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Abstract.  We report a passively Q-switched (PQS) Nd : YAG/
Cr4+: YAG microchip laser pumped by a truncated decentred Gaus-
sian beam for controllable Ince – Gaussian (IG) mode generation. 
IGe(n, n) modes (n = 0, …, 4) are obtained experimentally by choos-
ing the appropriate truncation parameter, which is defined as a 
ratio of the radius of the aperture to the beam waist. The IGe(4, 4) 
mode is produced in the PQS Nd : YAG/Cr4+: YAG microchip laser 
under decentred Gaussian beam pumping at a pump power of 2.6 W, 
the mode selection being achieved by reducing the truncation par-
ameter. The threshold pump powers for different IGe(n, n) modes 
are theoretically calculated to illustrate the mode selection process. 
The pulsed IGe(n, n) (n ³ 1) mode generation with a peak power 
exceeding 1 kW and a nanosecond pulse width is obtained in the 
PQS microchip laser, which is a potential laser source for forming 
flexible vortex arrays for optical tweezers.

Keywords: Ince – Gaussian modes, microchip laser, Nd : YAG, pas-
sively Q-switched laser, Cr4+: YAG.

1. Introduction

High-order  laser  transverse  modes  have  wide  application 
prospects in the areas of optical trapping [1 – 3], optical com-
munications  [4]  and  quantum  information  problems  [5]. 
Various high-order transverse modes have been obtained  in 
solid-state  lasers  by  changing  the  pump  conditions  or  the 
structure of the laser cavity. The Ince – Gaussian (IG) modes 
are transition modes between Laguerre – Gaussian modes and 
Hermite – Gaussian modes [6, 7], and can be obtained by bre-
aking  the  symmetry of  the  laser cavity  [8 – 18]. For  the  first 
time,  the  IG mode was obtained  experimentally by moving 
the output coupling mirror laterally and adding a crosshair in 
a solid-state laser [8]. Off-axis pumping [9 – 11], using opaque 
lines [12], and tilting pumping [13, 14] are all effective ways to 
break the symmetry of the laser resonator and have been used 
to achieve IG mode generation. The type of IG modes can be 
controlled by changing the position of the pump focus spot 
under  off-axis  pumping. Another  way  to  control  IG mode 
generation  is  to  introduce  diffraction  loss  by  using  opaque 
lines.

However,  these  two methods  are  designed  for  a  plano-
spherical cavity, and are difficult to work with in microchip 
lasers with  a  plane-parallel  cavity.  In  addition,  these  solid-
state  lasers operate  in continuous wave mode,  the output 
power of these IG mode lasers is low and they are less efficient 
owing to the misalignment of the resonator. Due to the com-
pact structure and short cavity length of the microchip laser, 
it is easy to obtain an output pulse with a narrow pulse width 
and a high peak power in the passively Q-switched (PQS) mic-
rochip laser. The IG mode pulsed lasers have been obtained in 
a PQS microchip laser by tilting the pump beam [15, 16], mov-
ing a  circular aperture horizontally  [17], or using decentred 
Gaussian beam pumping [18]. As we know, the orientations 
of IG laser modes can be controlled by selecting the crystal-
line orientation of an a-cut Nd : YVO4 crystal under the tilted, 
linearly  polarised  laser  diode  end-pumped  PQS  microchip 
laser [16]. The ellipticity parameters of IG modes can be adj-
usted in a PQS microchip laser by using different decentred 
Gaussian  beam  pumping  [18].  However,  some  special  IG 
mode beams with unique applications are still not easy to be 
obtained in a PQS microchip laser. For example, a vortex array 
can be formed by using IGe(n, n) mode  [2, 11]. The IGe(n, n) 
mode lasers are ideal sources for forming a vortex array bec-
ause of their unique intensity distributions.

