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Theoretical simulation of a signal for a scheme
of an atomic spin gyroscope with optical detection

E.N. Popov, K.A. Barantsev, A.N. Litvinov

Abstract. An operation scheme of an atomic spin gyroscope with
optical detection is described, in which two noble gas isotopes,
129Xe and '3'Xe, are used as carriers of the spin of an atomic
nucleus. Based on this scheme, we construct a theoretical model of
the dynamics of the spin polarisation of an alkali metal and the
magnetisation of a noble gas under conditions of spin-exchange
interaction and optical pumping. This model allows one to simulate
the pumping and signal readout in the gyroscope scheme. The time
dependences of this signal are plotted, the analysis of which shows
that the signal has a sophisticated complex structure. Thus, the
problem arises of demodulating this signal based on the improve-
ment of demodulation methods and algorithms.
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1. Introduction

Recently, much attention has been paid to the development of
high-precision navigation systems. Presently, in the world
today there are two global navigation systems that provide
communication anywhere on the planet: GLONASS and
GPS. These systems have certain disadvantages, the main of
which is the requirement that there be no obstacles in the path
of signal transmission between the satellite and the navigation
receiver (client). This significantly limits the applicability of
these systems in places where it is difficult to receive a signal
from satellite navigation systems. In such cases, the so-called
inertial navigation systems are used, which determine the
location of the object using the fundamental properties of the
inertia of motion in noninertial reference systems during
turns and linear acceleration. The advantages of inertial navi-
gation systems are autonomy, versatility and noise immunity.
In aviation, space, sea and geodesic systems (where there is no
signal from GLONASS and GPS systems), the current loca-
tion, speed and direction of movement of an object can be
only determined by using inertial navigation systems. To sta-
bilise the course of motion in such systems use is made of
gyroscopes.
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The effect of nuclear magnetic resonance (NMR) is
resonant absorption or radiation at a certain frequency
(NMR frequency) of electromagnetic energy by a sub-
stance containing nuclei with nonzero spin in an external
magnetic field, which is caused by the reorientation of the
magnetic moments of the nuclei [1]. The use of this effect
gave rise to whole directions in physics (spin echo [2],
quantum magnetometers [3]), chemistry (chemical shift,
spin—spin interaction [4]) and medicine (magnetic reso-
nance imaging [5]) associated with nuclear spectroscopy.
Nuclear spin can play the role of a quantum mechanical
top that is not subjected to friction or other mechanical
effects. One of the most popular methods for measuring
the angular velocity is the generation of a torque, which
causes the nuclear spin to perform precession around a
selected axis with a certain angular velocity in the labora-
tory reference frame. Then, in the rotating reference
frame of a quantum gyroscope, another value of angular
velocity will be detected, different from the angular veloc-
ity in the laboratory system, which is preserved. The dif-
ference in detected angular velocities in these reference
systems makes it possible to determine the speed with
which the sensor itself rotates. According to this princi-
ple, a NMR-based gyroscope operates [6—9].

The first working NMR-based scheme for measuring the
angular velocity of rotation was implemented in mercury
vapour containing 'Hg and 2°' Hg isotopes with different
gyromagnetic ratios [10, 11]. The idea was that the Larmor
precession frequencies for two isotopes in the same external
magnetic field are different. In this scheme, the precession fre-
quencies (corresponding to each of the isotopes) in the gyro-
scope reference system can be measured directly in the device
using a modulator and a frequency metre. With the algebraic
exception of induction of an external magnetic field, it is pos-
sible to obtain a mechanical frequency of rotation. The use of
two isotopes makes the scheme resistant to fluctuations of the
magnetic field and gives an advantage over similar schemes
working with a single carrier of atomic spin. However, due to
the complexity of miniaturisation and numerous technologi-
cal problems associated with mercury use, this scheme is not
effective for practical use.

Kornack at al. [12] suggested a scheme of a quantum rota-
tion sensor based on an atomic co-magnetometer, which has
several advantages over the above-mentioned NMR scheme
for a mixture of two gases with different gyromagnetic ratios
of the nuclei. This scheme is fundamentally different from the
mercury gyro scheme, since it artificially suppresses the spin-
exchange interaction between an alkali metal and a noble gas
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and does not use magnetic resonance. In the co-magnetome-
ter scheme, the electron spin of alkali metal atoms is pumped
by circularly polarised laser radiation and transmitted to the
noble gas atoms through the spin-exchange interaction dur-
ing collisions [13]. However, the technical complexity of the
implementation of the co-magnetometer and the insufficient
development of the theory in this direction makes it less popu-
lar than the NMR-based quantum gyroscope. Moreover, a
significant drawback of such a device is the very high sensitiv-
ity of the gyroscope to changes in the angle between the pump
and readout beams; there is also a problem associated with
the need for a high degree of protection from external mag-
netic fields and for a precise setting of the compensating mag-
netic field.

