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Abstract.  A model describing generation of ultrashort optical pul­
ses in a fibre cavity with Kerr nonlinearity and normal dispersion is 
constructed based on numerical solution of a nonlinear SchrÖdinger 
equation. The model makes it possible to investigate the specific 
features of pulsed generation of a passively mode-locked laser bas­
ed on the effect of nonlinear polarisation evolution (NPE) in two 
segments of a polarisation-maintaining (PM) fibre. It is shown 
theoretically that the proposed scheme may provide generation of 
linearly chirped optical pulses with a spectral width of above 25 nm 
and a centre wavelength of 1030 nm.

Keywords: passive mode locking, ultrashort pulses, nonlinear 
Schrödinger equation, fibre laser.

1. Introduction

Generations of ultrashort (shorter than 10 ps) optical pulses is 
an urgent problem of laser physics. Lasers emitting ultrashort 
pulses (USPs) are widely used in research, as well as in various 
technological and medical applications [1 – 3]. Of particular 
interest are fibre lasers, which are rather simple in production 
and highly reliable. Kerr nonlinearity effects are pronounced 
in single-mode silica fibres, which are actively used for USP 
generation [4 – 11].

It is a rather challenging problem to describe theoretically 
the operation of these lasers. There are two radically different 
approaches to its solution in the literature. One is based on 
derivation of a generalised equation, taking into account the 
influence of all elements of the cavity as a whole, after which 
its solutions and their specific features are analysed. However, 
one must apply some essential approximations to construct 
the desired equation. In particular, an equation describing the 
pulse propagation in a laser was obtained in [12 – 15] on the 
assumption that both nonlinear and dispersion effects, as well 
as the gain in the active medium are additive and make a 
small contribution to the laser pulse evolution per cavity 
round trip. The laser operation was modelled in [16] assuming 
that a Gaussian pulse propagates in the cavity. The second 
approach to the simulation of passively mode-locked lasers is 
based on the numerical solution of a nonlinear Schrödinger 

equation and calculation of the evolution of some initial 
pulse, which successively passes through all cavity elements 
[17 – 19]. The first approach allows one to see the pulsed laser 
generation pattern as a whole and to investigate different 
nonstationary operation regimes. It should be noted that the 
approximations made when deriving the pulse propagation 
equation may be inadmissible in many cases, where quantita-
tive rather than qualitative description must be performed. 
The second approach, which is mathematically more rigor-
ous, allows more exactly the generated pulse parameters to 
be predicted. However, the computational complexity and 
amount of necessary computational resources significantly 
increase in this case. We used specifically this approach to 
develop the model.

The developed model was used to investigate the opera-
tion of a laser passively mode locked due to the nonlinear 
polarisation evolution (NPE) in a polarisation-maintaining 
(PM) fibre. Lasers based on this effect have been described in the 
literature. For example, to implement mode locking, Szcze
panek et al. [9] used a segment of a PM fibre, into which lin-
early polarised radiation with a plane of polarisation making 
some angle with the slow fibre axis was introduced. Then the 
radiation arrived at a Faraday mirror to be reflected off with 
rotation of its polarisation plane by 90 °. Thus, the linear pol
arisation axis of weak radiation at the fibre output is rotated 
by 90 °, and the change in the polarisation state is determined 
by only the Kerr nonlinearity. If a polariser is placed after the 
fibre segment, this system forms a nonlinear element, whose 
transmission depends on the radiation power. A similar scheme 
with a Faraday isolator is not very suitable for generating 
pulses with a wide emission spectrum: because of the spectral 
dependence of the Verdet constant, the rotation angle of the 
plane of polarisation depends on wavelength, which results in 
poor polarisation extinction of broadband radiation. As will 
be shown below, this circumstance is critical for stable laser 
operation. From this viewpoint, the most optimal approach is 
to use an additional segment of a PM fibre of the same length, 
spliced to the first one, with polarisation axes rotated by 90 °.

A similar scheme was considered in [19, 20]; however, the 
operation of only a nonlinear element, in which NPE occurred 
in three PM fibre segments spliced with rotation of polarisa-
tion axes, was investigated in those studies. In this paper, in 
contrast to [19, 20], we report the results of studying the oper-
ation of the entire laser cavity, in which two PM fibre seg-
ments served as a nonlinear element.

