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Efficient two-dimensional sub-wavelength atom localisation
via probe absorption in a four-level A-shaped atomic system

M. Sahrai, F. Bozorgzadeh

Abstract. Two-dimensional (2D) atom localisation of a four-level
A-shaped atomic system with a nearly hyper-fine doublet interact-
ing with two orthogonal standing-wave fields is investigated. The
spatial information of a moving atom in xy plane is obtained by
measuring the probe field absorption. The effect of quantum inter-
ference on two-dimensional atom localisation is described. The
intensity of standing-waves and the detuning of the probe and
standing-wave fields are found to strongly affect the two-dimen-
sional atom localisation that lead to different spatial distribution
patterns.
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1. Introduction

In recent years, studying the atomic position in the sub-wave-
length domain has attracted much attention due to its poten-
tial application in nanolithography [1], laser cooling [2],
Bose—Einstein condensation [3], etc. Quantum interference
arising from atomic coherence is an important mechanism to
determine the atomic position through the standing-wave
field. One important method for measuring the position of a
moving atom is detection of the spontaneously emitted pho-
ton by the atom when it passes through the standing-wave
field. Qamar et al. [4, 5] investigated the methods for acquir-
ing precise information about the position of two-level [4] and
three-level [5] atoms moving through a standing-wave field by
measuring the spontaneously emitted photon’s frequency.
They found that four localisation peaks with equal probabil-
ity in the unit wavelength domain of the classical standing-
wave field can be obtained. The spatial position of the moving
atom will then strongly depend on the relative phase of
applied fields, which reduces the periodicity of the system by
2 due to the quenching of the spontaneous emission [6]. This
increases the probability of finding the atom at a particular
position by a factor of 2 just by controlling the relative phase
of applied fields. An important advantage of such sub-wave-
length atom localisation, based on the measurement of the
spontaneously emitted photon’s frequency, is the determina-
tion of the atomic position within the sub-wavelength domain
during its motion through the standing-wave field. However,
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in these schemes, not only the atom should be prepared in the
upper level, but also the spontaneously emitted photon should
be detected, which is not practical for experimental implanta-
tion. Paspalakis et al. [7] showed that atom localisation can
also be achieved via the measurement of the population in
upper level of a A-type atomic system. For a weak probe field,
they observed that the measurement of the population in
upper level leads to sub-wavelength atom localisation during
its motion through standing-wave fields. In our work [8—10],
we showed that the position of a moving atom through the
standing-wave field can be determined by the measurement of
probe field absorption frequency. In fact, electromagnetically
induced transparency [11] has opened up a new route for sub-
wavelength atom localisation, which may allow better locali-
sation with the same conventional measurement resolution.
The basic idea is that the measurement of probe field absorp-
tion at appropriate frequencies localises the moving atom
inside the classical standing-wave field. Thus, the position of
the atom along the standing-wave field is determined as the
probe field absorption frequency is measured. In this case, the
atom would be in its ground state that is easy to implement.
We have shown that for a certain choice of controlling param-
eters, such as the relative phase of driving fields, one can con-
fine the atom to one of the half-wavelength regions. Therefore,
two localisation peaks occur in one of the half-wavelength
regions. This new domain of atom localisation is called sub-
half-wavelength localisation [10]. Thus, probe absorption
peaks are restricted to one-half of each wavelength, which
results in better atom localisation with the same conventional
measurement resolution based on measurement of absorption
frequency. The effect of quantum interference arising from
spontaneously generated coherence (SGC) [12] has also been
taken into account in sub-half-wavelength atom localisation
[13]. Tt has been found that the effect of the SGC makes the
probe absorption phase dependent. It has also been shown
that measurement of a certain probe field frequency leads to
sub-wavelength atom localisation in either of the two half-
wavelength regions by an appropriate choice of the phase dif-
ference between applied fields [13].

On the other hand, two-dimensional (2D) atom localisa-
tion has been discussed with respect to the measured sponta-
neously emitted photon [14], quantum interference [15], inter-
acting double-dark resonances [14, 16], population of upper
levels [17] and probe field absorption [18—20]. The precise
position of the atom in the two-dimensional xy plane was
determined via the measurement of the upper level popula-
tion by Ivanov et al. [17]. A scheme of two-dimensional atom
localisation based on phase-sensitive probe field absorption
was proposed in a four-level atomic system with an assisting
radio-frequency (RF) driven field [18]. In this case, 2D atom
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localisation patterns are obtained in the sub-wavelength
domain of the standing-wave. Furthermore, the behaviour of
two-dimensional atom localisation in a N-type tripod five-
level atomic system driven by two orthogonal standing-wave
fields was also investigated [20]. In another proposal, Qamar
[21] discussed the two-dimensional atom localisation via
probe field absorption in a three-level A-type atomic system
when the atom interacts with a weak probe and two orthogo-
nal standing-wave fields. The double-dark resonance in a
four-level double-A configuration was studied by Shapiro
[22]. The conditions for coherent population trapping were
calculated when a nonabsorbing superposition of upper states
was formed in a four-level double-A system.