There is another alternative scheme of a quantum rota-
tion sensor on a nuclear spin, which is not implemented in
practice. This scheme, described in [14], is physically close to
the NMR sensor scheme on two xenon isotopes, but it uses
one circularly polarised laser beam both for pumping and
for reading. At the same time, the alternative scheme has a
significant drawback, i.e. complexity of laser parameter
optimisation, due to the fact that different intensities,
polarisations and detunings are required for pumping and
reading.

A more advanced NMR-based scheme for measuring the
angular velocity was implemented in 2011 by an American
company, Northrop Grumman [15-18]. At the same time,
we should note that the work of Northrop Grumman was a
continuation of the Litton Industries work, which began in
the 1970s. Later Litton Industries later became part of
Northrop Grumman. In contrast to the mercury spin gen-
erator, in this scheme two noble gas isotopes — ' Xe and
131Xe — were used. The main advantage of xenon is a large
cross section of the spin-exchange interaction, the presence
of two stable isotopes ('2°Xe and ’!Xe) with a spin not
exceeding 3/2, and g-factors of different signs. In addition,
both isotopes with nonzero angular momenta are contained
in sufficient quantities in natural xenon gas. As a result, in
2014, the following characteristics of the device were
achieved: a drift of 0.02 deg h™!, and an angle random walk
(ARW) of 0.005 deg h™"2[18, 19]. In terms of the drift, the
fabricated device does not fully correspond to the naviga-
tion class. The next task is to improve the processing
(demodulation) of the signal and to reduce the influence of
temperature and magnetic gradients on the accuracy of its
measurement. Optimisation of these values is one of the key
problems. Simultaneously with the research conducted in
the USA on the making of a NMR-based gyroscope, scien-
tists from China have been engaged in this direction in
recent years. At present, they also use the scheme of pump-
ing nuclear spins through the spin-exchange interaction with
alkali metal atoms. As the noble gases in this scheme use is
made of two stable xenon isotopes [20, 21].

The main advantage of this scheme is the possibility of its
miniaturisation in using vertical-cavity surface emitting lasers
(VCSELs) for pumping and reading. In addition, working
with a noble gas instead of mercury seems to be simpler in
terms of the technical implementation of the device. An essen-
tial argument in favour of choosing such a scheme is the fact
that the prototype of the device, albeit with insufficient char-
acteristics for the navigation class, has already been imple-
mented. Thus, the objective of this paper is to develop a theo-
retical model of the dynamics of nuclear magnetisation of two

noble-gas isotopes in the scheme of an atomic spin gyroscope
with optical detection [in the literature on this subject it is cus-
tomary to call it an NMR-based gyroscope (NMR-gyro)],
which would make it possible to take into account all main
physical effects that appear during the implementation of this
gyroscope. As a result, the theoretical model should provide
an opportunity to simulate the signal of a physical gyroscope
unit and to carry out multifactor optimisation of the gyro-
scope parameters in order to achieve the navigation accuracy
class.

2. Description and principle
of NMR-gyro operation

Consider the basic principle of NMR-gyro operation. The
main physical unit of the gyroscope is a cell containing two
isotopes of a noble gas, a saturated alkali metal vapour and a
nitrogen buffer gas. Two noble-gas isotopes, '*’Xe and 3! Xe,
in which the gyromagnetic ratios of the nuclei are different,
are used as carriers of the nuclear spin.

Since all the electron shells of xenon atoms are filled and
do not interact with light, an alkali metal (Rb or Cs) is used to
pump and read out the polarisation of xenon. The spin polar-
isation between alkali atoms and xenon isotopes is transferred
through the spin-exchange interaction. To increase the effi-
ciency of this interaction, the nitrogen buffer gas (N,) is addi-
tionally used, which also allows the fluorescence of alkali
atoms to be quenched.

Optical pumping of alkali atoms in the working medium
produces a dedicated direction of polarisation, which is trans-
mitted from the alkali metal to xenon through collisions and
spin-exchange interaction. The transverse radio frequency
field applied to the cell allows the NMR of both xenon iso-
topes to be excited. Since the gyromagnetic ratios of the 1> Xe
and 3!'Xe isotopes differ in sign, the Larmor precession
occurs for them in opposite directions. Then, the measured
precession frequencies of xenon isotopes in a gyroscope’s ref-
erence frame rotating at speed €2 can be expressed as

W19 = Y1298y — £,
(1

w131 =7131 B9 + L.