2. Model

A schematic of a passively mode-locked laser based on the 
NPE effect in two PM fibre segments is presented in Fig. 1. 
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An output coupler and an isolator are located after the active 
optical fibre to provide generation of pulses with maximum 
energy and spectral width. There is a spectral filter after the 
output coupler, and the filter is followed by a nonlinear ele-
ment formed by two PM fibre segments with lengths of L1 
and L2, spliced with rotation of polarisation axes by an angle 
of d1 = 90 °. The simulation was performed on the assumption 
that L1 = L2; however, in this case the birefringence effect in 
the two fibre segments is compensated for, and the polarisa-
tion state does not change. To take into account the uncom-
pensated birefringence (i. e., possible difference in L1 and L2), 
a tunable phase plate with an optical axis coinciding with the 
slow fibre axis was placed after the segment L2.

The main concept of our model is the calculation of the 
evolution of a pulse during its transmission through the cavity 
elements; this approach allowed us to investigate the depen-
dence of generation on any characteristic of the cavity ele-
ment. In simulating the pulse transmission through the cou-
pler, filter, and isolator, we took into account only the linear 
loss (with allowance for the spectral dependence). The pulse 
propagation in passive fibres was computed using a system of 
nonlinear Schrödinger equations (NSEs), which take into acc
ount the dispersion effects up to the third order but disregard 
Raman self-scattering [21]:
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Here, u and u are the complex amplitudes of the desired field 
over different polarisation axes; D b1 is the difference in the 
inverse group velocities of pulses polarised along the slow and 
fast PM fibre axes; b2 and b3 are, respectively, the group-
velocity and third-order dispersion coefficients; K is the lin-

ear-birefringence index; g is a nonlinear factor; a is the linear 
loss coefficient; and z is the radiation propagation direction. 
The difference between the inverse group velocities D b1 and 
the linear-birefringence coefficient K in a PM fibre can be 
related as D b1 = (l/c)/(K/2p). In turn, K = 2p/Lbeat, where Lbeat 
is the PM fibre beat length.

Equation (1) was solved by the split-step Fourier method 
[21]. The passive fibre was calculated using the following val-
ues of parameters: b2 = 20 ps2 km–1, b3 = 0.04 ps3 km–1, g = 
5.5 W–1 km–1, and Lbeat = 3 mm. Generally, when considering 
PM fibres with a large birefringence index and, respectively, 
short beat length, one passes to the frame of reference of fibre 
polarisation modes and makes the following replacement of 
variables:

u’ = u exp(– iKz),

u’ = u exp(iKz).	
(2)

Due to this approach, the NSE is simplified, and one does 
not need to take a step less than Lbeat in a numerical calcula-
tion. The last nonlinear term among the three ones in (1) is 
neglected as a product of slowly varying and rapidly oscillat-
ing functions. The simplified NSE has the form
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The calculation of the pulse evolution in active fibres is 
more difficult, because it calls for a description of the interac-
tion with Yb3+ active ions. Within our model, this was done 
using a system of rate equations, with allowance for the inter-
action cross section. We considered the stationary case and 
assumed the population inversion to be settled:
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Figure 1.  Optical scheme of a laser based on the NPE effect in two PM 
fibre segments:	
( P ) polariser blocking the radiation polarised along the fast axis; ( OI ) 
optical isolator; ( C ) coupler; ( F ) Gaussian spectral filter; ( PP ) tunable 
phase plate, coaxial with the PM fibre; and ( 1 ) – ( 4 ) check points.
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Here, Pp, 
jP s , and PCW are, respectively, the pump, pulsed sig-

nal, and cw radiation powers (with all spectral j components 
of signal radiation taken into account); a

ps ,  a
sjs ,  a

CWs ,  e
ps ,  e

sjs , 
and e

CWs  are the absorption (subscript ‘a’) and stimulated 
emission (subscript ‘e’) cross sections for the pump radiation, 
pulsed signal, and cw radiation, respectively (the values are 
taken from [22] for ytterbium ions in silica fibres doped with 
P2O5); Aeff = 33 mm2 is the effective area of the signal mode in 
an active fibre; t = 1.4 ms is the lifetime of excited ytterbium 
ions; N1 and N2 are the concentrations of Yb3+ ions in the 
ground and excited states, respectively; N = 13.24 ́  1022 cm–3 
is the net concentration of ytterbium ions; and G = 0.0013 is 
the overlap integral of the multimode pump field with the 
active fibre core.

To relate the systems of equations (4) and (3), we applied 
the following expressions using the Fourier transform F [ f ]:

|Fj [u]|2D wf = jP s ,

F [a] = – ( e
sjs N2 – a

sjs N1),	

(5)

where f is the pulse repetition frequency and ∆ w is the freque
ncy grid step.