Up  to  now,  IGe(n, n)  modes  have  been  generated  ran-
domly in solid-state lasers by using spatial light modulators, 
adjusting the position of the output coupler [8], off-axis pum-
ping  [2, 11] or using  the opaque  line  in  the  laser cavity  [12]. 
However, these lasers operate in continuous wave mode and 
require a long cavity; the output power and optical efficiency 
of the IGe(n, n) mode lasers are low, and high accurate control 
of  the optical  elements makes  these  lasers more difficult  to 
maintain.  Robust,  compact,  high  peak  power,  controllable 
IGe(n, n)  mode  lasers  are  desired  for  various  applications. 
Various  IG modes  have  been  generated  in  PQS microchip 
lasers under tilted beam pumping. Therefore, the formation 
of controllable IGe(n, n) modes in PQS microchip lasers is a 
challenge and deserves to be investigated.

In this paper, IGe(n, n) modes beams have been obtained 
in a Nd : YAG/Cr4+: YAG PQS microchip laser pumped with a 
truncated decentred Gaussian beam. The order of the IGe(n, n) 
modes generated in the PQS microchip laser is up to 4 depend-
ing on the truncating parameter. The theoretical analysis of 
formation  of  IGe(n, n)  modes  in  the  Nd : YAG/Cr4+: YAG 
PQS microchip laser are in good agreement with the experi-
mental results.

2. Experiment

The  decentred  Gaussian  pump  beam  has  been  formed  by 
shifting a collimating lens laterally in the collimation and cou-
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pling system. The intensity distribution of a decentred Gaus-
sian beam (DGB) is expressed as [19]

IDGB(x, y, z) = 
( ) ( )

[ ( )]
exp

w z w z

x x z y2 2
p

2 2

2 2

p
-

- += G,  (1)

where w(z)  is  the  beam width  and xp(z)  is  the  offset  of  the 
centre position of the DGB, which can be expressed as [13]
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Here, f1 and f2 are the focal lengths of the collimating lens and 
the focusing lens, respectively; Dd is the offset distance of the 
collimating  lens  from the  light propagation direction of  the 
laser diode; and z1 is the distance between the two lenses.

A truncated decentred Gaussian beam (TDGB) is formed 
when  an  aperture  is  inserted  between  the  collimating  and 
focusing lenses. The distribution of the TDGB can be adjusted 
by changing the size of the aperture. The TDGB was used as 
a pump source to control the incident pump power distribu-
tion by adjusting the aperture size. We built a PQS Nd : YAG 
microchip laser for generating controllable IGe(n, n) modes.

Figure 1 shows the TDGB pumped Nd : YAG/Cr4+: YAG 
PQS microchip laser for generating various IGe(n, n) modes. 
The experiment employs an 808 nm fibre-coupled laser diode 
with a numerical aperture of 0.22 and a core diameter of 400 µm 
as a pump source. Two plane-convex lenses with 8 mm focal 
length were used to collimate and focus the pump beam from 
the  fibre-coupled  laser diode. The  length of  the  collimating 
and  coupling  system was  set  to be 70 mm. The  collimating 
lens was shifted sideways by 0.15 mm to form a DGB. The 
focus spot diameter was measured to be approximately 160 mm. 
An aperture was placed between the  two  lenses and 10 mm 
from the collimating lens. The centre of the aperture was coin-
cident with the centre of the focus lens.

The  PQS microchip  laser was  formed  by  1.8-mm-thick, 
1 at. % doped Nd : YAG crystal, 0.5-mm-thick Cr4+:YAG cry-
stal and a plane-parallel output coupler (OC) with reflection 
of 95 % at 1064 nm. The cavity length of microchip laser was 
2.3 mm. One face of the Nd : YAG crystal was anti-reflection 
(AR) and high reflection (HR) coated at 808 nm and 1064 nm, 
respectively, to serve as the rear cavity mirror of the micro-
chip  laser.  The  other  surface  of  the  laser  crystal  was  AR 
coated at 1064 nm to further reduce the intracavity loss. The ini-
tial  transmission of  the  saturable absorber  (SA) Cr4+: YAG 
crystal was 95 %.