From (1) it is clear that by eliminating algebraically the exter-
nal magnetic field By we can determine the value of €. In this
case, the comparison of the sum frequency

Wy = w129 T w131 = (Y129 T ¥131) By ()

with the reference frequency makes it possible to stabilise a
constant external magnetic field B, by the feedback to the
coil. The use of external magnetic shielding allows NMR-
gyro to be poorly susceptible to the magnetic field fluctua-
tions.

Let us now examine in more detail the scheme of the sensi-
tive NMR-gyro element (Fig. 1). Thus, we will make use of a
cell (3) containing a gas mixture of two isotopes, an alkali
metal and a buffer gas. Note that the concentration of alkali
atoms is approximately six orders of magnitude lower than
the concentration of xenon and nitrogen. We will apply to the
cell a constant volume-uniform longitudinal magnetic field
(4), which will determine the precession frequencies of
nuclear magnetisation of both isotopes ('*Xe and 3! Xe) and
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the resonant frequency of the electron paramagnetic reso-
nance of the alkali metal atoms. Then the vector (2) of
nuclear magnetisation of the noble gas will perform a pre-
cession motion (/) around the magnetic induction vector.
Now we apply two transverse magnetic fields (J5) to the cell
at the NMR frequency of two xenon isotopes — '**Xe and
131Xe. It is also necessary to apply an alternating magnetic
field along the axis of the pump beam, produced by the coil
(6) and causing the longitudinal electron paramagnetic res-
onance (EPR) of an alkali metal. VCSEL-type compact
laser sources are used as a pumping and detecting laser [22].
For optical pumping, we use circularly polarised laser radia-
tion ( 7), tuned to resonance with one of the transitions of
the alkali metal D; line. The propagation direction of the
laser pump coincides with the direction of the magnetic
induction vector generated by the coil (6). The detecting
beam (&) is located perpendicular to the pump beam and
has a linear polarisation. As the detecting beam passes
through the cell, the angle y of inclination of the polarisa-
tion plane to the z axis changes due to the inverse paramag-
netic Faraday effect. Before entering the cell, the polarisa-
tion plane (9) is perpendicular to the xy plane. Finally, the
radiation of the detecting beam is incident on the polarisa-
tion divider (/0), which splits the detecting beam into two
beams whose polarisation planes are rotated by angles of
+45° and —45° around the propagation axis of the detecting
beam relative to its original polarisation plane.

N
fommmm——>
B

I=1Iy+ Iy
X COS(YeBeprt)
Y=0—i= Lz 'cos(y120B1)

131
+ L cos(y131B1)

Figure 1. Schematic of the sensitive MNR-gyro element:

1 is the direct current flowing in the coils and producing a longitudinal
magnetic field B, along the z axis; I, is the alternating current flowing
in coils and ?roducing a longitudinal alternating magnetic field B.,;
1 K(I},frg ) and 1 n:,f,') are the alternating currents flowing in the coils and
producing a transverse alternating magnetic field B, which causes NMR
in 12 Xe and 3! Xe, respectively; 9 is the angle of inclination of the po-
larisation plane to the z axis (for the other notation see the text).

Thus, by changing the angle of inclination of the polarisa-
tion plane of the detecting beam as it passes through the cell,
we can determine the angular velocity of the mechanical rota-
tion €. It should be noted that since the beam of the detecting
laser is split into two orthogonally polarised beams and the
difference between their intensities is measured, the noise aris-
ing on a photodetector should be compared with the signal,
which can be several orders of magnitude less, rather than
with the intensity of the detecting radiation. This leads to an
additional requirement for the characteristics of the detection

scheme: It must have as little noise as possible to achieve the
navigation accuracy class of the NMR-gyro.

It should be noted that the implementation of the gyro
scheme is further complicated by two circumstances. First, it
is the need to provide a whole complex (more than ten) of
sensitive feedbacks [23]. Secondly, since the signal measured
at the photodetector (the angle of inclination of the polarisa-
tion plane to the z axis) is of a sophisticated nature, it is
needed to develop new methods for demodulating the existing
signal [24].

Let us turn to the mathematical description of the scheme
presented in Fig. 1 and try to construct the NMR-gyro the-
ory, which takes into account all the basic physical processes
occurring during pumping and reading of the spin polarisa-
tion in a gas cell containing a mixture of alkaline atoms,
xenon isotopes and a nitrogen buffer gas.

3. Mathematical model of the atomic spin
gyroscope

In order to mathematically describe the scheme shown in
Fig. 1, we consider separately the equations for pumping
alkali atoms and the dynamics of isotopes of a noble gas. A
connecting link between these equations will be the constant
of the spin-exchange interaction. We first turn our attention
to alkaline atoms interacting with the pump, EP(z,?), and
readout, E%(z,1), fields. In this case, the electric field is repre-
sented in the form of a classical plane wave and the scheme
of alkali metal levels is considered to be quantum-mechani-
cal. This is the so-called semi-classical approach, which has
proven itself in describing such systems [25, 26]. Further, we
use the frequency w as the reference frequency, correspond-
ing to the difference in the arithmetic mean energies of the
excited hyperfine sublevels in the D; line and the upper
hyperfine alkaline metal sublevel in the ground state of the
electron shell 25 ),.