In solving simultaneously the NSE and system of rate 
equations, the fibre was divided into segments so that the con-
centration of excited ions within each segment could be con-
sidered constant. The standard predictor – corrector method 
was applied to this end.

Raman scattering, which may be rather strong in passively 
mode-locked fibre lasers [23], was disregarded in our model. 
According to [21], the threshold peak pulse power at which 
this effect becomes pronounced is given by the expression

Pth » 16A/(LgR),	 (6)

where A = 33 mm2 is the effective mode area in a passive fibre; 
L is the length of the medium; and gR » 10–13 m W–1 is the 
Raman gain in fused silica for a pump wavelength of 1 mm. 
The characteristic length of the cavity portion through which 
a pulse with the maximum peak power propagates does not 
exceed 3 m in the cases under consideration; therefore, the 
peak threshold power of optical pulses below which the model 
correctly describes the cavity operation is 1800 W. The calcu-
lated peak powers of the pulses generated in the cavities con-
sidered by us were no higher than this value.

According to [24, 25], the pulsed emission of a self-started 
passively mode-locked laser develops from noise in the case of 
cw laser operation. Therefore, when calculating the genera-
tion of pulses, it is important to take into account possible 
existence of cw radiation in the cavity. If the latter is disre-
garded in the model, one can obtain a steady-state pulse gen-
eration, which will be absent in practice [26]. In our model, 
jointly with the initial pulse, cw radiation was introduced into 
the cavity, and its evolution was calculated similarly to the 
pump radiation evolution. At each cavity round trip, the cw 
wavelength was corrected, assuming that it corresponds to 
the maximum product of gain and loss functions in the cavity. 

3. Simulation results

The first set of important parameters determining the trans-
mission function of a nonlinear element includes the angles d2 
and d3 (see Fig. 1) between the PM fibre polarisation axes. 

The angle d3 was chosen to be equal to d2 in order to maximise 
the cw loss at a zero phase shift of the phase plate. The depen-
dence of the transmittance on the input pulse peak power is 
such that at smaller input angles d2 the nonlinear element 
starts being more transparent at lower peak powers; in this 
case, however, the nonsaturating loss is higher than at larger 
angles (Fig. 2). This conclusion was substantiated in [20].

The second, no less important, set of parameters of a non-
linear element includes the fibre lengths L1 and L2. The shor
ter these lengths, the higher the peak powers necessary for 
making the nonlinear element transparent. Correspondingly, 
pulses with a higher peak power (having a larger spectral 
width due to the fibre nonlinearity) will develop in a laser with 
a shorter nonlinear element. Therefore, after compensating 
for the linear chirp, one can reduce the pulse width, which is 
most interesting from the practical point of view. A simulation 
showed that the minimum values of fibre lengths L1 and L2 at 
which pulses can be generated is about 1.5 m in the proposed 
scheme. At these fibre lengths pulse generation is imple-
mented at filter bandwidths in the range from 5 to 20 nm. The 
Gaussian filter bandwidth was chosen to be 15 nm.

To analyse in detail this cavity configuration, we calcu-
lated the stability zone: a region of space in the coordinates of 
phase shift D j of the phase plate and pump power Pp, in 
which stable-amplitude pulses are generated. To calculate one 
point in this zone, 100 round trips were made. Figure 3 shows 
the calculated stability zone for the cavity configuration pre-
sented in Fig. 1. The instability of the peak pulse power for 
the last 15 cavity round trips is shown in colour. Generation 
of stable-amplitude pulses is absent in the white area but occurs 
in the dark red area. In all the points where generation of 
stable-amplitude pulses was observed, the cw component (pres-
ent in the first round trip) decayed to a level below 10–20 W. 
The shape of a stationary optical pulse was independent of 
the initial pulse shape.

The peak power instability within the zone is 10–5. The 
point at the centre of the stability zone corresponds to the con
figuration that is most stable against external effects; there-
fore, the most stable operation regime for the above-described 
configuration is obtained at an uncompensated birefringence 
corresponding to a phase shift D j = 20 °.
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The concept of stability zones can be used to analyse the 
laser scheme sensitivity against a change in some parameters 
of individual elements. For example, our simulation showed 
that the laser operation is very sensitive to the splicing of 
fibres with lengths L1 and L2, whose polarisation axes are 
rotated by an angle d1 = 90 °. The stability zone sharply dec
reases with a change in this angle by 2 ° (see Fig. 3b). A dete-
rioration of the polarisation extinction for the radiation 
entering the nonlinear element also leads to a significant (but 
somewhat smaller) decrease in the stability zone, whereas 
deviations of angles d2 and d3 do not cause any significant 
changes in the stability zone.