We investigate the two-dimensional atom localisation in a
four-level atomic system with a nearly hyper-fine doublet of
closely spaced upper levels. We examine the response of probe
field absorption when the atomic system interacts with two
orthogonal standing-wave fields. The quantum interference
effect is employed to reach the precise position of the atom by
measuring the weak probe field absorption. The spatial infor-
mation of the atom through two-dimensional standing-wave
fields strongly depends on the probe field detuning. An appro-
priate probe field detuning leads to the highly precise detec-
tion of the position in a sub-wavelength region of standing-
waves. The effect of the frequency detuning of two standing-
wave fields and their intensities on two-dimensional atom
localisation is also discussed.

2. Model and density-matrix equations of motion

Consider a closed four-level atomic system coupled by two
laser fields (Fig. la). The atomic system includes a nearly
hyper-fine doublet of closely spaced levels |3) and |[4) with a
frequency difference w3y = 2A, where A = (w4 — w3)/2. Two-
dimensional standing-wave fields of frequency w. couple level
[2) to levels |3), |4), while a weak probe laser field of frequency
w,, applies to the transition |1) « |3)(|4)). The spontaneous
decay rates from upper levels |3) and |4) to lower levels |2) and
|1) are defined as y3;(31) and yap41), respectively. We assume
that the centre-of-mass position of the atom is nearly constant
along the direction of the standing-wave, and the atom moves
along the z axis and passes through the intersection region of
two classical standing-waves fields, as shown in Fig. 1b.
Hence, we apply the Raman—Nath approximation and
neglect the kinetic energy term of the Hamiltonian. The inter-
action Hamiltonian of the system is given by

H = iE,- [/ |-hQ.exp(—iw.1) |3)(2|—hQ.exp(—iw 1) |4){2]

j=1
— hQ, exp(—iwy 1) B)(1|— hQyexp(—iw, 1) ¥){1] + H.C., (1)

where E; = hw; is the energy of the levels |j) (j=1,2,3,4);
Q, = E23141) = K3141)€p/(21) is the Rabi-frequency of the weak
probe laser field that drives the transition |1) < |3)(|4)); £.(x,»)
= Q,[sin(kx) + sin(ky)] is the position dependent Rabi-
frequency of two orthogonal standing-wave fields that drives
the transition [2) © [3)(14); 2\, = 3wy = Unu)El(2h);
W31y and p3p4n) are the corresponding electric dipole
moments; and &, and &, are the amplitudes of the two coher-
ent standing-wave fields and a weak probe laser field, respec-
tively. Under the rotating wave approximation, the density
matrix equations of motion can be written in the form [23]

0
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Figure 1. (a) Four level A-type atomic system: two orthogonal stand-
ing-wave fields couple upper levels |3) and |4) to |2) and a weak tunable
probe field couples level |1) to both levels |3) and [4); and (b) schematic
diagram for the two dimensional localisation of an atom.

Paa = 182:(p2s — pa2) T 1Q2,(P 14— p41)
= 2014t va2)Paa — (11 + 12)(pa3 + 34),
P33 =182:(p23 = p32) +12p(013 - p31)
= 2(r31 T v32)P33 — (1 + M) (P43 + P3a),
Pas == (Va1 +yaa T yait v T 124)p43 + 1923 — P2a)
+1Qy(p13 = pa1) = (71 + 172)(Pas + P33),
Pu =~y Tyt i(A-A)lpsp +iQ,p1,
—1Q:(p43 + paat p22) — (11 +12) P32, (2)
Par =—[ya1 + e (A= A]pgy +18:p2;
—1Q2,(p43 + past p11) = (71 + 12) P31,
P ==y tynti(A-A)]ps +i2p1n
—182c(p3a + p33—p2) — (11 +172) pa2,
P31 =—[y31 tyn—i(A+ Aplps + i p
—1Qy(p3s4 T p33=p11) = (1 +12) Par,
P21 =—U(Ac = Ap)pa +12:(p31 + par) —12,(023 + p24)-