The intensity of the electric field of the pump propagating
along the x axis can be expressed as:

EP(z,1) = Elejexp[-i(wt + 0t — k)] + c.c., 3)

where EJ is the amplitude of the pump field; e, is the unit
polarisation vector (in a circular basis it can be decomposed
into vectors e, corresponding to left- and right-hand circular
polarisations); d,, is the single photon detuning of the pump
field; and k, is the wave number.

Similarly, we write the expression for the field of scanning

radiation propagating along the z axis:
ES(x,1) = Egesexp[-i(wt + 051 — kgx)] + c.c., (€))

where E; is the amplitude of the readout field; e is the unit
polarisation vector; J, is the single photon detuning of the
readout field; and k; is the wave number.

We will describe the state of an alkaline atom by the den-
sity matrix p4(v,r, t), where v and r are the velocity and coor-
dinate of the atom in the laboratory reference frame. Quantum
kinetic equations for the density matrix have the form

<% + vv>paﬁ(vars t)
L
= _EZ[Hajp,ﬂ(v,r, 1) — poj(V.r,t) Higl + Rop + Sep,  (5)
=
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where H is the Hamiltonian of the interaction of an alkaline
atom with a laser field; R is the relaxation matrix; and S is
the collision integral. The Hamiltonian can be represented as
H = Hy+ V, where

1:10 = Z€i|i> <l| (6)

is the Hamiltonian in the absence of a laser field (g; is the
energy of the alkaline atom levels); and the operator V
describes the interaction of an atom with a laser field. In the
dipole approximation,

I}z I}p+ I}S"f'yczgnFSnFB(t)s (7)
nF

where VP = — c?Ep; P = —(:ZES; d is the operator of the alkali
metal dipole moment; y. is the gyromagnetic ratio of an
alkali atom; g, is the Landé factor for the corresponding
energy level n and the total angular momentum F; S, are
the Pauli spin matrices for the total angular momentum cor-
responding to the energy level of the alkali atom »; and B(t)
is the magnetic field vector, which is a superposition of mag-
netic fields applied to the cell. Next we will consider it in more
detail.

We turn to the basis of hyperfine states. We divide the
density matrix ¢ in this basis into submatrices, which will
describe the two lower hyperfine levels (d,) and the two
upper hyperfine sublevels (J,.) in the D; lines and the optical
coherence between them (d,,) under the assumption that the
radio frequency and Zeeman coherences G,, and J, are zero.
We assume that the atomic density matrix due to the Doppler
effect depends on the projections of their velocities on the
axes of the laser beams and on the coordinates along them;
therefore, 0 = o(x,z,v,,v.,1), and the pumping is organised
from the level with F, = 2 to levels with F, =1, 2.

We select the slowly varying components of the optical
coherence produced by the pump and readout fields, which
we denote as oF,(v,r, 1) and 05, (v, r, 1), respectively:

Peg(V,1,1) = exp(iwt + i0,t — ikpz)0& (v, r,1)
+ exp(iwt + 105t — iksx) 0y (v, 1, 1). ®)

The work considers the distribution of alkali metal atoms
in velocities, which, at thermodynamic equilibrium, exactly
coincides with the Maxwell distribution:

exp —U—-% 1 exp —v—i
v% VoV v%

where vy = v2kg T'/m, ; kg is the Boltzmann constant; T'is the
cell temperature; and m, is the mass of an alkali metal atom.
Due to the fact that atoms have relatively high velocities
(since T'= 55°C-80°C), we neglect the collective polyatomic
effects observed for cold atomic ensembles [27—29].

Next, we perform integration over velocities under the
assumption that maxwellisation occurs during collisions.
Then the dynamic system of equations for the matrix g,
describing an alkaline atom in the ground and excited states,
which interacts with the pump and readout fields, will have
the form:

.9

1
Up(Vy,02) = Y

0 ) (0%0u , 0°0u , 0°0us) _
ot 22 axz ayZ 622

=iV EX Gy — Oug X VR + Ve X 0o — Gge X Vi

FVEXGog = Gpe X VE) + iﬂ{[ ZBa(t)Sa]x O

a=xy,z

- égg X [ Z Ba(t) Sa]} + i;ushiftBO (S'shift X égg - égg X Sshift)

a=xy,z

+%R(f’1><5{éee,fa}>< P+ Py X ¥{6eer I6} X Py)

o 410, a0
e (55525

= i(VEX Gee = O X VE+ Vg X Gge — O3 X Ve

+ VX Gy — Ge X V) + 1%{[ > Bu(1) S] X Gee
M

— 6., x[ ZBa(z)S‘a]} —(R+ F)ec

Pl
Vi (e = 3 Koo I}, (11

~ L [toor A N N ~
Vaecle = 1[IV X OB (02,0.) — 68 (00) X VE]dv,do.

