula from Ref. [12] does not exceed 10%. This fact means
that in the description of electron self-injection into the wake
wave of the laser pulse for the large energy excess over the
threshold (Eys — Eogn & Eygn) One can use the formulae of
Refs [12,13] to estimate the rest characteristics of the electron
bunch, namely, the length and the energy difference between
the electrons.

To finalise, we also note that Eqn (30) allows determina-
tion of the applicability limits for the assumption of similarity
of the electron trajectories under the conditions, when the
laser pulse evolves slowly in the process of propagation thro-
ugh plasma. The utmost electrons of the segment Az, as well
as all electrons between them, will move along the approxi-
mately similar trajectories in the process of interaction with
the evolving laser pulse, if during the time Az,./V, the charac-
teristics of the laser pulse do not change essentially. The char-
acter of motion of other electrons that are not included in the
bunch does not matter, since at the stage of interaction with
the laser pulse the mixing of electrons is absent. On the other
hand, according to Ref. [15], the characteristics of the laser
pulse having relativistic amplitude (the characteristic longitu-
dinal size and the steepness of the pulse profile) in the course
of propagation through the plasma change at the length esti-
mated by the order of magnitude as L, ~ k; 'yan. Thus, under
the condition k,Azy, << Vi the evolution of the laser pulse
having the group velocity close to the velocity of light is suf-
ficiently slow, so that the theoretical approach used in the
present paper is applicable to the analysis of the process of
generation of electron bunches by the laser pulse.

5. Conclusions

The performed study of generation of short electron bunches
by the laser pulse of ultrarelativistic intensity (|e|A4y/mc> ~
10) passing through the sharp plasma boundary allows
detailed determination of the mechanism underlying this
physical phenomenon.

It is revealed that the total charge of the electron bunch is
formed of two different groups of electrons. One group con-
sists of electrons that do not cross the boundary of ion back-
ground in the process of their motion. The electrons of the
other group cross the plasma ion background boundary and
return. It is found that independent of the degree of the total
electron oscillation energy excess over the threshold value, the
bunch formation always begins from the electron initially
located at the distance from the ion background boundary
equal to the amplitude of its oscillations, caused by the subse-
quent interaction with the laser pulse.

The main contribution to the bunch charge, particularly
in the case of small excess over the threshold, comes from the
electrons that do not cross the boundary of the ion back-
ground in the process of their motion. The mechanism of their
accumulation in the bunch generated by the laser pulse implies
that the self-injection of every electron from this group into
the wake wave occurs at the time moment and space point,
where the earlier injected electrons composing the bunch
already are.

Because of interaction with the laser pulse, the electrons
that move beyond the ion background make the most consid-
erable contribution when the process of electron bunch gen-
eration is characterised by large excess over the threshold.
The mechanism of their accumulation into the bunch is such
that after the return into the region of ion background these
electrons move with greater velocities and overtake the bunch.

We derived a formula that determines the bunch charge
per unit of its cross section area. It is determined by the thick-
ness of the unperturbed plasma layer, the electrons from
which form the generated electron bunch. It is established
that the charge accumulated in the bunch is completely deter-
mined by two parameters: the energy of the longitudinal oscil-
lations of electrons and the gamma-factor of the laser pulse
wake wave.
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