Here, A= w.—woand A, = w,—w are the detunings between
applied fields and the corresponding atomic transitions; and
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wo = (w3 + w4)/2. The parameters 7, = y/y41y31 cos6 and 5, =
VY42Y32 cosB, describe the effect of quantum interference
between two decay pathways, |4) (]3)) = |1) and [4)(|3)) = |2).
In fact, quantum interference arises due to the decay from
two upper levels |3) and |4) to level [1) or level |2). Here,
cosO; = pqpai/(uqipsr) [or cosOs = pappsl(parusr)] repre-
sents the alignments of the corresponding electric dipole
moments. If the two dipole moments become parallel or
anti-parallel, i.e. 6; = 6, = 0(n), quantum interference
becomes maximal. But if the electric dipole moments are
perpendicular to each other, i.e. 6; = 6, = n/2, then quantum
interference is minimal, i.e. 7, =%, = 0. We assume the atom
to be initially in its ground level |1), so that p{} = 1 and
Py =0 (i,j=1,2,3,4).

After linearisation, the necessary equations from the set of
density matrix elements are given by

P31 =—[y31 +yn—i(A+ Aplps +i8:pa
18y = (11 +12) pars

par == [yar + v T (A= Appy +182.p21 3)
+1Q, — (1 +12) P31,

P =—1(Ac = A pay +1Q:(p31 + pay)-

By solving equations (3) in the steady state, i.e. p; =0, we
obtain the density matrix elements p3; and py4,

-9, .. .
P = Gepar U = ADlyar +va + (A = A + (p + )}

@)
-9, .. .
Pl = gop i (A= A)Iyan+ys = (A + AL+ (m + 1)}

where M is a matrix of the density matrix coefficients in equa-
tions (3). The observable quantity is the electric susceptibility
as a response of the atomic medium to the applied fields.
Thus, the linear susceptibility can be written as [23]

X = 8207];[]3(#12031 + tiapa1), 5

where N is the number of injected atoms to the interaction
region. Generally, the linear susceptibility is a complex quan-
tity that is defined as y = ' + ix". The real part of y corre-
sponds to the dispersion, while the imaginary part indicates
the probe field absorption. In fact, the imaginary part of x"
i.e. absorption, is our main point of interest in discussing the
probe field absorption along the standing-wave fields.

Equation (5) implies that the linear susceptibility is char-
acterised by the coherence term p3; and py;. It is obvious that
the imaginary parts of susceptibility depend on the position
dependent Rabi-frequency, the detuning of two orthogonal
standing-wave fields and probe field detuning, and on the
quantum interference effect. Thus, the problem reduces to the
measurement of the position-dependent probe field frequency
that provides information about the atomic position.

Note that atom localisation means the measurement of
the conditional position probability of the atom moving
inside the pre-defined wavelength domain. In fact, the peak
position of the probe absorption profile shows where the
atom is localised. Then, the number of peaks in one sub-

wavelength domain indicates the detection probability, and
the width of the peak shows the localisation precision [24].

3. Results and discussion

In order to achieve high precision 2D atom localisation, we
investigate the imaginary part of equation (5) to discuss the
information about the position of an atom moving inside the
two-orthogonal standing-wave laser fields. From the analyti-
cal solutions given in equations (4) and (5), it is obvious that
the probe absorption depends on the intensity of two-orthog-
onal standing-wave fields and the detuning of probe and
standing-wave fields. Also, quantum interferences arising
from two spontaneous decay channels, i.e. [4)(]3)) = |1) and
[4)(13)) = |2), have a crucial role on position-dependent probe
field absorption. Thus, an atom can be localised in the specific
positions on the xy plane by proper measurement of probe
field frequency. We assume that y4; = v3; = y4 = y3, =y and
all the other parameters are scaled by y.

Figure 2 shows the two-dimensional probe absorption for
various values of the standing-wave field detuning A.. Figures
2a, 2c and 2e show the results in absence of quantum interfer-
ence, while Figs 2b, 2d and 2f — in its presence. If A, = 0, the
probe absorption is distributed in two quadrants of the xy
plane (Fig. 2a), which has the ‘cross’ structure pattern in sec-
ond and fourth quadrants. By gradually increasing A to the
value of 20y, the ‘cross’ pattern of the probe absorption
become wider and the accuracy of the two-dimensional atom
localisation will be reduced. Physically, with increasing A,
the resonance condition in the system is disturbed, and this
leads to atomic decoherence. Therefore, the position of the
atom cannot be determined with high precision. Figures 2b,
2d and 2f illustrate the effect of quantum interferences, i.e.
71 =1, = 1, on the spatial distribution of the probe absorp-
tion. It is found that the spatial distribution of the imaginary
part of the susceptibility is initially located in all quadrants of
the xy plane, where probe absorption has a cross-like pattern
in second and fourth quadrants, but it has a spherical pattern
in first and third quadrants. With increasing A, these spheri-
cal patterns will fade away. Comparing Figs 2e and 2f shows
that for the off-resonance condition the effect of quantum
interferences vanish.