= i 00V EX G — Gy X V) v (12)

~ L [toor A N N ~
vdecagse - IJ. [Vgsg X Ugse ('Ux, 'U;) - a'ge (U)c) Uz) X Vese]dvxdv:

= iJUrOO My (vxavz)a}ge X Oee — égg X I}g\e)dvx dv.. (13)

Here, D, is the diffusion coefficient in the cell at specified
partial pressures in the mixture; vy is the relaxation rate of
optical coherence; vy, is the rate of mixing between Zeeman
levels in the excited state; V[, is a submatrix of the alkali
metal interaction operator with the pump field, containing
detuning of the pump field:

0xlg O

. )
7%= i, a4

) + kU;iG;

Vgsg is a submatrix of an alkali metal interaction operator
with a readout field, containing detuning of the readout
field:

> (65 + Whfs )iG 0 7
Vg = g+ ks 15
= ( 0 8,05, TV (15)
wpisg 18 the hyperfine splitting in the ground state; Ve is a
submatrix that allows one to take into account the hyperfine
splitting wy . of the excited level in the Dy line:

e e 0 (16)
ce 0 _ wkéfsc sz ’
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V& is a submatrix of the alkali metal interaction operator
with the pump field, which contains the amplitude and polar-
isation of the field (the + sign defines the left- or right-handed
circular polarisation of the electric field):

Vi =P (eLED); (a7

V& is a submatrix of an alkaline metal interaction operator
with the readout field, containing the amplitude and polarisa-
tion of the field:

Vo = Im(g B 4 gLEY): (18)

:r‘&

gP and g3 are the circular components of the dipole moment
operator of the pump and readout fields, respectively:

N . F, 1 K
gi),s — GFgEE Z(_l)l'g—m( g

’
Fodomont -m 1 m

)I@amxfé,m’l; (19)

Gr = (D) M JOR + T)QF + 1){11" fg IJ;"} (20)

where F, and F, are the total moments of the hyperfine ground
(l2)) and excited (|e)) levels; m and m' are the projections of the
total moment of the atom in the states |g) and |e), respectively;
J, and J, are the angular moments of the electron shell; 7, is
the angular momentum of the nucleus; d,, is the reduced
dipole moment of the transition of the D, line of an alkali
metal; 4 is a constant defining the splitting of Zeeman levels
in a magnetic field in the first order; ug;r is a constant defin-
ing the splitting of Zeeman levels in a magnetic field in the
second order (determined from the Breit—Rabi formula [30]);
B,(?) is the projection of the alternating magnetic field on the
coordinate axes; S, is the Pauli matrix for the corresponding
values of the angular momentum of the energy level; Sy is
the matrix that takes into account the hyperfine splitting of
the EPR frequency for different levels:

Sinire = ZmlFsm><Fom|; (21)
F.m

G = G| + G, is the total number of levels equal to the sum of
the numbers of hyperfine sublevels G, and G,; Ij; is the unit
matrix of rank G; and P, , are the operators of projections on
the corresponding ultrafine level in the D; line of the alkali
metal:

A _ iGl 0
PI—(O O)G, (22)
N 0 0
P, :(0 sz) . (23)

In formulae (19), (20), the circular polarisation compo-
nents of the pump and readout fields are determined for dif-
ferent directions of the wave vector.

The constants R and F determine relaxation and are cal-
culated using the theory of spin-exchange interaction: R
describes the rate of transition of atoms from the excited state

to the unexcited state under the action of inelastic collisions
with nitrogen molecules, and F is the process of the spin-
exchange interaction with xenon atoms [31, 32].

The relaxation of the spin polarisation of an alkali metal
in an excited state, which occurs in collisions with buffer gas
atoms, deserves special attention. The electron shell of a
polarised atom in the excited state in the Dy line is anisotro-
pic; therefore, in collisions, the spatial shape of the electron
shell is redistributed. This process continues until the electron
shell becomes isotropic. The rate of the described depolarisa-
tion process can be estimated as the frequency of collisions
with the atoms of the buffer gas. A characteristic feature of
the relaxation of spin polarisation is that the time of collisions
of atoms of an alkali metal and a buffer gas at the considered
temperatures is only 107'2 s, whereas the characteristic time of
interaction between the nucleus and the electron shell of an
alkali metal is about 10~ s. This factor leads to the fact that
the relaxation of the angular momentum of the atom occurs
nonuniformly: only the spin polarisation of the electron shell
of the alkali metal atoms is destroyed, and the state of the
nucleus remains almost unchanged. The analytical form of
the superoperator {6, I} Of inhomogeneous relaxation to
model this process in the hyperfine basis is discussed in detail
in [33].