3. Results and discussion

The threshold pump power for IGe(n, n) mode PQS Nd : YAG/
Cr4+: YAG microchip laser can be expressed as [20 – 22]
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where gn is the total logarithmic loss per pass of the IGe(n, n) 
mode;  hp  =  htha(nlas /np);  ht  is  the  optical  transfer  efficiency 
from the pump source to the gain medium; ha is the absorp-
tion efficiency; nlas and np are the laser frequency and pump 
light frequency, respectively; L is the length of the gain med-
ium; rp(x, y, z) is the intracavity pump distribution; sj j (x, y, z) 
is the laser intensity distribution; I0 = (cs t)–1; t is the fluores-
cence  lifetime; c  is  the  light velocity  in  the vacuum; s  is  the 
laser transition cross section; and Sn is the photon number of 
the IGe(n, n) mode in the cavity.

The truncation parameter is defined as b = a/wa, where a 
is the radius of the circular aperture, and wa is the beam width 
of  the pump beam  incident on  the  aperture. Therefore,  the 
TDGB pump power distribution can be described as
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where H  is  the  Heaviside  step  function, wp(z)  is  the  beam 
width of the decentred pump beam, and a is the absorption 
coefficient of the gain crystal. Here, b ³ 0.4, and hence the 
effect of the aperture on the diffraction of the pump beam is 
negligible.

The IG mode is divided into even and odd modes, which 
are  denoted  by  the  superscripts  e  and o,  respectively. The 
electric field expressions of the IG modes can be expres sed 
as [6, 7]
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where  C0  and  S0  are  normalisation  constants;  x  =  f (z)´ 
cosh xcos h and y = f (z)sinhxsinh are the elliptic coordinates; h 
Î [0, ¥) and h Î [0, 2p) are the radial and the angular elliptic 
variables, respectively;  ( , )C p

m $ e  and  ( , )S p
m $ e  are the even and 

odd Ince polynomials of order p and degree m, respectively; 
e = 2 /f w0

2
0
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Figure 1. Experimental  setup  of  a  TDGB  pumped  PQS  Nd : YAG/
Cr4+ : YAG microchip laser for IGe(n, n) mode generation.
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radius of curvature of the phase front; Yz(z) = arctan(z/zR); 
and zR is the Rayleigh length.

For  the  IGe(n, n)  laser modes obtained  in  the microchip 
laser, the laser intensity distribution sn n(x, y, z) is given by

sn n(x, y, z) =  ( , , )IG x y ze
nn

2
.  (8)

Therefore,  the  threshold  pump  power  of  the  fundamental 
mode is calculated by the formula [20]
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Higher-order  modes  need  to  beat  adjacent  low-order 
modes to oscillate in the cavity. The threshold pump power of 
the  IGe(n, n) mode  is  calculated  by  numerically  solving  the 
nonlinear equations for Pth n
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We  can  use  Eqns  (9) – (11)  to  estimate  the  threshold  pump 
power of the IGe(n, n) mode generated by a TDGB pumped 
PQS Nd : YAG/Cr4+ : YAG microchip laser.

The output laser transverse intensity distributions of the 
PQS Nd : YAG/Cr4+ : YAG microchip laser for different trun-
cation parameters were measured at the incident pump power 
of 2.6 W, as shown in Fig. 2. When the truncation parameter 
b was large than 0.85, the IGe(4, 4) mode was obtained. As the 
radius of the aperture decreases, the truncation parameter b 
decreases  accordingly,  the  IGe(n, n)  mode  oscillation  being 
maintained in the PQS Nd : YAG/Cr4+ : YAG microchip laser. 
However,  the order of  the  IGe(n, n) modes generated  in  the 
microchip laser decreases. The effective pump area inside the 
gain medium was decreased by reducing the aperture radius, 
and the achievable gain distribution inside the gain medium is 