The envelope, spectrum, and chirp of the pulses obtained 
using this scheme are presented in Fig. 4. The pulse energy at 
cavity point (1) (see Fig. 1) was 12 nJ. One can see that the 
output radiation contains a weak minor pulse (centred at 
about 8 ps), whose presence results in a spectral shape with 
irregular edges. Its occurrence is related to the group walk-off 
of the pulses with polarisations oriented along the fast and 
slow axes of PM fibre segments. If this walk-off is switched 
off in the model, the minor pulse disappears, as well as the 
irregularity on the spectrum edges.

The presence of a minor pulse is generally undesirable for 
master oscillators used as part of a more complex optical sys-
tem. To implement generation of pulses with a wider spec-
trum and without a minor pulse, the fibre lengths L1 and L2 in 

the nonlinear element should be decreased. In addition, to 
implement generation of pulses on a maximally short nonlin-
ear element, it must be located behind the active fibre, where 
the peak pulse power is maximum. One can also reduce the 
angle d2 between the PM fibre polarisation in order to 
decrease the peak power necessary for making the nonlinear 
element transparent. The corresponding optical scheme, 
obtained stability zone, and pulse parameters are presented in 
Fig. 5. In contrast to the pulses obtained with the scheme in 
Fig. 1, the generated pulses have a smoother spectrum, but 
their output energy is lower by a factor of 6.

It is of interest to compare our simulation results with the 
data of [9, 20], where a nonlinear element composed of several 
PM fibre segments was considered. Due to the presence of 
several segments with polarisation axes rotated by 90 °, the 
propagating optical pulses with polarisations oriented along 
the fast and slow axes of PM fibre are constantly spatially 
overlapped, which results in a more symmetric transmission 
function without any minor maxima, as compared with a 
nonlinear element having two segments of the same length. 
However, this does not mean that a two-segment nonlinear 
element cannot be used for passive mode locking. The trans-
mission function of a nonlinear element depends on not only 
the number of segments and their lengths but also the input 
pulse shape. This is demonstrated in Fig. 6, which presents the 
shapes and spectra of pulses transmitted through the nonlin-
ear element used in the scheme in Fig. 1, at a zero phase shift 
of the phase plate. In all cases the input pulses had a peak 
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Figure 3.  ( Colour online ) Stability zones calculated for the laser pre-
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power of 1 kW and a spectral width of 9.4 nm at a level of 
3 dB, they were linearly chirped and Gaussian-shaped, and 
their width varied from 15 to 4 ps. It can be seen that the 4-ps 

input pulse had significantly distorted shape and spectrum, 
whereas the longer pulses passed through the nonlinear ele-
ment without such essential distortions. Therefore, from the 
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point of view of application of a nonlinear element in a pas-
sively mode-locked laser, it is important to consider its opera-
tion jointly with the parameters of the entire cavity.

In the case of the optical scheme shown in Fig. 1, the out-
put pulse exhibited a minor peak and its spectrum was irregu-
lar because of the asymmetry of the nonlinear element trans-
mission function. However, this peak disappeared when the 
walk-off of the pulses propagating with polarisations oriented 
along the PM fibre fast and slow axes was ‘switched off’ in the 
model. This is in complete agreement with the data of [20]. To 
obtain a pulse without a minor peak, the optical scheme of the 
cavity must be optimised so as to make the nonlinear element 
as short as possible. Therefore, the problem of generation of 
a short optical pulse with a smooth spectrum and without a 
minor peak can be solved either by optimising the length of a 
two-segment nonlinear element and other cavity parameters 
or using a nonlinear element consisting of three or more 
segments.

Thus, the concept of stability zones was used to investi-
gate theoretically the scheme of a passively mode-locked laser 
based on the NPE effect in two PM fibre segments, spliced 
with rotation of the polarisation axes by an angle of 90 °. The 
operation of this scheme is most stable when the uncompen-
sated linear birefringence between the PM fibre segments is 
~ 20 °. It was found that the operating capacity of the scheme 
analysed is significantly affected by deviation of d1 (the splice 
angle of fibre polarisation axes) from 90 °. It was also shown 
theoretically that, using a short nonlinear element, one can 
implement generation of linear chirped pulses with a spectral 
width of more than 25 nm at a wavelength of 1030 nm.
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