Note that optical coherences are described by a quasi-
stationary approximation, in which it is assumed that the
rate of destruction of optical coherences in collisions consid-
erably exceeds the rate of other processes. Therefore, we put
00,,/0t = Oin the equations.

In solving the system of equations (10)—(13), it is neces-
sary to take into account that the density matrix is normalised
to unity; therefore, the condition

Tr () + Tr(Gee) = 1 24)
is always met.

Since the NMR-gyro scheme uses fairly high concentra-
tions of alkali atoms, the pump and readout fields are
absorbed. In order to take this into account, it is necessary to
supplement the system of equations (10)—(13) with Maxwell’s
equations for the field:

aEg(xayaZ) _ lkpd

l’llnC ~
oz g Ltlgx o (x.y.2)], (25)
OEL(x,y,2) _ . kidyn. A s
ax =1 £ Tr[giXUCg(xayaZ)]s (26)

where 7, is the temperature-dependent concentration of alkali
metal atoms.

To solve the system of equations (10)—(13) and (25),
(26), it is necessary to set boundary conditions. We will
assume that when an alkali atom collides with a wall, it
undergoes a transition from the excited state to the ground
state, that is, the population of the excited level is zero, and
the optical coherences are destroyed. Populations of lower
sublevels are aligned. Mathematically, this can be formu-
lated as follows:

6gg|cell boundary = éjGa (27)

(28)

Uee|cell boundary = Geglcell boundary = OIG
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For electric fields, the boundary conditions are

EY(x,y,2=0,0) = fP(x,y,2), (29)

Ei(x =0,y,z,0) = f2(.2,0). (30)

Let us now consider the dynamics of the nuclear polarisa-
tion of xenon isotopes, '*Xe and 3! Xe. To describe the evo-
lution of the spin of the noble gas nucleus, we use the mathe-
matical apparatus based on the Bloch equations [34]. To do
this, we introduce the macroscopic magnetic moment of a
unit volume (magnetisation) M() produced by the é-isotope
(& = 129, 131) of the gas mixture, and the symbol Mg,
denotes the maximum possible magnetisation of the £-isotope
of xenon, in which all the magnetic moments of a noble
nucleus gas are parallel:

M yax = Yeneleh, (31)
where yg, nz and I are the gyromagnetic ratio of the nucleus,
the concentration and the angular momentum of the &-isotope
nucleus in the gas mixture.

The Bloch equations, taking into account relaxation
processes and spin-exchange interaction, will have the form
[35, 36]:

dM;(1)
dt

= Ye[Me(1) X B'(1)] — [:M(1)

+ 55 [ M P — M (1), (32)
Here I?P" is the rate of magnetisation of the &-isotope of
xenon during spin-exchange interaction with polarised alkali
metal atoms; I7 is the phenomenological relaxation rate of
the nuclear magnetisation of the &-isotope of xenon, caused
by collisions with walls and binary collisions with other atoms
in the cell; B'(¢) is the magnetic field vector in the gas cell; and
P.(2) is the vector of alkali metal spin polarisation averaged
over the EPR period. The constants I?* in equation (32) and
F in (10)—(13) characterise the same process and are related
by an algebraic expression. Due to the cumbersome nature of
this expression and the complexity of the theory of spin-
exchange interaction, we do not present it in this paper, but
refer the reader to the original source [31, 32].

Let us consider in more detail the components of the mag-
netic field vector B(¢). It is known that alkali metal atoms in a
cell are under the action of an effective magnetic field pro-
duced by polarised xenon. In this case, the effective magnetic
field is enhanced (increased by three orders of magnitude) due
to the Fermi contact interaction in an alkaline atom—noble
gas atom pair (the gain is usually denoted by the letter A). This
effect leads to a difference in the magnetic field inductions
B(t) and B’'(¢) in equations (10)—(13) for an alkali metal and
in equation (32) for each noble gas isotope.