not sufficient to support high order mode oscillation; there-
fore, the order of the IGe(n, n) mode decreases with decreasing 
b. For instant, the stable IGe(3, 3) mode was oscillated when 
b = 0.8, and the IGe(2, 2) mode and IGe(1, 1) mode are gener-
ated when b = 0.7 and 0.6, respectively. When the radius of 
the aperture is further reduced to 0.5, the available gain area 
is further reduced and is not sufficient to support high-order 
mode oscillation, and only the fundamental mode is oscillat-
ing. When b < 0.43, there is no laser output generated in the 
microchip laser. This is caused by a rapid decrease in the pump 
power incident on the gain medium and by an increase in the 
diffraction loss owing to the tiny aperture. A large pump beam 
area with sufficient pump power intensity is required for high-
order mode oscillation in the microchip laser cavity. Differ-
ent  stable  IGe(n, n) mode  oscillation  in  the  PQS Nd : YAG/
Cr4+ : YAG microchip laser is achieved by adjusting the radius 
of  the aperture. Therefore, desirable  IGe(n, n) modes  can be 
obtained in the microchip laser by simply adjusting the beam 
size of the DGB. The theoretically calculated IG mode distri-
butions based on the even IG mode expression are shown in 
Fig. 3, which are in good agreement with the experimentally 
obtained results.

The  threshold  pump  powers  of  different  IGe(n, n)modes 
are calculated by numerically solving the nonlinear coupled 
equations (9) – (11). Figure 4 presents the theoretically calcu-
lated threshold pump powers of four IGe(n, n) modes as func-
tions  of  the  truncation  parameter  b;  the  threshold  pump 
power  of  the  TEM00  fundamental  mode  is  also  shown  for 
comparison. Curves (1 – 5) correspond to the threshold pump 
powers for TEM00, IGe(1, 1), IGe(2, 2), IGe(3, 3) and IGe(4, 4) 
modes,  respectively. The parameters  used  in  the  theoretical 
calculation are as follows: s = 2.8 ́  10–19 cm2, L = 1.8 mm, 
RОС = 95 %, a = 7.8 cm–1, g0 = 0.11, g1 = 0.12, g2 = 0.13, g3 = 
0.14, g4 = 0.15, t = 230 ms, wp(0) = 80 mm, and wlas(0) = 80 mm. 
The threshold pump power of the IGe(n, n) mode rises as the 
truncation parameter decreases. The threshold pump power 
increases with the order of the IG mode when the truncation 
parameter is fixed. From Fig. 4, we can see that the threshold 
pump power of TEM00 mode is the lowest for different trun-
cation parameters b.

IGe(4,4)  b = 1 IGe(4,4)  b = 0.9 IGe(3,3)  b = 0.8

IGe(2,2)  b = 0.7 IGe(1,1)  b = 0.6 IGe(0,0)  b = 0.5

a b c

d e f

Figure 2. Variation of the laser transverse mode distribution observed 
in the PQS Nd : YAG/Cr4+ : YAG microchip laser with the change in the 
truncation parameter b.

IGe(4,4) IGe(4,4) IGe(3,3)

IGe(2,2) IGe(1,1) IGe(0,0)

a b c

d e f

Figure 3. Numerically reconstructed IG mode distributions with the el-
lipticity parameter e = 3, which correspond to the experimentally ob-
tained IGe(n, n) mode transverse distributions for different b in Fig. 2.
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Note  that  while  the  threshold  pump  power  of  IGe(1, 1) 
mode  is higher  than  that of  the TEM00 mode,  the  IGe(1, 1) 
mode prefers to oscillate when the pump power is higher than 
the threshold pump power of IGe(1, 1) mode. This fact can be 
explained  by  the  advantage  of  the  IGe(1, 1) mode  over  the 
TEM00 mode with respect to the gain competition. The stable 
domain A0 of the TEM00 mode generation is enclosed between 
curves ( 1 ) and ( 2 ). The IGe(1, 1) mode is stable in region A1 
enclosed between curves  ( 2 ) and ( 3 ). The IGe(2, 2) mode  is 
stable  in  region A2  between  curves  ( 3 )  and  ( 4 ),  while  the 
IGe(3, 3) mode is stable in region A3 enclosed between curves 
( 4 )  and  ( 5 ).  The  IGe(4, 4)  mode  is  oscillated  in  region A4 
beyond curve ( 5 ).