A remarkable result can be found in Fig. 3, where the
effect of the probe field detuning on probe absorption is
investigated. One can see from Figs 3a and 3b that the imagi-
nary part of the susceptibility has a cross-like pattern. But
with increasing A, interesting localisation patterns start to
appear. According to Fig. 3c, in the absence of quantum
interference, probe absorption exhibits a crater-like pattern in
the first and third quadrants, and this leads to the localisation
of the atom at the circular edges of these craters. Furthermore,
with increasing A, to 30y, the spatial distribution of the atom
localisation shows a spike-like pattern, as plotted in Figs 3e
and 3f. In such a case, high-precision and high-resolution 2D
atom localisation is obtained. This is to say that the atom is
localised with a high precision position in a sub-wavelength
region of standing-waves with a spike-like pattern in the posi-
tions (kx,ky) = (n/2,7/2) and (kx,ky) = (-n/2,-m/2). These
interesting localisation patterns can be used for enhancing the
capability of many existing devices, such as optical micros-
copy, atom imaging, measurement of the centre-of-mass wave
function of moving atoms, trapping of neutral atoms, etc.

Figures 3b, 3d and 3f show the effect of quantum interfer-
ences on the atom localisation for various probe field detun-
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Figure 2. Imaginary part of the susceptibility y" as a function of kx, ky at A. = (a, b) 0, (c, d) 10y, (e, £) 20y, 7, =9, =(a,c,e) 0 and (b, d, f) 1;y =

0.1, Q=y,Q, =10y, A=2yand A, =7.

ings. It can be seen that on resonance, for A, = 0, the probe
absorption is distributed in all the quadrants of the xy plane.
In this case, with increasing Ay, the two cross-like patterns in
the second and fourth quadrants will be fading away, and
only the spike-like patterns in the first and third quadrants
will remain. This is to say that with increasing A,,, the absorp-
tion peaks move from the second and fourth quadrants to the
first and third ones. Physically, quantum interference arising
from decay channels leads to enhancement of atomic coher-
ence due to the parallel orientation of the corresponding
dipole moments. This leads to precise information about the
position of the atom moving through the two-dimensional
standing-wave fields. Hence, the position of the atom is deter-
mined in sub-wavelength domain.

Figure 4 demonstrates the effect of the intensity of the
standing-wave fields on 2D atom localisation. For £, = the
probe absorption is also distributed in two quadrants of the

xy plane (Figs 4a and 4b). With increasing £, from y and
40y, the spike-like pattern of Fig. 4a converts to the cross-like
pattern (Figs 4c, 4d and Figs 4e, 4f). Thus, for n; =7, =0, the
intensity of the two standing-wave fields is an important
parameter for precise atom localisation. The effect of the
intensity of two standing-wave fields for ; = 5, = 1 is dis-
played in Figs 4b, 4d and 4f. To achieve a better resolution,
the intensity of two-orthogonal standing-waves is tuned from
20 to 40y. It can be seen that the so-called cross-like and
spherical-like patterns are also presented, and by increasing
the Rabi-frequency of the standing-wave fields, the precision
and resolution of the patterns will become better. One can
discover where the atom is localised by checking the patterns
in the probe absorption spectra. Moreover, the number of the
peaks in probe absorption for one period of the standing-
wave fields reflects the conditional position probability in the
xy plane.
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Figure 3. Imaginary part of the susceptibility " as a function of kx, ky at A, = (a, b) 0, (c, d) 20y, (e, f) 30y, 7, =17, =(a,c,e) 0 and (b, d, 1) 1,y =
0.1, Q,=y,Q, =10y, A=2yand A, =7.

4. Conclusions

We propose a four-level A-type atomic system for two-dimen-
sional atom localisation inside two-orthogonal standing-wave
fields. By measuring the probe field absorption, the position
probability distribution of the atom is determined in the xy
plane. Quantum interferences arising for two decay channels
on two-dimensional atom localisation is described. The effect
of interaction parameters such as the intensity of standing-
waves and the detuning of probe and standing-wave fields, on
two-dimensional atom localisation is discussed. Appropriate
intensity values of the two orthogonal standing-wave fields
lead to precise measurement of the position of an atom mov-
ing through the standing-wave fields.
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