As mentioned above, the gas cell is placed in a longitudi-
nal magnetic field By, directed along the z axis. Also, an alter-
nating high-frequency magnetic field with amplitude B, and
frequency wey,, causing a longitudinal EPR is applied along
the z axis:

B:(Z) = BO + BeprSin(wepr t)- (33)

In the xy plane, a field is applied that causes the NMR of
both xenon isotopes:

Bx(t) = Z Bxf Sin(wnmrft + §0x.f)s (34)
4

By(1) =D ByeSin(@nmez ! + 0,¢). (35)
3

Here, w,m,¢ is the frequency of the alternating magnetic field
causing the NMR of the -isotope of xenon; B¢, B,z and ¢,
¢,¢ are the amplitudes and phases, which determine the mag-
nitude and polarization of the alternating magnetic field in
the xy plane. We will assume that the magnitude and direc-
tion of the magnetic field are uniform over the entire volume
of the gas mixture. This approximation may be valid for gas
cells in which the time of flight of xenon atoms through the
cell is much less than the lifetime of the spin of the nucleus.
Due to this condition, the nuclear magnetisation of the noble
gas is averaged over the volume.

Fields (33)—(35) are generated by external sources (coils)
and enter into the equations for an alkali metal (10)—(13) and
nuclear magnetisation (32) in the same way. We define their
sum as an external magnetic field:

Bext(l) = Bx(t)ex + By(t)ey + Bz(t)eZ' (36)

Next, we consider the fields produced in the gas cell by
spin polarisations of an alkali metal and a noble gas. The spin
polarisation of an alkali metal generates an additional field
B,y that affects the precession motion of the magnetisation
vector of both xenon isotopes [34]:

Balk(t) :;u()nc;uBAPe(t)- (37)
Here u, is the magnetic constant; and ug is the Bohr magne-
ton. Note that the field B,y is directed along the spin polarisa-
tion vector of an alkali metal, the direction of which, in turn,
is determined by the axis of propagation of the pump radia-
tion. In our case, this is the z axis.

The nuclear magnetisation Mg(t) of the &-isotope of pro-
duces an effective magnetic field Bgg(7), which acts on an
alkali metal:

Beire(1) = uoAMg(1). (38)
It carries information about the precession of the nuclear spin
of noble gas atoms and, therefore, about the frequency of the
mechanical rotation of the sensor. Now we can determine the
induction of the magnetic field, which contains alkaline atoms
[B(?)] and xenon atoms [B'(7)]:

B(1) = By (1) + D Bere (1), (39)
3

B'(1) = Bexi(1) + Bax(1). (40)

Thus, we can conclude that the system of equations for
the alkali metal (10)—(13), (25), (26) and the Bloch equa-
tions (32), modified to take into account relaxation pro-
cesses and spin-exchange interaction, essentially describe
the main physical processes occurring during the NMR-
gyro operation. It is worth noting that the system of equa-
tions (10)—(13), (25), (26) and (32) is self-consistent, and the
relation between these equations and the transformation
into a single inseparable mathematical model occurs due to
both the spin-exchange interaction constant I and mag-
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netic fields B(7) and B'(z). The next step is the joint solution
of this system of equations.

4. Main results

In this section, we will consider as an example the results of
calculating the signal in the gyroscope scheme, obtained by
jointly solving the system of equations (10)—(13), (25), (26)
and (32). The rubidium atom *’Rb was chosen as the alkali
metal. The complexity of the calculation can be judged by dif-
ferent time scales of the dynamic model. The greatest time
scale corresponds to the precession motion of nuclear magne-
tisation, the period of which is hundredths of a second. The
smallest time scale corresponds to the establishment of the
optical coherence of the alkali metal under the action of laser
pumping, the period of which is tens of nanoseconds. We can
mention a number of processes proceeding within the cell
with intermediate periods: For example, the precession
motion of the spin polarisation of an alkali metal, the period
of which is a few microseconds. The solution of the dynamic
system of equations describing a series of processes with very
different rates leads to the need to consider large time inter-
vals with a small partitioning step. This negatively affects the
speed of the programme that implements the mathematical
model.

Below we present the results of calculations performed
under the following conditions: the 8’Rb atom is used as the
alkali metal; the cell temperature is 70 °C (343 K); the cell has
a linear size of 5 X 5 x 5 cm; the pressures of the N, buffer gas
and of each of the two isotopes (12 Xe and 3! Xe) are the same
and amount to 10 Torr; magnetic field is By = 12 uT; the field
is Bepr = 1.9B,; the right-handed circularly polarised pump
radiation with intensity /, = 1 mW cm~2 is set in the middle
between the transitions |F, = 2) > |F, = 1) and |F, = 2) —>
|F, = 2); the linearly polarised scanning field with intensity
I, = 1 mW cm™ is set from the middle between the levels
|F. = 1) and |F, = 2) at 6, = —4wy.; the electric field profile is
assumed to be constant in the transverse plane; and the mag-
netisation gains is 4 = 500.