When the incident pump power Pin from the fibre-coupled 
laser  diode  is  fixed  at  2.6 W,  stable  IGe(n, n) modes with n 
from 1 to 4 are obtained by gradually changing the truncation 
parameter b. When b = 0.5, the incident pump power is higher 
than the threshold pump power of the TEM00 mode and lower 
than  the  threshold  power  of  the  IGe(1, 1) mode. Therefore, 
only the TEM00 mode was obtained under this pump condi-
tion. Higher-order IG modes will be oscillated  in the cavity 
with the further increase in the truncation parameter. When 
the truncation parameters are 0.6, 0.7, 0.8 and 0.9, respectively, 
the pump conditions satisfy the oscillation thresholds of the 
IGe(1, 1), IGe(2, 2), IGe(3, 3) and IGe(4, 4) modes, respectively. 

From Fig. 4, we can see that distinct IGe(n, n) mode gen-
eration can be obtained by adjusting the pump power at b = 1 
(DGB pump case) because the effect of the aperture size on 
the pump beam is negligible at b ³ 1. However, the threshold 
pump powers of the IGe(n, n) modes with different orders are 
relatively close, and it is difficult to select IGe(n, n) mode with 
the desired order. Also, the output power for the IGe(n, n) mode 
laser with n < 4 is limited owing to the narrow pump power 
range for mode transition. The pump power range increases 
with decreasing b as shown in Fig. 4. Therefore, it is easy to 
control the order of the IGe(n, n) mode in a TDGB pumped 
PQS microchip laser with small b compared to a DGB pum-
ped PQS microchip laser.

Figure 5 shows the variation of the average output power 
as a function of the truncation parameter when Pin = 2.6 W. 
The  average  output  power  remains  unchanged  at  b  >  1. 
Meanwhile, the output mode is always the IGe(4, 4) mode at 
b > 1, which indicates that the effect of the aperture on the 
laser mode is negligible in this case. When b < 1, the average 

output power decreases near linearly with decreasing b. When 
b < 0.43, there is no laser mode generated in the microchip 
laser. A maximum average output power of 470 mW was obtai-
ned for the IGe(4, 4) mode at b > 1.

The  repetition  rate,  pulse width,  pulse  energy  and peak 
power as functiond of the truncation parameter are shown in 
Fig. 6. The repetition rate is kept at about 30 kHz when b > 
0.9, and then decreases slowly when b < 0.9. The pulse width 
is maintain around 6 ns and almost independent of b. When 
b > 1, the pulse energy and the peak power remain unchanged 
around 15.8 mJ and 2.5 kW, respectively. While both the pulse 
energy and the peak power decrease with decreasing b (down 
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to b < 1), the IGe(n, n) mode (n ³ 1) generation with a peak 
power exceeding 1 kW has been achieved in the PQS micro-
chip laser.

4. Conclusions

A  truncated decentred Gaussian pump beam has been  suc-
cessfully used to control the IGe(n, n) mode generation in the 
PQS  Nd : YAG/Cr4+: YAG  microchip  laser.  The  IGe(1, 1), 
IGe(2, 2), IGe(3, 3) and IGe(4, 4) modes have been obtained by 
adjusting  the  truncation  parameter  in  the  PQS  microchip 
laser.  The  IGe(n, n) mode  (n ³  1)  laser  pulses  with  a  peak 
power exceeding 1 kW and a nanosecond pulse width have 
been generated in the PQS microchip laser. The theoretically 
calculated threshold pump powers for different IGe(n, n) mode 
lasers  as  a  function  of  the  truncation  parameter  provide  a 
clear  insight  into mode  selection  in  a PQS microchip  laser. 
The  IGe(n, n) mode  controllable Nd : YAG/Cr4+: YAG PQS 
microchip laser with a nanosecond pulse width and a high peak 
power are potential  laser  sources  for  forming pulsed vortex 
arrays consisting of n ́  n embedded optical vortexes, which 
can  be  used  in  optical  trapping  and  quantum  information 
processing applications.
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