As mentioned above, by a gyroscope signal is meant the
time dependence of the angle of inclination of the polarisation
plane of the detecting beam as it passes through the cell.
Figure 2 shows the NMR-gyro signal. It can be seen that it
has a complex composite structure. An important conclusion
from the analysis of Fig. 2 is that simple demodulation meth-
ods do not allow the values of mechanical rotation frequen-
cies to be determined with the necessary accuracy. Thus, the
serious problem of demodulating this signal is added to the
purely computational problem, which was mentioned above
[24]. The signal region at the EPR frequencies is poorly inves-
tigated. The complex structure of the signal suggests the pos-
sibility of improving the gyroscope characteristics, if use is
made of the high-quality demodulation method with advanced
algorithms. It is worth noting that standard demodulation
methods do not allow one to obtain the required accuracy of
the gyroscope. New demodulation algorithms will provide an
opportunity to carry out multivariate optimisation and deter-
mine the parameters of the gyroscope, ensuring its navigation
accuracy class.

To extract the slow precession of nuclear magnetisation
containing information about the mechanical rotation of the
gyroscope, it is necessary to average the signal over the EPR
period, as a result of which an effective signal is obtained,

0.005 -

0.010

0.005

_0.01 5 1 1 | 1 1
0 10 20 30 40 50

t/ms

Figure 2. Gyroscope signal S(7) obtained on different time scales: (a)
0.5 and (b) 50 ms.

which is shown in Fig. 3. Despite the simplicity of implemen-
tation, this approach has drawbacks associated with the
appearance of phase modulation of the low-frequency xenon
precession signal. Their allowance turns into a separate com-
plex task of demodulation.

S
0.006
0.004
0.002

0
~0.002} \/\/ \/\/
~0.004

—0.006 1 1 1 1 1 1 1 1 1
0 10 20 30 40

t/ms

Figure 3. Signal S(7) after averaging over the EPR period, containing
low-frequency components resulting from the nuclear magnetisation
precession of xenon.

There is an alternative approach to signal processing
that allows one to extract the precession frequencies of the
nuclear magnetisation of both xenon isotopes without the
higher harmonics associated with phase modulation. Its
essence lies in the use of a synchronous detector at the EPR
frequency, which in the signal (see Fig. 2) is the carrier fre-
quency of fast oscillations. A synchronous detector can
extract both the first and second harmonics of the EPR fre-
quency. However, since the signal of the second harmonic is
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smaller in amplitude than the signal of the first harmonic,
we give as an example the simulation results of the synchro-
nous detection of the signal of the first harmonic. Figure 4
shows the envelope of the signal, which is obtained at the
output of the synchronous detector. Subsequent demodula-
tion of this signal to extract the xenon precession frequen-
cies is simpler than in the first case and this demodulation is
used in practice.

5
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—
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Figure 4. Amplitude of the signal Sq(7) after passing through a syn-
chronous detector at the EPR frequency.

Thus, we can assert that the theoretical NMR-gyro
model constructed in the paper allows one to simulate its
signal. The number of input and output parameters of the
gyroscope is about two dozen; therefore, the use of a theo-
retical model together with advanced signal demodulation
methods make it possible to carry out multifactor optimisa-
tion, with which one can make significant progress in find-
ing the most optimal parameters to achieve the required
gyroscope accuracy.

It should be noted that the paper considers the optical
pumping of an alkali metal by a single-frequency field. At
the same time, the application of two optical fields can lead
to the appearance of additional opportunities for optical
pumping and, thereby, will increase the NMR-gyro accu-
racy. However, this task is much more challenging, since so-
called dark states can arise in such a scheme, which, in the
presence of a dense medium, can result in rotation of the
polarisation plane and ellipticity of linearly polarised radia-
tion along the x axis at the input [37]. It is likely that the use
of partially correlated two-frequency radiation may provide
additional opportunities for the implementation of the
NMR-gyro [38].

5. Conclusions

The paper describes the scheme of an NMR-based gyro-
scope. Within the framework of the semi-classical approach,
a theoretical model of pumping and reading the spin polari-
sation of an alkali metal saturated vapour in a cell has been
developed. Using the Bloch equations, we have constructed
a model that describes the dynamics of the nuclear magneti-
sation of two noble gas isotopes. These two models are com-
bined into one self-consistent model by taking into account
the spin-exchange interaction. This theoretical model
describes the basic physical processes of the physical block
of the NMR-gyro. Using the obtained model, we have plot-
ted the time dependence of the gyroscope signal. It is noted

that the signal has a periodic, but complex composite struc-
ture. Determining the velocity of mechanical rotation with
the required accuracy using simple demodulation methods is
not possible. Thus, the analysis of the received signal shape
makes it possible to formulate a future research task in this
area — the development of new methods and algorithms for
the demodulation of the NMR-gyro signal, which provide
high accuracy. In conclusion, the gyroscope signal has been
considered after passing through a synchronous detector at
the EPR frequency.
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